MOCKOBCKUN 'OCYIAPCTBEHHBIN
TEXHUYECKUN YHUBEPCUTET

I'PAKJIAHCKOI ABUAITUN

A.B. Camoxun, I.WU. lemeHnTHEB

MATEMATUYECKAZ4 JIOTKA
N TEOPUA AJITOPUTMOB

al\ il

Illlimm 0| i liie

T FEEEE ﬁ% T | ey -

e L HE%E% gy

it [k T ] sreneill

E{ E!-Ijﬂii“-i 1] u!!uuuu ﬂﬂﬂ!ﬂﬂ! h:HiIri“ ||||_ E

MockBa — 2015






OE/TEPAJIBHOE ATEHTCTBO BO3AYIIHOI'O TPAHCIIOPTA

OE/JIEPAJIBHOE TOCYJAPCTBEHHOE
BIOJ2KETHOE OBPA3OBATEJIbHOE YUPEK/ITEHUE
BBICIIIET' O ITPO®PECCHMOHAJIBHOI'O OBPABOBAHUIA

MOCKOBCKUN I'OCYIAPCTBEHHBINI TEXHUYECKUN

YHUBEPCUTET I'PA2KJIAHCKOW ABUAITM (MI'TY TA)

Kadeapa Boicieit MaTeMaTuKn
A.B. Camoxun, FO.IH. JemenThen

MATEMATUYECKAZ4 JIOTUKA
N TEOPUA AJITOPUTMOB

YTBep:KaeHo PemakimonHo-
usnareabckuM coeroM MI'TY T'A
B KadecTBe y4eOHOTO TTocoOusd

MockBa — 2015



YK 510.5:510
BBK 51
C17
[Teuaraercst 110 penieHn0 peJlaKIMOHHO-N3]1aTE/ILCKOI'O COBETA
MoOCKOBCKOIO 1ocy1apcTBEHHOIO TEXHUIECKOro yHuBepcurera ['A
Penensentsr: Kanpugar dhus.-mar. Hayk, gorent O. . Wirapuonosa (MI'TY T'A);
nokTop dus.-mar. Hayk, npodeccop U. C. Kpacuabiumk (MJINNC PITY)

Camoxun A. B., dementnes HO. N.

C17  Maremarndeckasi JIOTUKa W TEOPHsi aJITOPUTMOB: yuedbHoe 1mocobue. - M.:
MI'TY T'A, 2015. - 108 c., jymT.: 5 Haum.

ISBN

[annoe yuebHOe 1mocobue u3aércsi B COOTBETCTBUM ¢ paboueil mporpam-
MO#i JucIuIInHbl « MaremaTrndeckasi JJOTUKA U TEOPHsS aJTOPUTMOBY JIJIsT
crynenToB Hanpangenns 09.03.01.

[Tocobue oxBarTbiBaeT paszjiesibl MATEMATUKK, U3ydaeMble CTYJIEHTaMU 110
qucrunnne «MaremaTtrdeckasi JJOTUKa U TEOpUs AJTOPUTMOBY»: MHOXKe-
CTBa, MOIIHOCTH MHOYKECTB, SKBUBAJIEHTHOCTH U MOPSIJIOK, UCINCICHUE BbI-
CKa3bIBaHUI, MPEUKATOB, aKCHOMBI W TIPAaBUJIa BHIBOJIA, BBHIYUCIUMOCTD,
Pa3peImMOCTh, TTEePEINCIANMOCTh, MaIHbl ThIOPpUHTA U apUPMETUIHOCTD.

Paccmorpeno n o1obpeno Ha 3acegannsax Kadeapol 15.09.2015 u meToiu-
yeckoro coera 20.10.2015.

ITocobue uazdaemces 6 asmopckoti pedakuyu.

BBK 51
cB. TeM. 2015,
m. 32

(© MockoBckHit rocyrapcTBEHHBI
rexandeckuit yuusepcurer I'A, 2015



OriiaBjieHue

IIpeaucaoBue . . ... ... ..

I'masa 1.

§1.
§2.
§3.
§4.
§5.
6.
§7.

I'naBa II.
§1.
§2.
§3.
84.
§85.
86.
§7.
§8.
§9.

MuoxecrBa . . .. ... ..
Yucmao sieMenTos . . . . .
Pasunomoriubie Muoxkecrsa
Cuérable MHOXKECTBA, . . .

MuoxecTBa 1 PYHKITAA . . . . . . . ...

Teopembr Kanropa-Bepumreiina u Kantopa . .. ... ... ... ...

OyHKIAA . . . ...

OTHoIIeHNNs SKBUBAJCHTHOCTH U nopdaakKa . . . . . . . . . ...

Broicka3biBaHUsS U Ollepalliu
[TosabIe cucTeMbl CBI30K .
Ncuuncaenue BbICKa3bIBAHUI

MareMaTudecKad JIOTUKA . . . . v v v e e e

[IpenukaTbl: GOPMYILI B UHTEPHPETAIAN . . . . o o o v v oo v e e v

Omnpejesenrie UCTUHHOCTH
BoipazuMbie mpejinkaThl .

BbipazuMocThb B apUPMETUKE . . . . . o oo e

HeBbipasuMmbie npejMKaTbl: aBTOMOPPUIMBL . . . . o o o o v v u o .

Vcunciienne npenKaToB: o0Ie3HAUNMbIE (POPMYIBL . . . . . . . . . .

§10. AKCHOMBI U TPABUJIA BBIBOMIA .+« « v v v v v v oo e e e e e e e e e

§11. KoppeKkTHOCTD MCUUCTEHUST TPEJINKATOB . . . . . o o oo oot oo o .

§12.1TosiHOTA UCIUCIICHUST TIPEIUKATOB . . . o o o o oo e e o oo o

§13.0 BBIBOJIAX M JIOKABATETBCTBAX .« « v« v v v e v v e e e e e e e e e

I'nmasa II1.

§1.
§2.
§3.
§4.
5.
6.

BoeruncauMble GyHKITAT .
Pazpemmmbie MHOXKeCTBa, .
[Tepeunciinmbie MHOYXKECTBA,

Teopus aJdTOPUTMOB . . . . . . . . v v v i e e e

[lepeduncinmbie 1 paspeimMbie MHOXKECTBA, . . . . . o v v v v oo v .

HepeLH/ICJH/IMOCTb N BBIUUCTUMOCTD . . . v v v v v v v v v v e v v v e e

YHuBepcabHble (PYHKIUHI

co o & Ot

10
12
17
22
26

30
30
37
41
47
ol
o4
26
29
62
64
69
69
71

73
73
74
74
76
7
79



4 OrJlaBjenue

§7. JlmaroHaJabHas KOHCTPYKIIAA . « o v v v v v v e e e e oo e e e e 80
§8. Ilepeunciimmoe HEPA3PEMINMOE MHOKECTBO . . . . . v o o oo oot .. 81
§9. I'yiaBHbIE yHUBEpCAJIBHBIE DYHKIIAM . . o o oo oo oo oo oo e e o 82
§10.I'y1aBHBIE YHUBEPCATBHBIE MHOKECTBA .« © « o v v v e e e e e e e o 86
§11.MHOMXKECTBA HOMEPOB . . . . o ot vttt e e e 87
§12.HemogsurkHast TOUKa ¥ OTHOIIEHUsT 9KBUBAJEHTHOCTH . . . . . . . . . 90
§13.3aueM HY>KHBI TPOCTHIE BBIUNCIUTEJbHBIE MOIEIN? . . . . . . . . . . 92
§14.Mamunbl ThOpUHTA: OMPEIACTEHIE . . . v o v v vt e v e e e e e e e v 93
§15.Mammunl ThiopuHTa: OOCYXKIEHUE . . . . o o oo e e 94
§16.IIporpaMMbl ¢ KOHEIHBIM YHUCJIOM TIEPEMEHHBIX . . . . . . . . . . . .. 97
§17.Mamunbl ThOPUHTA U TPOTPAMMBL .+« v v v v v v e v e e e e e e e e 99
§18. AprpMETUIHOCTD BBIYUCAUMBIX (DYHKIHA . . . . . . . . . .. .. ... 101
§19.Teopembr Tapckoro m [€memst . . . . . . . .. ... ... .. ... ... 104

JImreparypa . . ... .. 107



IIpeauciosnue

Umeer jin oTHOINIEHUE MaTeMaTWYecKasi JIOTMKaA K TOMY, 9TO HEOOXOIMMO 3HATh
crienraaucty mo 9BM?

Mpbr HateeMest, 9TO B pe3y/abTaTe u3ydeHust 9TOr0 Kypea CayiaTesb yoemTcs,
YTO UMEET, ¥ caMoe HermocpecTBeHHoe. Tax, rimaBa II — K aBromaruieckomy mo-
POYXKJIEHUIO CHHTAKCUIECKN TTPABUIBHBIX TEKCTOB, T.€. K CIENNaJhbHOMY MPOTrpaM-
MUPOBAHUIO; OCTATOK KHHUI'M IIOCBAIIEH OCHOBAM TEOPUM AJIOPUTMOB: 3JI€Ch 00-
CYKIAI0TCs, KAKUE 3219l BOOOIIE sIBJISIOTCS aJIlOPUTMUIECKN PAa3PEIINMbIMUA 1
KaKOBa, CJIO)KHOCTh COOTBETCTBYIOMINX ajropuTMmoB. B riase I cobpan marepuad
110 HavyaJjlaM TeOPUU MHOXKECTB, HeOOXOIMMbIH JIJIsi IOHUMAaHUs OCTAJIbLHOI'O TEKCTa,
(kak, BIIpoUeM, U MOUYTH BCEH MAaTEMATUKH ).

B nocobun mcnob30BaHbl MaTepralibl 13 CBODOIHO PACIPOCTPAHSIEMbIX KHUT
[1], [2] u [3] nnreprer-6ubanoTekn MITHMO ¢ JsirobesHoro corsacust aBTOpoB.
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MuoxkecTBa n (pyHKITUN

§1. MHoxkecTBa

OCHOBHbIe [MOHATUA " 0603H8}{eHI/IHJ CBA3aHHBIE C MHOXKECTBaMM N OllepallndMn
HaJl HUMMW:

o Mmnootcecmea COCTOAT U3 aaemenmos. 3anuch © € M o3Hauaer, 910 T siB-
JISIeTCsT dJIeMenToM MHOoKecTBa M.

e [oBopsT, uro MHOKECTBO A siBiisiercs nodmmooicecmeom Muoxkecrsa B (3a-
nuce: A C B), eciu Bee asementsl A gBiisioTcs snementamu B.

e Muoxecrsa A u B pasno, (3anmce: A = B), ecaim OHU cojiep:Kar OjiHY U
Te JKe BIeMeHTh! (apyrumu ciaoBamu, ecin A C B u B C A).

e Ecin A — nonmuoxkecrso B, He pashoe Bcemy B, 1o A HasbiBaioT cob-
cmeenHbm ToaMHOKecTBOM B (3amucs: A C B).

o [Iycmoe MHOXKECTBO & HE COJIEPYKUT HU OJHOTO JIEMEHTA, U ABJISIETCST 1101
MHOZKECTBOM JIIOO0TO MHOYKECTBA.

o [lepeceuenue ANB aByx MHOXKECTB A 1 B COCTOUT U3 9JIEMEHTOB, KOTOPbIE
npuHajiexkar 0bouM MuOKecTBaM A n B. DT0 3a1uchBaloT Tax:

ANB={x|ze€Aunxe B}

(amTaeTcst: MHOKECTBO TAKUX T, 9TO. .. ).
o Obsedunenue AU B coCTOUT U3 371€MEHTOB, KOTOPLIE IPUHAIIEXKAT XOTSI
Obl ojHOMY U3 MHOXKecTB A u B:

AUB={zx |z € Awm x € B}.

e Pasnocmv A\ B cocrout u3 9jleMEHTOB, KOTOpPbIe puHajiexkar A, HO He
npuHaIIeXKaT !

A\B={z|r€Aunx ¢ B}.

Ecnn MuOX)ecTBO B sBJIsIeTCsT TIOAMHOXKECTBOM MHOXKecTBa A, pasHocTb
A\ B nasbiBator rakxke donoanenuem B do A.

o Cummempuueckas pasnocmo A /N B cocTOUT U3 3JIEMEHTOB, KOTOPbIE TIPH-
HaJIJIe’KaT POBHO OJIHOMY M3 MHOXKeCTB A u B:

AAB=(A\B)U(B\ A) = (AUB)\ (AN B).

e Yepes {a, b, c} obozHagaeTcst MHOKECTBO, KOTOPOE COJEPXKUT 3JTEMEHThI @,
b, ¢ n ne copepxut apyrux. Ecim cpean a, b, ¢ ecth paBHBIE, OHO MOYKET
6



§1. MuoxkecTBa 7

coJiepKaTh OJMH UK JiBa djeMeHTa. [Iogo0H0e 0603HaUeHe HCIIOIb3YeTC st
u B MeHee (DOPMaJIbHBIX CUTYAIMsIX: MHOXKECTBO UJICHOB IOCJIE0BATEIIhH-

HOCTH g, 41, ... obosHauaercsa {ag,ai, ...} wm gaxe {a;}. Bonee akky-
paTHasl 3alKCh JIJIsi TOTO e MHOXKecTBa Takosa: {a; | i € N}, re N —
MHOXKeCTBO HaTypaJibhbix unces {0,1,2,...}.

[Tonarne MuoKecTBa MOABUIIOCH B MATEMATHKE CPABHUTEIHHO HEJIABHO, B KOHTIE
19-ro Beka, B cBsizu ¢ paboramu Kanropa. OTmMernm,9To B MIKOJIE HATYpPaJbHbIE
qUCJIa HAYUHAIOTCS ¢ JMHUIBI, & B HEKOTOPBIX KHUXKKAX — C HyJs (MBI TOXKe
OyJieM Ha3bIBATH HYJIb HATYPAJIHHBIM THCJIOM ).

Mpbi 1ipejiiioiaraem, 4To nepednucjeHHbIe BbIIIE OCHOBHbIE TOHSTUS TEOPUU MHO-
JKecTB OoJiee MJIM MeHee BaM 3HAKOMbBI. BOT HECKOJIBKO 3a/1a49 JIJIsT CAMOKOHTPOJIH.

SAIAYA 1. Cmapetiwut mamemamur cpedu WaTMAMUCMOS U cmapetusut
WATMAMUCTM cpedu MAMEMAMUKOE — MO 00U UAU MO, JHCE YEAOBEK UAU (603~
MOICHO) pasnbie?

SBAIOAYA 2. Jlyvwuti mamemamur cpedu WarmMamucmos u AYNWUs warma-
mucm cpedu Mamemamuros — amo 00U Uil MomMm HCE YeA0BEK UNU (603M09fc7w)
pasrwvie?

SAIOAYA 3. Kaotcdoidi decamuili MamemMamur — wWarMamucm, a Karcovi ue-
cmoti waxmamucm — mamemamur. Kozo boavwe — mamemamuros uiu UG-
MAMUCTNOE — U 60 CKOADKO Pa3?

SAJIAYA 4. Cywecmsyrom au maxue muoocecmsea A, B uC, umo AN B # &,
ANC=gu(ANB)\C=go7?

BAIAYA 5. Kakue us pasencme (a) (AN B)UC = (AUC)N (BUC);
(6) (AUB)NC = (ANC)U(BNC); (8) (AUB)\C = (A\CUB; (2) (ANB)\C =
(ANC)NB; (0) A\(BUC) = (A\B)N(A\C); (e) A\(BNC) = (A\ B)U(A\C)

sepHol daA A00vix muoocecme A, B, C'?

SBAIAYA 6. IIposedume nodpobroe dokaszamesbcmeo SepHvLr PaseHcme npedvi-
dywetd 3adavu, ucrods us onpedesenudi. (oxasrcem, 4mo mMHodtcecmea 6 Ae6ol
u npasoti wacmar paswol. Ilycmo T — 410601 saemenm Ae6ot Hacmu PaseHcmea.
Tozda. .. Iosmomy x exodum 6 npasyio wacmo. Obpammno, nycmo. .. ) [Ipusedu-
me KOHMPnPUMeEPsvl K HEGEPHbILM PAGEHCTEAM.

BAITAYA 7. Ckoavko cywecmeyem nooMHONCECTNG U N-INEMEHMHO20 MHOIICE-
cmea?

BAJIAYA 8. ITycmb mmoorcecmeo A codepotcum n snemenmos, a €20 nodmHo-
otcecmeo B codeporcum k anemenmos. Croavko cywecmsyem mmoncecme C, das
komopwr B C C C A?



8 [nasa I. MuoxkecrBa u ynkiuu

§2. Yucao 3memMeHTOB

Yucso 3/1eMeHTOB B KOHEYHOM MHOXKECTBE A Ha3bIBAIOT TAKXKE €r0 MOUHOCIIbI0
u obosnadaror |A| (a rakxke #A). (Bekope Mbl GyjieM roBOpuTh 0 MOIIHOCTSX U
1Jist GecKOHEUHBIX MHOXKeCTB. ) Cretytormast hopMyJia Mo3BOJIeT HANTH MOITHOCTD
00'beIMHEHNsT HECKOJIbKUX MHOYKECTB, €CJIM U3BECTHBI MOIHOCTH KaXK/JI0r0 U3 HUX,
a TaK»Ke MOIIHOCTH BCEX IePeceueHmii.

TEOPEMA 1 (Qopmysa BKIIOYEHUT U UCKITIOUCHUIT ).
AU B[ = [A] + [B| - [AN BJ;
|AUBUC| = |A|+|B|+|C|-
—|ANB|—|ANC|—|BNCl+
+|ANBNC;
soobwe |Ay U ... U A,| pasno

DAL =D JANA ]+ > JANA N A — ..

i 1<J 1<j<k

JTOKABATEJILCTBO. Pukcupyem 1MpousBoJibHOE MHOXKeCTBO U, TIOJIMHOYXKECT-
BaMH KOTOPOT'O SIBJISIIOTCS MHOXKecTBa Aq, ..., A,.

Xapaxmepucmuueckot pyruxuyuet maoxecrsa X C U mazbiBaioT PyHKIUIO X X,
Koropast paBaa 1 Ha sjgementax X u 0 vHa ocrajbhbix sjementax U. Onepaiun
Ha/JI II0JIMHOYXKECTBaMK MHOKecTBa U COOTBETCTBYIOT OllepaliusM C UX XapaKTepH-
crudeckuMu (pyHKImsMu. B gacTHOCTH, TTepecevdeHnio MHOYKECTB COOTBETCTBYET
IIPOM3BEJICHNE XaPAKTEePUCTHICCKUX (DYHKITMIA:

Xans(u) = xa(u)xs(u)

Homnosnenuto (10 U) coorsercryer dyHKimst 1 — X, ecim y — xapakTepucTiie-
cKkast (PYHKIMSA MCXOTHOTO MHOMKECTBA.

YKCII0 3JIEMEHTOB MHOXKECTBA, MOXKHO 3allMCATh KaK CyMMY 3HAUCHHH ero xa-
pPaKTEPUCTUIECKON (DYyHKIIUN:

X =3 v (w).

O6beuaenne A U ... U Ay MOXHO 3aIKcaTh Kak JIONOJHEHHE K IIePecedeHn o
JIOTTOJTHEHU T MHOXKECTB A;; B TePMUHAX XapaKTEPUCTUICCKUX (DYHKIUI MMeeM

XAu.u4, =1 = (L —=xa,) .. (L= xa,)-

PackpblB CKOOKM B IIPaBOil YACTU, MbI TOJIYIHM

ZXAi - ZXAZ-XA]- + Z XAXA; XA, — - -
i

i<j <j<k



§2.  Yucj1o ss1eMeHTOB 9

¥ IPOCYMMUDPOBAB JIEBYIO U 1IPABYIO 4acTh 110 BeeM 3jiementam U (obe onu ectb
byukun Ha U), nogyanm HopMmysty BKIIOUEHU 1 UCKITIOUCHUI. [

[ToyicuéT KOMMYIECTB 3JIEMEHTOB B KOHEYHBIX MHOXKECTBAX OTHOCIT K KOMOUMG-
mopuxe. Hekoropble HauabHbIE CBEJICHUS U3 KOMOMHATOPUKY TPUBEJIEHDI JAJIbIIe
B KadyecTse 3aja4. Cefigac HAC B TIEPBYIO OUepe b UHTEPECYeT CIEYIOIIi MpUH-
TTHTT:

€cJIM MEXKJIY JIBYMsi MHOXKECTBaAMHU MOXKHO YCTAHOBUTbH B3aMMHO OJ[HO3HAYHOE
COOTBETCTBHE, TO B HUX OJMHAKOBOE THCJIO JIEMEHTOB.

(Bsanmnast oj{Ho3Ha4HOCTE TpEOyeT, YT00bI KAXKJIOMY 3JIEMEHTY MePBOro MHO-
YKECTBA COOTBETCTBOBAJ POBHO OJIMH 3JIEMEHT BTOPOTO U HAOOOPOT. )

Bor HeCcKoJIbKO MPUMEPOB KCIIOJIb30BaHUS ITOIO MPUHIIKIIA.

SAIAYA 9. Ha oxpyotcrnocmu evibparove 1000 beavix mouer u 00na “4EpHaA.
Yezo boavwe — mpey2oavHUKO8 ¢ BEPUWUHAMU 6 DEABLT MOUKAT UAU 4eMbLPET-
Y2OAbHUKOB, Y KOMOPHLT 00HA 6EPUUHG %EPHAA, 4 ocmanvHbie mpu beave? (Pe-
WeHue: UT NOPOSHY, NOCKONKY KAHCIOMY HeMbpETY20AbHUKY COOTGEMCMEYEm
Mpey20abHUEK, 00pa308aHNYIT MPEMA €20 DEAVMU BEPUUNAMU. )

SAIAYA 10. Kakxux nodmmooscecms boavwe y 100-saemernmmozo muoscecmesa:
mowgrocmu 57 uau mougnocmu 437 (Vrazanue: 57 + 43 = 100.)

BAIAYA 11. Joxascume, wmo nocaedosamesvrocmets dAunst 1, COCMaBAEH-
noLx U3 Hyael u eQUHUL, CMOALKO JICe, CKOALKO NOOMHONICECTNG Y MHONCECMEA
{1,2,...,n}. (Vrazanue: xascdomy nodmmoocecmey X C {1,2,...,n} coom-
GEMCMBYEM TAPAKMEPUCTNULECKAA NOCACIOCAMENLHOCTD, HA T-M MECME KOMOo-
poti cmoum edunuya, ecau u moavko ecau i € X.)

SAIIAYA 12. Jokaotcume, wmo nocaedosamesvrocmeti nyret u edunut, dAubl
N, 6 KOMOPHLT YUCAO edUHUY, Pa8HO K, PasHo Yucay k-saemMenmmuoic NoOMHONCECNE
N-9NEMEHTIHOZ0 MHONHCECTNEA.

D10 YMCI0 HAa3bIBACTCA wucAoMm couemanud us n no k n obosnadaerca CF p
PYCCKHX KHIJKKAX; B HHOCTPAHHBIX OOBIMHO HCIOJIBb3yeTcs obosHatenue ().

BAJIAYA 13. Hoxasicume, wmo CF = C"F,
BAIAYA 14. Jokaoicume, wmo CO+ CL 4+ ...+ C" = 2",

SAIAYA 15. ITyemo U — nenycmoe xoneunoe muoscecmso. lokasrcume, wimo
nodmmoocecms mmoocecmea U, umerowur 4émmyro MouHoCmy, CMOALKO Oice,
CKOABLEO UMEIOUUT HeWEMHYI0 MougHocmoy. (Yrasanue: durcupyem sremenm u €
U u 06sedunum 6 napvl nOOMHONCECMBA, OMAULAIOUSUECHA TOAVKO 6 MOUKE U. )



10 [nasa I. MuoxkecrBa u ynkiuu

BAJIAYA 16. Joxaocume, wmo C0—Cl+C2% — .. .+ (=1)"C" = 0. (Vxasanue:
Kax amo ceasano ¢ npedudyuets 3adavet?)

SBAIOAYA 17. Hoxasrcume opmyay dunoma Heuorona:
(a+b)"=C%"+Cla™ b+ ...+ CFa"FF + .. 4 CMb".

BAIAYA 18. Jokastcume, 4mo cnocobos paccmanosku ckobok (YKkasveaouus
nopadox; deticmeut) 6 HEACCOUUAMUBHOM NPOUZEEOCHUL U3 T INCMEHTIOE CTNOND-
K0 otce, CKOALKO cnocobos pasbums ewnykavil (n + 1)-yzorviuk na mpeyzosvhu-
KU HENEPECERAOUUMUCA Juazonarimu. ([ra npouseedenus mpéx muosrcumenet
ecmo dea sapuanma (ab)c u a(be); ¢ dpyeoti cmoponw, ecmuv dsa cnocoba paspe-
3aMb YeMBPETY20ALHUK 1A 064 MPEY20ALHUKA, NPo6eds Juazonay. i npous-
6e0CHUA YEMBPET COMHONCUMENET U OAA NAMUY20ADHUKA UMEECTNCA N0 D 6apu-
anmos. )

§3. PaBHOMOIITHbIE MHOXKECTBA

JlBa MHOXKECTBa Ha3bIBAIOT PAGHOMOUSHLMU, €CJU MEXKJY HUMU MOYKHO YCTAHO-
BUTH B3aMMHO OJIHO3HAYHOE COOTBETCTBUE, MPU KOTOPOM KAXKJIOMY JIEMEHTY OJI-
HOI'O MHOYKECTBA COOTBETCTBYET POBHO OJIMH JIEMEHT JIPYTOro.

J1jisi KOHEYHbBIX MHOXKECTB 9TO O3HAYAET, YTO B HUX OJIMHAKOBOE YHUCJIO JIEMEH-
TOB, HO OIPEJICJICHIE UMEET CMBICJI ¥ Jijist OECKOHEUHbIX MHOXKecTB. Hampumep,
orpesku [0, 1] u [0, 2] paBHOMOIIHbBI, IOCKOJIbKY OTOOPAXKEHUE T > 2T OCYIIECTB-
JISIeT WCKOMOE COOTBETCTBHE.

BAJIAYA 19. Jokascume, wmo aobwve dsa unmepsana (a,b) u (c,d) na npa-
MO PaBHOMOULHDL.

SAIAYA 20. Jloxaotcume, wmo a0bvie dee 0KPYHCHOCTIU HaA NAOCKOCTIU PaG-
nomougnot. Jloxascume, wmo arobvie dea Kpyza Ha NAOCKOCU PABHOMOULHDL.

BAJIAYA 21. Joxascume, wmo noayurnmepsan [0, 1) pasromowen nosyumnmep-
sany (0, 1].

Heckoisibko Gosiee cioxkna Takas 3ajada: jokasarh, 1ro uarepsas (0, 1) u jayu
(0, 4+00) paBHOMOIIHBI. DTO JIEJAETCS TaK. 3aMETHM, 4TO oTobpaxenue x — 1/x
SBJISIETCS. B3aUMHO OjiHO3HAUHbIM coorBercrBueM Mexjy (0,1) u (1,4+00), a
x +— (x—1) — B3auMHO OJIHOBHAUHBIM cooTBEeTCTBIEM MKy (1, +00) u (0, +00),
I09TOMY UX KoMmIosuiusa = — (1/x) — 1 aBjisgercs ucKOMbIM B3aMMHO OJIHO3HAY-
upiM coorBercreuem mexy (0,1) u (0, +00).
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Boobie, Kak roBOpAT, OTHOIIEHHE PABHOMOIIHOCTH €CTh OMHOULEHUE IKEUBCH-
AEHMHOCTU. DTO O3HAYAET, YTO OHO pedhaekcusno (KaxK0e MHOXKECTBO DaBHO-
MOIITHO caMoMmy cebe), cummempuuno (ecaun A paBromommuo B, To u B pasno-
voriHo A) u mpansumusno (ecim A pasromoriro B w B pasnomorino C) 1o
A pasromorino C). CBoHCTBOM TPAH3UTHBHOCTH MbI TOJBKO YTO BOCHOJIB30Ba-
JIMCh, B3sB Jy4 (1, 400) B KauecTBe MpOMEXKYTOUHOTO MHOXKECTBA.

Eié HeCKOJIbKO 1IpUMEPOB:

e MHOXKecTBO OECKOHEUHBIX II0CJIE/I0BATE/IbHOCTEH HyJIeil 1 eJIMHNI] paBHO-
MOIIHO MHOXKECTBY BCEX MOJMHOXKECTB HarypasbHoro psja. (B camowm
JleJie, COIOCTABUM C KaxKJI0# IOC/IeI0BATeIbHOCTHI0O MHOXKECTBO HOMEpPOB
MECT, Ha, KOTOPBIX CTOSIT €IMHUIIBI: HAITPUMED, MOCJIEI0BATEILHOCTh W3 OJI-
HUX HYyJIefl COOTBETCTBYET IIyCTOMY MHOXKECTBY, U3 OJIHMX €JIMHULL — HATY-
paJbHOMY psy, a nocaeaoBaTesbiocts 10101010... — MHOXKeCTBY 49ET-
HBIX 9HCelI. )

e MHuoxecTBO OeckoHEUHBIX mocjeaoBaTeabHocreir nudp 0, 1, 2, 3 paBHO-
MOIIHO MHOXKeCTBY GeCKOHEeUHBbIX TocsieoBareabrocreit nndp 0 u 1. (B
caMoOM Jiesie, MOXKHO 3akonupoBarh nudpor 0, 1, 2, 3 rpynnamu 00, 01,
10, 11. ObparHoe mpeodpazoBaHne pa3dbUBAET MOCIEI0BATEIHLHOCTD HYJIEH
U eJMHUIL Ha [Iapbl, [IOCIEe 9ero Kaxkjias 1napa 3aMmensercs Ha 1nudpy or 0
70 3.)

e MuoxxecTBo beckoHeuHbIX 1Hoc/e0BarebHocTeit udp 0, 1, 2 paBHomorr-
HO MHOXKECTBY OGeCKOHeuHbIX nocsienoBateabaocteit nudp 0 u 1. (MoxHo
OBLIO ObI HBITATHCS PACCY?KJIATh TaK: 3TO MHOXKECTBO 3aKJIIOYECHO MEXK Ly
JIByMsI MHOXKE€CTBAMU OJIHOI M TO# »Ke MOIITHOCTH, U IOTOMY PaBHOMOIITHO
KayKJOMy M3 HUX. DTOT XOJ[ MBICJeH MpaBujieH, KaK MOKa3bhIBAET Teope-
ma Kantopa-Bepumreitna n3 pasnena 5. Ho 31ech MoxKHO 0oboiiTuch n 6e3
9TOI TeopeMbl, ecjiu 3aKoiupoBarh 1udpsl 0, 1 1 2 mociieioBaTe/ IbHOCTSI-
mu 0, 10 u 11: sierko coobpasuTh, 4TO BCsiKasi 1OCJEI0BATEIbHOCTD HYJIEi
U eJIMHUIL OJHO3HAYHO pa3dbuBaeTcs Ha Takue OJIOKK cjieBa HalpaBo. Takoit
criocob KOJMpPOBaHusi Ha3bIBAIOT MPEMUKCHBIM KOJOM. )

e [Ipumep ¢ mocaeI0BATEILHOCTSIMA HYJIEH U € TUHUT] MOYKHO 0DOOIINTH: MHO-
XKECTBO TMOJAMHOXKECTB J1I000ro MHOXKecTBa U (OHO 0ObIMHO 0603HAUAET-
cst P(U) u mo- aHriniicku HA3bIBAETCS pOWer set) PABHOMOIIHO MHOXKe-
CTBY BceX (PYHKIUil, KOTOpbIE€ CTABAT B COOTBETCTBHE KaXKJOMY JIEMEHTY
x € U onpo us uncest 0 u 1 (MmHOKecTBO Takux yHKIUH 00bIYHO 0O03HA-
qator 2%). (B camom gene, xaxjomy muoxectsy X C U cooTseTcTByeT
ero xapakrepucruieckas (pyHKIuI. )
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MBI IPOJIOJIKUM 9TOT CIHUCOK, HO CHAYAJA MOJIE3HO JOKA3ATh HECKOIHLKO MPO-
cThIX (DAKTOB O CUYETHBIX MHOXKECTBaX (PABHOMOIIHBIX MHOXKECTBY HATYDPAJIbHbIX
qUCeT).

§4. CuéTHbIe MHOXKECTBA

MHOXKeCTBO Ha3BIBACTCS CUEMMHbLM, €CJUM OHO PABHOMOIIHO MHOxKecTBYy N HaTy-
PaJIbHBIX YUCEJ, TO €CTh €CJIM ero MOXKHO HpeJCcTaBuTh B Buje {Xo, T1,T2,... |
(31€Ch T; — BJIEMEHT, COOTBETCTBYIOIIU{ YUCIY %; COOTBETCTBHE B3AMMHO OJIHO-
3HAYHO, TAK YTO BCE T; PA3JIMIHBI).

Hanpumep, MHOXKECTBO TEJbIX YUCe] Z CUETHO, TaK KaK IeJble YACIa MOXKHO
pPacIoJIoKUTh B niocjegoBareabroctsh 0,1, —1,2,—2,3, —3,. ..

TEOPEMA 2. (a) Ilodmnooicecmeo cuémmozo MHONCECTNEA KOHEUHO U
CYEMHO.

(6) Bearoe beckoneunoe muoocecmeo codeporcum cuémmoe nodmMHocicecmeso.

(8) Obsedunenue KoHneun020 UAU CUEMHO20 YUCAL KOHEUHOLT UAU CHEMMHOIT
MHOIAHCECTNE KOHEWHO U CUEMHO.

JJOKA3ATEJILCTBO. (a) Ilycre B — HOAMHOXKECTBO CYETHOIO MHOXKECTBA
A = {ag,a1,a9,...}. Boibpocum u3 10CIE10BATENHLHOCTH G, A1, ... TE€ YJIEHbI,
KOTOpBIE He mpuHaieskaT B (coxpaHsist mopsoK ocTaBimxcst ). Torga ocrasrime-
st dJIeHbl 00pa3yioT JMbO KOHEUHYIO MOCJIEI0BATELHOCTh (K Torga B KOHeYHO),
6o Geckoreunyio (u Torga B cuérHO).

(6) Iycrs A Geckoneuno. Torja OHO HEMYCTO W COAEPKUT HEKOTOPbII 3Jie-
ment by. Byjyun GeckoneunbiM, MHOXKECTBO A He ncuepublBaeTcs 31eMeHToM by
— BO3bMEM Kakoi-Huby b apyroit snement by, u .1, Ioayuurcs nocsenoBaresib-
HOCTD by, by, . . . ; HOCTpOEHUE HEe NPEPBETCS HU Ha KAKOM Irare, mocKoJibKy A bec-
koneuno. Ternepb muoxkecrBo B = {bg, by, ...} u Oyjer HCKOMBIM CUETHBIM MOJI-
MHOXKecTBOM. (3amernm, uro B Boce He obsizaHo coBnajarh ¢ A, jgaxe eciu
A cuérho.)

(B) Tlycrb wMmeercss caéTHOE 4YMCIO CYETHBIX MHOXKeCTB Aj, A, ... Pacnodio-
YKUB 3JIEMEHTBl KayKJIOTO W3 HUX CJeBa HApaBO B MOCJeIOBATENbHOCTh (A; =
{aio0,a;1,...}) U IOMECTUB STH TOCIEIOBATEIBHOCTH JIPYT TIOJ JPYTOM, MOJTY UM
TabJIHILY

app ap1r o2 Go3
aip aip a2 ais
Azp Aa21 G2 G23
aszp as1 a2 ass
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Tenepb 5Ty TaOIUIY MOXKHO Pa3BepPHYTH B IIOCIEI0BATEIbHOCTD, HAIIPUMED, IPO-
XOJIS1 TIO OYepein JnaroHaJIn:

aopo, ao1, @10, Qao2,a11, @20, ao3, @12, 21, A30, - - -

Ecim muoxkecra A; He miepecekaanch, TO Mbl MOJY YU HCKOMOE TIPEICTABICHNE
Juist ux 00bejiuHenust. Ecjin nepecekainch, TO U3 MOCTPOCHHOM 10CIIE/10BATETbHO-
CTU HAJI0 BHIOPOCUTH TTOBTOPEHUSI.

Ecin MHOXKeCTB KOHETHOE YKCJIO WJIM KAKHe-TO U3 MHOXKECTB KOHEYHbBI, TO B
9TO¥ KOHCTPYKITUU YACTH YJEHOB He OyJIeT — M ocTaHeTcd JubO KOHETHOe, JINOO
CYETHOE MHOYXKECTBO. O

SBAIOAYA 22. Onucarnviii npoxrod no dua20Hasim 36406EM 63GUMHO 00HO3HAY-
HOE COOMBEMCNEUE MENHCIY MHONACECTNEOM 6CET NAP HAMNMYPAAOHYLT YUCEL (KOMO-
poe obosnavaemca N x N) u N. Jhobonwmmno, wmo smo coomsemcemeue sadaémca
npocmot Gopmyaots (MHo20useoM 6MOPOT CMENENU € PAYUOHAALHOMU KOIPPHU-
yuenmamu). Yeascume 2mom MHO20UAEH.

3amedanune. B nmokazaresberBe yrBepxkeHus (6) TeOpeMbl 2 eCTh TOHKH MO-
MEHT: Ha KaykJIOM I1are Mbl JIOJ2KHbI BbIOpaTh OJIMH U3 OCTABIIKUXCS JIEMEHTORB
MHOXKecTBa A; Takme 3JeMeHTbI eCTh, HO y HAC HEeT HUKAKOI'O MIPAaBUJIA, ITO3BOJIS-
I0Iero Takoit Bhibop onucath. [Ipu 6osiee popmasibHOM MOCTPOEHUN TEOPUU MHO-
JKECTB TYT HYKHO COCJIAThCA Ha CHENUAJbHYIO aKCHOMY, Ha3bIBAEMYIO akCUOMOT
66100pa. 3aKOHHOCTH 3TOW aKCUOMbBI BbI3bIBaJa OOJibIUe criopbl B HavaJje 20-ro
BEKa, HO 1IOCTEIIEHHO K HEW NPUBBIKJIA, U 9TU CHOPbI cefiyac 1Mo4YTH HE BOCIPUHU-
Malorca. B cepenune Beka Benukuit joruk Kypt [€mennb mokazan, 9To aKCHOMY
BbIOOpA HEJIb3s1 ONPOBEPIHYTh, MOJIb3YsICh OCTAJbHBIMU aKCUOMAMU TEOPUU MHO-
»)KecTB, a B 1960-e roapl amepukanckuit maremaTnk [los JIxx. Kosn jmokaszan, 9To
€€ HeJIb3sl U BBIBECTU U3 OCTAJIbHBIX aKCUOM.

Emé HeckoabKO TpUMEPOB CIETHBIX MHOXKECTB:

e MuoxxecrBo (Q pannoHaabHBIX Unces cIéTHO. B camoMm jese, pamuoHaib-
HbIE YUCJIa TTPEJICTABJISIIOTCST HECOKPATUMBIME JIPOOSIMU € HEJIBIM TUCTATE-
JeM u 3HaMeHareseM. MHOxKecTBO Jipobeil ¢ JJaHHBIM 3HaMeHaTe/IeM CUET-
Ho, nmoatromy Q mpejscraBuMo B Bujie 0OObEIMHEHNsT CIETHOTO UNCIA CUET-
HBIX MHOXKeCTB. OTMeTHM, 9TO MHOXKeCTBO R Beex AeifiCTBUTENIbHBIX TUCET
HECUYETHO.

e Muoxecrso N¥, sjteMenTaMu KOTOPOro sIBJISIOTCS HAOOPDI U3 k HATYDPATIb-
HBIX 4HUCeJI, CYETHO. DTO JIErKO JIOKa3aTh MHJyKIumei 1no k. Ilpu k = 2
muoxkectBo N2 = N x N nap narypasibHbiX yncesi pa3buBaercs Ha CuéTHoe
ancyio cuérabix MEOKecTB {0} X N, {1} x N, ... (ssiementamu i-ro MHOKe-
crBa OyJlyT Haphl, MEPBbIH WieH KOTOPbIX paeH 7). [Tosromy N? cuérHo.
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AHaslornaHbIM 06pazoM MHOzKecTBO N® Tpoek HaTypaJbHBIX dHces pa3b-
Baercs Ha cuérHoe aucsio muoxkects {i} X N x N. Kazxioe uz uux cocrour
13 TPOEK, MEePBBIil YIeH KOTOPLIX (DUKCUPOBAH 1 ITIOTOMY PABHOMOIIIHO MHO-
x)ectBy N2, koropoe cuérno. TOUHO Tak yKe MOXKHO IEPEiTH 0T CYETHOCTH
muoxkectsa NF x cuérnocrn Muoxkecrsa NFFL,

e MHOXKeCcTBO BCeX KOHEUHBIX IIOCJIe0BAaTEIbHOCTEN HATypaJbHBIX YHCEJI
caéTHo. B camoMm Jiesie, MHOXKECTBO BCEX IMOCJIE/I0BATEIbHOCTEN JIaHHOM
JUTHHBL CIETHO (KAK MBI TOJBKO UTO BHJICJH), TaK UTO WHTEPECYIOIIee HAC
MHO>KECTBO pa30dMBAETCs Ha, CYETHOE UMUCJIO CUETHBIX MHOXKECTB.

e B npejpiayineM npuMepe He 00si3aTeIbHO NOBOPUTH O HATYPAJbHBIX UHC-
Jax — MOXHO B3sTh Jt060e cuéTHOe (MM KoHedHoe) MHOXKecTBO. Harpu-
Mep, MHOYKECTBO BCEX TEKCTOB, HCIOJB3YIONMX PyccKuii ajndasur (Takoit
TEKCT MOYKHO CUNTATh KOHETHOW MOCJIEI0BATEIHLHOCTHIO OYKB, MPOOETIOB,
3HAKOB [IPEIMHAHUS U T.I1.), CYETHO; TO K€ CaMO€ MOXKHO CKa3aTh O
MHOKeCTBe (BC€X MBICIUMBIX) KOMIIBIOTEDHBIX MPOrPaMM W T.]I.

e MuoxecTBo nepuojimiaeckux jipoodeit cuérno. B camom Jiesie, Takast apodb
MOXKeT ObITh 3alliicaHa KaK KOHEUYHas II0CIe0BATEIbHOCTh CHMBOJIOB
13 KOHEYHOrO MHOXKeCTBa (3amsitast, nudpbl, CKOOKH); HAIPUMED, JPOObH
0,16666. .. moxno 3amucarh kak 0,1(6). A Takux mociegoBaTebHOCTEl
CUETHOE MHOYXKECTRO.

SAIAYA 23. Joxaoicume, 4mo a1000e cemetcmeo HenepecerauLurcs uHmep-
64406 Na NPAMOT KOHEUHo usu cwémuo. (Yrasanue: 6 Kasicdom unmepsare nat-
démea payuonaAvHas movka. )

BAZIAYA 24. (a) Hoxaosrcume, wmo a1000€ MHONHCECTNGO HENEPECEKAIOULULTCA
B0COMEPOK HA NAOCKOCTNU KOHEUNO UAU cuémmno. (Bocvmépra — obsedunenue dsyx
KACaOUUTca oxpyscrocmets a06wux pasmepos.) (6) Chopmyaupyiime u dokasrcu-
me anasozuvwroe ymeepotcdenue daa oyxe T.

SADAYA 25. Jokasrcume, 4mo MHOHCECMBO MOYUEK PA3PuLEa HeYov6aw et
bynkyuy eticmeumenvnozo ap2yMenma KoHeuno uit cHEmmo.

TEOPEMA 3. Ecau mnoscecmeo A beckoneuwno, a muoscecmeo B xkoneuno uau
cuémmno, mo obsedunenue AU B pasromouyno A.

JTOKABATEJILCTBO. Moxkno cuurarsh, uro B He nepecekaercst ¢ A (mepece-
JeHrne MOXKHO BBIOPOCHUTHL M3 B, ocTanercs 1mo- mpexkHeMy KOHEUHOe WU CUETHOEe
MHOXKECTBO).

Boijiesium B A cuérnoe nojgmuoxkecrBo P; ocrarok obosnaunm depes (). Torua
HaM HaJIO JIOKa3aTh, 9to B + P + () pasaomoriuno P + @) (3HaK + CHMBOJIH3H-
pyer obbeuHenne Herepecekaonmxest Muoxkecrs). [lockosbky B + P u P oba



§4. CuérHble MHOZKECTBA 15

CYETHBI, MEXKJIy HUMH CYIIECTBYeT B3aUMHO OJIHO3HAUHOE COOTBeTCTBHE. Kro Jjer-
KO TIPOJIOJIKUTD JI0 cOOTBeTCTBYs My B 4+ P+ Q n P+ ) (Kaxiplil s7emeHT
MHOXKeCTBa () COOTBETCTBYeT caM ceOe). ]

BAIAYA 26. [Tpumenume omy KOHCMPYKUUIO U AGHO YKAXHCUIME COOTNEEM-
cmeue meocdy ompeskom [0, 1] u noayurnmepsanom [0,1).

SAIAYA 27. Teopema 3 noxasvieaem, 4mo dobasieHUe CUEMHO20 MHONCECTNEA,
K beckoneunomy ne mensem e2o mouynocmu. Mootcno au ckazamov mo orce camoe
npo ydanrenue? Joxasrcume, wmo ecau A beckoneuno u He ABAACMCA CUEMHBLM,
a B roneuno uau cuémmo, mo A\ B pasnomouno B.

HobaBjisiss KOHEeYHbIe WU CUYETHBIE MHOXKECTBA, JIETKO MOHATDL, YTO MpsMas,
BCE TPOMEXKYTKU Ha TPsIMOil (OTPE3KU, MHTEPBAJIbI, [OJYUHTEPBAJIbI), JIyUd, UX
KOHEYHBIE WU CUETHBIE OObEeIMHEHNs W T.I. PABHOMOIIHBI APYT JPYTY.

BAAYA 28. Viaotcume 63aummno 00HOZHAYHOE COOMBEMEMBEUE MENHCIY MHO-
orcecneom [0, 1] U [2,3] U [4,5] U ... u ompesrom [0, 1].

SAIOAYA 29. Jokastcume, 4mo MHOACECMBO BCEXT NPAMDBLE HA NAOCKOCTU PO.6-
HOMOULHO MHOICECTNEY BCET MOUEK Ha NA0CKocmu. (YKazanue: u mouku, u npa-
MOl 3a0AI0MCA NAPAMY HUCEA — 36 HEOOALULUMU UCKAIOULEHUAMU. )

BAIAYA 30. Hokasicume, wmo noayniockocmo (MoK naockocmu, Aeacauue
no 00nYy cMoOpony om nexkomopot npamot) pasHoMoOUNa NAOCKOCU. (Dmo 6epro
HE3ABUCUMO OM. MO20, BKAIOUAEM Mbl 2DAHUYHYIO NPAMYIO 6 NOAYNAOCKOCTND UMY
nem. )

TEOPEMA 4. Ompesox [0, 1] pasromowen mnosicecmsy 6cex 6eckoHEUHOLT No-
caedosamenvrocmet; nyaet u eOuHUL,.

JTOKA3ATEJIbCTBO. B camom jene, kaxjoe aucio x € [0, 1] sanucbisaercs
B Bujie OeCKOHeUHOI jaBonuHOM jpobu. [lepshiit 3nak 3Toit apodu paser 0 mum 1
B 3aBHCHUMOCTH OT TOTO, TOTAJAeT JIU YUCIO X B JIEBYIO WK MPABYIO MOJOBUHY
oTpe3ka. UTo0bl ONpee/IuTh CJASJYIONUi 3HaK, HaJI0 BHIOPAHHYIO IIOJIOBUHY I10-
JICJIATH CHOBA II0II0JIaM M IIOCMOTPETh, KY/ia HOIaJeT T, 1 T./I.

DTO K€ COOTBETCTBUE MOXKHO OIIMCATDH B JAPYI'YIO CTOPOHY: IIOCJIEI0BATEIbHOCTH
TOT1T2 ... COOTBETCTBYET UKCJIO, sIBJSIIONIEECs] CyMMOI psijia,

(B sToM mocTpoeHun Mbl HCTIOB3yeM HEKOTOPBIE (DAKTHI 13 MATEMATHICCKOTO AHA-
JIM3a, 9TO HE yJMBUTEJIbHO — HAC MHTEPECYIOT CBOHCTBA JEHCTBUTEIbHBIX YUCEL. )

OnucaHHOe COOTBETCTBHE [IOKA, YTO HE COBCEM B3aMMHO OJHO3HAYHO: JBOUIHO-
paloHaJsbHble uncia (japobu Buga m/2") umeror jBa npejcrapienus. Hanpumep,
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ancsio 3/8 moxkno sanucarh kKak B Buje 0,011000. . ., rak u B Buge 0,010111. .. Co-
OTBETCTBHE CTAHET B3AMMHO OJIHO3HAYHLIM, €CJIU OTOPOCUTHL JIPOOH ¢ eJUHUIEH B
nepuojie. Ho takux apobeit cuérHoe 4mcjio, Mo9TOMY Ha MOIIHOCTb 3TO HE HOBJIH-
seT. []

BAJIAYA 31. Kakasa deouunas dpobv coomsemcmeyem wucay 1/37

B srom jokazarenbcTBe MOXKHO OBLIO ObI HCIIOJIH30BAThH 00JI€e TTPUBBIUHbBIE JIe-
csiruaHbIe JIpobu BMecTo jiBonutbiX. [losyunsiocs 6b1, uro orpesok [0, 1] pasaomo-
IIIeH MHOYKECTBY BCceX OECKOHEUHBIX rocjejoBaresbaocreit nudp 0,1, ...,9. Uro-
OBl HepeiT OTCI0JIa K HOC/IEI0BATEbHOCTIM HYJIEH U €JMHULL, MOXKHO BOCIIOJIb-
30BaThCs MIPUEMOM, OMMCAHHLIM Ha c. 11.

Tenepb BCE roTOBO JiJIsi JIOKA3aTEIHLCTBA, TAKOI'O YIMBUTEIBHOIO (pakTa:

TEOPEMA 5. Keadpam (co enympennocmuio) pasuomowser 0mpesxy.

JOKABATEJILCTBO. Kpajpar pasaomorien muoxectsy [0, 1] x [0, 1] nap neii-
CTBUTEJILHBIX YHCeJI, KaXKJ0e U3 KOTOphIX JiexxuT Ha orpeske [0, 1] (merox koop-
Junar). Mpl y2ke 3HaeM, 4T0 BMECTO YUCEJ HA OTPE3KE MOXKHO TOBOPUTH O 110CJIe-
JIOBATEJILHOCTAX HyJel u eaunul. OCTajoch 3aMEeTHTh, YTO Hape MOC/IeI0BATEC b

HOCTEH HyJeil u ejuuut (ToT122 - .., YoY1Y2 - - -) MOKHO IIOCTABUTH B COOTBETCTBHE
II0CJIEJIOBATE/IbHOCTb-CMECh ToYoL1Y1X2Y2 - - . U UTO ITO COOTBETCTBHE OyIeT B3a-
MMHO OJ[HO3HATHDIM. ]

DToT pesynbrar ObLI 1noaydeH B 1877 rojy HEMEIKUM MaTeMaTHKOM
['eoprom Kantopom m yiuBUJI €ro caMoro, MOCKOJbKY MPOTUBOPEIHT
VHTYUTHBHOMY OIILYIIIEHUIO pAa3MepHOCTH (KBaJpar JIByMepeH, 109T0-
My Bpojie Obl JIOJKEH cojlepXKaTh OOJIbIEe TOYEK, YeM OJJHOMEPHBIit
orpe3oK). Pesynbrar Kanropa He sminaer cMbicsia MOHsATHE pa3Mep-
HOCTH, €CJIN PACCMATPUBATH JIUITh HEMTPEPBIBHBIE B 00€ CTOPOHBI COOT-
BETCTBUSI, U TOTJIa TTPOCTPAHCTBA Pa3HON Pa3zMEpPHOCTH MOXKHO OyjieT
Pa3JInIUTh.

13 reopembl 5 JIerko 1OJyYUTh MHOI'O JIPYIMX yTBEP:KJEeHUi 11PO paBHOMOLI-
HOCTH T€OMETPUYCCKMX OOBEKTOB: KPYI' PABHOMOIIEH OKPY?KHOCTH, IIpSAMasd PaB-
HOMOIIHA, [IJIOCKOCTH 1 T.II.

MOKHO TaK¥Ke 3aMETHTh, YTO POCTPAHCTBO (TOYKK KOTOPOTO 3a/1a10TCsT TPEMsT
KoOpmHaTaMu (T, y, Z)) PABHOMOIIHO MJIOCKOCTH (HaJI0 3aKOJUPOBATh napy (z, y)
OJIHUM TUCJIOM ), U, CJIEJIOBATEILHO, TIPAMOii. To ke camMoe MOKHO MPOJIEIaTh U JIJisl
IIPOCTPAHCTB OOJbIICH PA3MEPHOCTH.

OTMeruM, 4To Mbl 110Ka HE yMeeM JIOKa3blBaTh, YTO MHOXKECTBO JeHCTBUTE b-
HBIX YHCeT (M MHOXKECTBO OECKOHEUHBIX MOC/IEI0BATEIbHOCTEH HYJIel 1 € TuHHUI)
HECUYETHO.
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MorHocTh MHOYXKECTBA JEHCTBUTENHHBIX YUCET HA3BIBAIOT MOUHOCMBIO KOH-
munyyma (OT JTATHHCKOIO CJIOBA, O3HAYAIONIEr0 HEMPEPhIBHbBII; NMeeTCst B BU/LY,
YTO TOYKA Ha OTPE3KE MOXKET HENPEPBbIBHO JBUTAThCA OT OJHOTO KOHIA K JIPYTO-

My ).

§5. Teopembr KanTopa-Bepumreitna n KaaTopa

Omnpejiesierre paBHOMOIIHOCTH YTOYHSIET HHTYUTUBHYIO WJICI0 O MHOXKECTBAX OJI1-
HAKOBOTrO pasmepa. A Kak (popMabHO OIPEIENTD, KOTIa OJHO MHOKECTBO DOJIh-
e Jpyroro?

LoBopsit, yro MHOXKECTBO A no mowmocmu we boavuie MHOXKecTBa, B, eciu oHo
PABHOMOIITHO HEKOTOPOMY MOJIMHOXKECTBY MHOXKeCTBa B (BO3MOXKHO, camomy B).

SBAIAYA 32. Hexmo mpedaooicunr markoe onpedesernue: muoscecmeo A ume-
em cmpozo MEeHbLULYIO MOULHOCTIL, “YeM MHOHCecmeo B, ecau ono pasnomousHo
nexomopotll wacmu muoosicecmea B, ne cosnadarowet co ecem B. Iovwemy smo
onpedeaenue neydawno? (Yrazanue. Ilonyaaproie pacckasv. o meopuu MHOMCECTNE
YACMO HAMUHAIOMCA € MAK020 napadorca, socxodauiezo x Iarunrero. Kaxux wucen
boavuwe — BCET HAMYPAALHOIT YUCEA UAU MOUHLT Keadpamos? C oduotli cmo-
POHDBL, MOUHbBLE KEAIPAMbL COCTMABALIOM AUULL HEOOALULYIO YACTD HATYPANDHOIL
wucen; ¢ Opy20ti CMOPOHLL UL MOHCHO NOCMABUMD 60 63AUMHO 00HOZHAUHOE CO-
OMBEMCMBUE CO BCEMU HAMYPLALHBLMU YUCAAMU. )

OTHoOITeHne nMeTh He OO0JIBITYI0 MOIITHOCTH 00/1aJ[aeT MHOTUMHU €CTEeCTBEHHBIMI
CBOUCTBaMU:

e Eciiu A u B pasaomomusl, To A numeer He OOJBIIYIO MOIHOCTD, YeM B.
(Oueruno.)

e Ecim A umeer He GOJIBIIYIO MOITHOCTD, YeM B, a B umeer He OOJBIIYIO
morHocTh, em C) 1o A umeer He Gosibiiyio morHocTh, dem C. (Toxke
Hecs103kHO. Ilycth A HAXOMMTCS BO B3aMMHO OJTHO3HAYHOM COOTBETCTBUH C
B’ C B, a B naxonurcs Bo B3anMHo oaosHaunoM coorsercrsun ¢ C' C C.
Torga npu Bropom coorsercrBun B’ cOOTBETCTByeT HEKOTOPOMY MHOXKE-
crey C" C €' C C, u noromy A pasnomoruo C”.)

e Eciu A umeer He GOJIBINYIO MOIIHOCTE, YeM B, a B umeer He OOJIBIIYIO
MOIITHOCTh, 4eM A, TO OHU PABHOMOIIHBI. (DTO BOBCE HE OUEBUTHOE YTBED-
JKJIEHUE COCTABJISIET cojepykanue TeopeMbl Kanropa-Beprmreitna, koto-
PYIO MBI cefiuac JIoKaxKeM. )

o Jlyis srobbIx sByX MHOXKeCTB A 1 B BepHO (X0Tst ObI) OJIHO W3 JIBYX: JId-
60 A umeer He OOJIBIIYIO MOIIHOCTH, YeM B, qubo B umeer He OOJIBIIYIO
morrHocTh, deM A. ([Jokazarenbero 9Toro dakra Tpedyer Tak Ha3bIBae-
MO#l TPaHCHUHUTHON MHJLYKIMK W 3J1€Ch TPUHUMAETCs Ha, Bepy )
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TEOPEMA 6 (Kanropa-Bepuuireiina). Eeau mmoocecmeo A pasromousno te-
KOTOpoMY nodmmootcecmey muoocecmea B, a B pasnomowmo nexomopomy noo-
MHootcecmey muootcecmsa A, mo mmoocecmsea A u B pasromouy.

JlokazaTesbeTBO HECTIOXKHO, HO JIIMHHOE, U MBI €70 OMyCTUM.

Teopema Kanropa - beprmTeitna 3HaINTEIbHO YIIPOIIAET JI0KA3aTEJIHCTBA PaB-
HOMOIIHOCTHU: HAllPUMED, €CJIM Mbl XOTUM JIOKa3aTh, 4TO OyOJIMK U 1Iap B 1PO-
CTPAHCTBE PABHOMOIIHBI, TO JIOCTATOYHO 3aMETUTH, 9TO U3 OYyOJIMKa MOXKHO BbI-
pe3aThb MaJICHbKHUU II1ap <I‘OMOT€TI/I‘{H]3H7I 60ﬂbLH0My), a M3 mapa — MaJIeHbKUN
OyOTHK.

SAIAYA 33. Jokaotcume, wmo ece zeomempudeckue Guzypos, codeparcausue
xoms 0vl Kycouer npamot uy Kpueot, pasHOMOULHDL.

SAIOAYA 34. /lokascume, wmo ecau ompesok pazbum Ha Jd6e wacmu, mo rom
Ovl 00Ha U3 HUX PABHOMOULHA OMPESKY.

Tenepn, umesi B Bujiy reopemy Kanropa-bephiireiina, BepHéMcst K BOIPOCY O
cpaBHeHUE MottHOcTel. s qanubix MHOXKeCTB A u B TeopeTuviecKn MMeroTcst
YeTbipe BO3MOXKHOCTH:

e A paBHOMOIIHO HEKOTOPO# dacTu B, a B paBHOMOIIHO HEKOTOPOii qactu A.
(B sTom ciryuae, Kak Mbl 3HAEM, MHOYKECTBA DABHOMOIIHBI. )

e A paBHOMOLIHO HEKOTOPOH 4yactu B, Ho B He paBHOMOIIHO HUKAKON 4a-
ctu A. B srom ciyuae rosopsT, 9To A umeem MeHbULy0 MOUHOCTID,
wem B.

e B paBHOMOIIHO HEKOTOpoil dactu A, Ho A He paBHOMOIIHO HUKAKON da-
cru B. B srtoMm ciyuae ropopst, uro A umeem 60Avuwyo MOouyHOCMY,
wem B.

e Hu A ne pasromomino Hukakoit vactu B, Hu B He paBHOMOIIHO HUKAKOi
qactu A. (DTOT cayvaii HA cAMOM JIeTe HEBO3MOXKEH).

SAOAYA 35. Joxaocume, wmo cuémmuoe MHONCECNBO UMEEM MEHHULYIO
MOULHOCTD, “eM A1000e Hecuemmoe.

SBAIAYA 36. Ilposepvme axkypammno, wmo ecau A umeem menvuiyo mous-
Hocmo, wem B, a B umeem menvuwyro mougnocms, wem C, mo A umeem menn-
wyro mowgocmsb, wem C (mpansumuenocmb CPABHEHUA Mownocmeﬁ).

3aMeTuM, UTO MbI Y2Ke JIOJIr0 TOBOPUM O CPABHEHUN MOIITHOCTEM, HO BO3JEPXKU-
BaeMCsl OT YIIOMUHAHUsI MOIIHOCTH MHOXKECTBa KaK CaMOCTOATEIbHOI'O OObEKTa, a
TOJIBKO CPABHUBAEM MOIIHOCTH PAa3HbIX MHOXKECTB.

Tak wiu unaue, Mpl OyjieM yrnorpebiaarh obosuadenue |A| s MormpocTn Muo-
xkecrBa A xorst 661 Kak BoJibHOCTB peun: |A| = |B| osnauaer, 1ro muoxecrsa A
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u B pasromorubr; |A| < |B| o3navaer, uro A paBHOMOIIHO HEKOTOPOMY TOJIMHO-
KecTBy MHOXKecTBa B, a |A| < |B]| o3nauaer, 410 A uMeeT MEHbINYIO MOIIHOCTD,
aeMm B (cm. c. 18).

Kitaccuveckuit mpuMep HEpaBHOMOIHBIX OECKOHEUHBIX MHOXKECTB (JI0 CHX TIOp
TAKOrO puMepa y Hac He Obuio!) jaér guaronasnbHast KoHCTpyKiust Kanropa.

TEOPEMA 7 (Kamropa). Mnoowcecmeo beckoneunns nociedosamenbrocmed
Hyaeth u eQuHUY, HECUHEMHO.

JOKABATEJLCTBO. Ilpeanonoxum, uro oo cuérrno. Torya Bce nocsegoBa-
TEJILbHOCTH HYJIe#i U €IMHUIL MOYKHO TIePEHYMepOBaTh: (g, A1, . .. CocTaBuM OECKO-
HEYHYI0 BHU3 TabJINILY, CTPOKAMU KOTOPO# OyJIyT HAIU TTOC/I€/I0BATE/IbHOCTH:

Gy = Qpp Cp1 Gp2
1 = 0190 011 12
Gy = Qg Qo1 (X2

(1epes a;; MBI 0bo3HAYMAEM j-it wieH i- # nocsienoBaTenbHocTn). Temeps paceMot-
PUM TOCJIEI0BATEILHOCTH, 00PA30BAHHYIO CTOSIIIUMA Ha JIMANOHAIN TJIEHAMU (),
11, 99, ...; €€ 1-if 4JIeH eCTb (y; U COBIAJAET C i-M YJIEHOM 2-# 110C/Ie/10BaTe b=
HOCTH. 3aMEHUB BCE YJIEHbI Ha IIPOTHBOIIOJIOXKHBIE, MbI IIOJYIUM IIOCIEIOBATE b
HOCTH (3, y KOTOPOi
Bi =1— ay,

TaK 4TO IOCIEI0BATEIbHOCTD 3 OTIMYAETCS OT JII0DO U3 MOCIe0BATEILHOCTEN (v,
(B mo3uIMK 7) U HOTOMY OTCYTCTBYeT B Tab/uie. A Mbl IPEIIOJOKIIM, 9TO Tab-
JINTIA BKJIIOUAET B cebsl BCE MOCTIEI0BATEILHOCTH — IIPOTUBOPEUNE., []

I3 510it TeopeMbl creyet, uro MHOXKecTBO R jeifcTBuTebHBIX drces (KoTopoe,
KAK MBI BUJIEJIN, DABHOMOIIIHO MHOXKECTBY TTOCJIE0BATEIHLHOCTEN HYIeil U €/TMHUIT )
HECUETHO.

BepuéMmcs K JuaroHaJbHON KOHCTPYKIMU. MBI 3HaeM, 9YTO MHOXKECTBO TOC/IE-
JIOBATeJILHOCTEH HyJlell U eJUHUI] PABHOMOIIHO MHOYXKECTBY ITOAMHOYKECTB HATY-
PAJILHOIO Psijia. (KaxK JOMy TTOJIMHOXKECTBY COOTBETCTBYET €0 XaPAKTePUCTHIECKAST
MOCJIEJIOBATEIBHOCTD, ¥ KOTOPO# €IMHUIIBI CTOAT Ha MECTaX U3 ITOrO MOJMHOXKE-
crBa). [Toaromy MOXKHO nepedOpMyJIMpOBaThH 3Ty TEOPEMY TaK:

MmnozxecrBo N He paBHOMOIITHO MHOXKECTBY CBOUX ITOJJMHOXKECTB.
[okazaTebecTBO TaK¥Ke MOXKHO Tar 3a MarOM MMEePEeBECTU Ha TAKOW sA3BbIK: MyCTh
OHM PABHOMOIIHBI; TOT/Ia €CTh B3AUMHO OJJHOZHATHOE COOTBETCTBHE © —> A; MEX Iy
HATYPaJbHBIMA YACIAMU U ITIOAMHOYXKECTBAMHU HATYPAJbHOTO psijia. Jnaronajibaast
OCJIEJIOBATEJILHOCTD B 9TUX TEPMUHAX [PEJICTABIIIET COOON MHOXKECTBO T€X %, JIJIsi
KOTOPBIX ¢ € A;, a mocjenoBarebHOCTL [, OTCYTCTBOBABINAS B HEPEUUC/ICHI,
Teneph Oyer ero jonosnnenuem (B = {i|i ¢ A;}).
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[Ipu 3TOM OKa3bIBAETCS HECYIIECTBEHHBIM, UYTO MBI IMEEM JIEIO ¢ HATYPAJTbHBIM
PAJIOM, U Mbl TPUXOJIUM K TAaKOMY YTBEPZKJICHUIO:

TEOPEMA 8 (obmmasi dopmysupoBka Teopembr Kanropa). Hukakoe mmooice-
cmeo X He PasHOMOULHO MHONMCECNBY BCEX COUT NOOMHONCECTNE.

JIOKABATEJIbCTBO. IlycTh (¢ — B3auMHO OJIHO3HAYHOE COOTBETCTBUE MEK-
ay X u muoxkecrsom P(X) Bcex nopmuoxkects Muoxkecrsa X . Pacemorpum re
9JeMEeHThl & € X, KOTOpbIe He MPUHAJJIEXKAT COOTBETCTBYIONIEMY UM ITOIMHOMKE-
ctBy. I[lycrh Z — obpazoBaHHOE UMW MHOXKECTBO:

Z={zveX|xd o)}

JlokaxkeM, 4TO MOJMHOXKECTBO Z He COOTBETCTBYET HUKAKOMY IJIEMEHTY MHOXKE-
crBa X. [Iycrs 910 we tak u Z = ¢(z) mus wekoroporo aementa z € X. Torma

re€Z s z¢dp(z)ez¢ 2

(mepBoe — 1O TOCTPOCHUIO MHOYKECTBA Z, BTOPOE — TI0 TIPEJIIONOKEHII0 p(2) =
7). Tloaydennoe mpoTHBOpeYNe TMOKA3bIBAET, YTO0 Z JEHCTBUTENLHO HUYEMY He
COOTBETCTBYET, TAK 9TO (0 HE B3AUMHO OJHO3ZHAYHO. L]

C npyroii, cTOpOHBI, J1I000E€ MHOXKECTBO X PaBHOMOIIIHO HEKOTOPO# YaCTU MHO-
xkecrea P(X). B camom jiesie, kaxjomy sjieMenty © € X MOXKHO HOCTABUTH B
COOTBETCTBHUE OJIHOdIEMEHTHOE mogMHO)KecTBO {2 }. [Tosromy, Becromunast omnpe/ie-
JIEHNe CPABHEHUsT MHOXKECTB 110 MOIIHOCTH (¢. 18), MOXKHO cKa3aTh, 4TO MOIIHOCTh
MHOkecTBa X Beerja MeHblie MoiHocru Muoxkecrsa P(X)

SAIAYA 37. Hoxascume, wmon < 2" daa ecex namyparvuvir n = 0,1,2, ...

Ha camom siesie MBI yKe NPHOJU3WIUCH K OMACHON I'paHuIle, KOrja HAaTJIsI-
HbIe TPEJICTABICHNS O MHOXKECTBaX MPUBOAAT K MPOTHBOpednio. B camowm nere,
PacCMOTPUM MHOXKECTBO BCEX MHOXKECTB U, 3JieMeHTaMU KOTOPOTO SIBJISIOTCS BCE
MHOKecTBa. Torya, B 9acTHOCTH, BCe MOJIMHOXKeCTBa MHOKecTBa U Oy1yT ero sJie-
menramu, 1 P(U) C U, uro HeBo3MoxKHO 110 Teopeme Kanropa.

OTO paccyX)JeHne MOXKHO pa3BEPHYTb, BCIOMHUB JOKA3aTEJbCTBO TEOPEMBI
KanTopa — mnoJiyunrcest Tak Ha3biBaeMblit mapajgokc Paccesa. Bor kak ero oObraHO
U3JTArafoT.

TurnuaHble MHOXKECTBA HE SIBJIAIOTCA CBOMMHU 3jieMeHTamu. CKarkeMm, MHOMXKe-
CTBO HATYPaJbHBIX 4nces N caMo He gBJIsIeTCd HATYPaJbHBIM YHUCJIOM U MOTO-
My He Oyjer cBouM 3jemeHTOM. OJIHAKO B IPUHIMIIE MOXKHO cebe IPejCTaBUTh
1 MHOXKECTBO, KOTOPOE $IBJISAETCS CBOMM 3JIEMEHTOM (HalpUMep, MHOXKECTBO BCEX
muoxkecTB). HazoBém Takme MHOXKeCTBa HEOOBIMHBIMU. PaccMoTpum Temepb MHO-
JKECTBO BCeX OOBIYHBIX MHOYKeCTB. Byjer jin oHO 06braubiM? Ecim oHO 00ObItTHOE,
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TO OHO $BJISIETCS CBOMM 3JIEMEHTOM M IIOTOMY HeoObIuHOe, u HaobopoT. Kak ke
TaK?

MouduimpoBanHas BepCUsi 3TOTO MapaJioKca TaKoBa: OyJIeM Ha3bIBaTh IIPH-
JararejbHOe CaAMOIPUMEHUMbBIM, €CJIK OHO 00J1aJlaeT ONKMChIBAEMBIM CBOWCTBOM.
Haunpumep, npusararejibHOe PyCCKUR CAMOIPUMEHUMO, a I[IpUJiararejibHOe IJIK-
HaHbIM HeT. /pyroii mpuMep: npujaaraTebHOe TPEXCIOXKHDBINA CaMOIPUMEHIMO, &
JBycaoxkHbI Het. Tenepsb Bompoc: Oyer Jin npuiaraTe/ibHOe HeCAMOIIPUMEHUMbIit
camonpumernMbiM? (J1000it OTBET OUEBUIHO TPUBOJUT K TPOTUBOPEUINIO. )

Orcrosia Hemaaeko 70 MUPOKO W3BECTHOIO MapajioKca JIXKeIa, TOBOPSIIEro s
JITY, WJIK JI0 UCTOPHUH O COJIJaTe, KOTOPBIH JIOJKEeH ObLT OPUTH BCEX COJIIAT OJHOMN
C HUM YacTH, KTO He OpeeTcst caM 1 T.II.

Bossparasich K Teopur MHOXKECTB, Mbl 00si3aHbl JlaTh cebe OTYET B TOM, 4YTO
IIJIOXOI'0 OBLJIO B pacCyKJIeHUsIX, IPUBEIIINX K mapajiokcy Paccena. Bompoc aToT
JIAJIEKO HE IIPOCTOM, 1 ero 00Cy»KJIeHrue aKTUBHO I1JIO BCIO 11ePBYIO 110J10BuHY 20-10
Beka. VToru aToro obcy:KieHus npuOJIn3UTEIbHO MOXKHO C(DOPMYJIMPOBAThH TaK:

e [lonsiTue MHOXKECTBA, HE SIBJISIETCS HEIOCPEJICTBEHHO OYEBUJIHBIM; Pa3Hbie
Jou (M HAYYHBIE TPAJUIUK) MOTYT MOHKMATE €r0 T0-PA3HOMY.

e MuokecTBa — CIMIIKOM aDCTPAKTHbBIE O0BEKTHI JIJII TOI'0, 9TOOBI BOIIPOC &
4YTO Ha caMoM jeje?! umes cMmbicia. Hanpumep, B padbore Kanropa 1878 ro-
J1a ObL1a cpopMysIMpoBaHa KOHMUHYYM- 2UNOME36: BCIKOE MOJMHOKECTBO
oTpesKa Jinbo KOHE4YHO, Jinho CY€THO, JinbOO PaBHOMOIIHO BCEMY OTPE3-
Ky. (ApyruMu ciioBamu, MexKTy CIETHBIMU MHOXKECTBAME W MHOXKECTBAMU
MOIIHOCTH KOHTHHYYM HET NPOMEXKYTOUHBIX MotHocreit). Kanrop narnu-
caJi, ITO 3TO MOXKET OBITH JIOKA3aHO C IIOMOIILI0 HEKOTOPOI'O METO/[a NH Ty K-
I[MU, B U3JIOYKEHUE KOTOPOI'O Mbl HE OyJIeM BXOJUThH 3JIeCh 110/IpoOHee, HO Ha,
caMoOM JieJie JIOKa3aTh 9TO eMy He yAaJoch. bojee TOro, mocTemnesHo craJo
SICHO, 9TO YTBEPXKJIeHNe KOHTHHYYM-TUIIOTEe3bI MOYKHO CUNTATH UCTUHHBIM
UM JIOXKHBIM, — TIPU 3TOM TIOJIYJAIOTCS PasHble TEOPUH MHOXKECTB, HO B
O0IEM-TO HY OJIHA U3 ITUX TEOPHil He Jiydlle JPYyIoi.

TyT ecrb HEKOTOpasi aHAJIOIMs C HEEBKJIMJIOBOHM reomerpueit. Mbi Mo-
KEeM CYUTATh MATBHINH noctysnar EBkimia(depes JaHHYIO TOUKY MTPOXOJIUT
He OoJiee OJIHOM TIPAMO#L, apaJiie/bHO /:LaHHoﬁ) uctuHHbIM. Torja mnoJsy-
YUTCSI TeOMETPHsI, Ha3bIBaeMasl €BKJIMI0BOM. A MOXKHO IPUHSITD B KAUECTBE
aKCUOMBI TTPOTUBOIOJIOXKHOE YTBEPKJIEHUE: depe3 HEKOTOPYIO TOUYKY MOK-
HO ITPOBECTH JIBE PA3JUUHBIC IPAMbBIE, TapaJebHble HEKOTOPOH MPAMOii.
Torya momy4InTCcsa HeeBKJINI0BA T€OMETPHU.

Boiipoc 0 ToM, €BKJIMJIOBA WJIM HEEBKJIMJIOBA I€OMETPUs 1IpaBU/IbHA HA
caMOM JieJie, eCJIi BOODINE MMeeT CMBIC/I, He sBJISeTCS MaTeMaTHIeCKHM
— ckopee 00 3TOM cjiejiyer crpaliuBarTh (pusukoB. K Teopun MHOXKeECTB
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910 OTHOCUTCs B emé Godibliell crenenu, u passe uro reojiorusi (Kanrop
HEOTHOKPATHO 00CY2K/1aJ1 BOITPOCHI TEOPUH MHOXKECTB ¢ TTPOhECCHOHATIAMIY-
TeoJIOraMu) MorJia Obl B IIPUHIIMIIE TIPETEHJIOBATH HA OKOHYATEJIbHbIH OT-
BeT.

e Fcjim Mbl XOTUM paccy»kJiaTh O MHOXKECTBaX, HE BlaJlas B IPOTUBOPEUMSI,
HY>KHO TIPOSBJISATH OCTOPOXKHOCTH W U30eraTh OMpPeIeJICHHBIX BUJOB pac-
cyxjaenuit. bezonacunie (Ho KpaiiHeil Mepe 1moka He HPUBE/IINe K IIPOTH-
BOPEUHUIO) LIpaBujia 0OpalleHusi O MHOXKeCTBAMU C(HOPMYJIMPOBAHbL B aK-
CHOMATHIECKO Teopun MHOXKeCTB (popManbiasa teopust ZF, HazpamHast
B uecth Lepmeno u @penkedst). JJobaBus K 910ii Teopun akcuomy BbIOO-
pa, moJiydaeM Teopuio, HaszbiBaemyio ZFC (choice mo-anrmiicku — BuIOGOD).
Ectb u jipyrue, MeHnee MoMyJisipHble TEOPUHU.

OpHako GopMasbHOe MOCTPOCHUE TEOPUH MHOMKECTB BBIXOJUT 32 DAMKH Ha-
mero kypca. [1osromy Mbl orpannanMcsi HehOPMATbHBIM OIMMCAHUEM OIDaAHUYe-
HUM, HAKJT[IBAEMbIX BO M30€KAHIE TPOTHBOPEUNii: HEJIb3s TIPOCTO TAK PACCMOT-
PEeTh MHOXKECTBO BCEX MHOXKECTB MJIM MHOYKECTBO BCEX MHOXKECTB, He SBJISTIOIMXCST
CBOMMM JIEMEHTAMU, HOCKOJIbKY KJIACC HOTEHIMAJIbHBIX IPETEHIEHTOB CJUIIKOM
Heo603prM. MHOXKECTBA MOXKHO CTPOUTH JIMIIb TocreneHno. Hampumep, MOXKHO
00pa30BaTh MHOKECTBO BCEX IIOJMHOXKECTB JIAHHOIO MHOXKeCTBa (akcuoma cme-
nenu). MOXKHO paccMOTPETh TOJMHOKECTBO JIAHHOTO MHOXKECTBa, 00pa30BaHHOE
3JIEMEHTAMU C KAKUM-TO CBOiicTBOM (akcuoma evdesenus). MoxkHO paccMoTpers
MHOYKECTBO BCEX JIEMEHTOB, BXOJSAIINX XOTsl Obl B OJIUH U3 5JIEMEHTOB JIAHHOTO
MHOXKecTBa (akcuoma cymmot). Ectb u apyrue akcuombl.

§6. DyHKIUU

o cux mop MbI cTapaanuch OTPAHNINBATHCSI MUHAMYMOM (bOPMAJLHOCTEH 1 TOBO-
puiir 0 (PYHKIUAX, UX apr'yMEHTaX, 3HAUCHUSIX, KOMIIO3UIIUN U T.II. 6€3 ITOIBITOK
JlaTh onpejenerns 3Tux nouaruit. Ceitgac Mbl gauM (GopMaIbHbIE OIPEICICHUS.

Ilycrs A u B — jaBa MHOXKecTBa. PaccMOTpUM MHOXKECTBO BCEX YIOPSIOYEH-
Hpix nap (a,b), rie a € A u b € B. 910 MHOKECTBO Ha3bIBACTCS JCKAPMOGHIM
npouseedenuem Muoxecrs A u B u oboznauaercs A x B.

JIioboe ogmuo)KecTBO R MHOXKecTBa, A X B Ha3bIBAETCS 0MHOULEHUEM MEXK LY
muoxkectBamu A u B. Ecim A = B, TOBOPAT 0 OuHapHoM 0MHOULEHUY, HA MHO-
x)ectBe A. Hampumep, Ha MHOXKeECTBe HATYPAJbHBIX UUCET MOXKHO PacCMOTPETDH
OuHapHOe OTHOLIEHUE ObITh Jlejresiem, 00buHO 0003HadaeMoe cumBoJioM |. Tora
MOXKHO B IIpuHIuIe 6pio 6b1 Hamucarh (2,6) € | u (2,7) ¢ |. O6bruno, ojgHaxo,
3HAK OTHOIIEHUsI TUIIYT MeXKJly oObekramu (Harnpumep, 2|6).
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SAIAYA 38. Bonpoc 0ad camokommpors: omuowerus bumov desumenem u
deaumuvea wa — amo 0dHo u mo sce omnowenue uau pasnuie? (Omeem: xoneuno,
pasuvie — 6 Ynopadouennot nape nopadox cyu,ecmeen.)

Ecau aprymentamu GbyHKINK SBJISIOTCS 9JEMEHTBI MHOXKeCTBa, A, a 3Hadenus-
MU — 9JIEMEHThI MHOYKECTBa B, T0 MOXKHO paccMoTperh oTHoteHne Mexxay A n B,
cocrosmee u3 nap sujga (x, f(x)). [lo anasorun ¢ rpadpukamu GyHKIUE Ha T1I0C-
KOCTH TaKOe MHOXKEeCTBO MOXKHO Ha3BaThb rpadukoMm dyaknun f. C dopmanbHOil
TOYKHM 3PEHHUsI, OJIHAKO, y/I00HEe HEe BBOJMTH OTJ/IEJbHOIO HEOIPEJIESIEMOr0 MOHSI-
T (PYHKIUU, & BMECTO 3TOIO OTOXKJECTBUTH (DYHKIINIO C €€ rpadrKOM.

Ornomenne F' C A X B nasoiBaercs gynxuyuet us A ¢ B, eciim oo He cojep-
JKUT TIap ¢ OIMHAKOBBIM MEPBLIM UJIEHOM U Pa3HBIMHU BTOPBIME. JIpyruMu cioBamu,
9TO O3HAYAET, U4TO JJs Kaxkjoro a € A cymecrsyer He Oojiee onnoro b € B, npn
kotopoMm (a,b) € F.

Te snementnl a € A, JUist KOTOPBLIX Takoe b cyriecrsyer, 06pa3yioT 0b.aacms
onpedesenus dyukumu F. Ona obosnavaercs D(F) (or aHrsmiickoro cjiosa
domain). Jlyst sioboro snementa a € D(F) MOXKHO ONpee/uTh dnavenue QyHK-
nuu F Ha aprymente a (B TOYKe @, KAK WHOIJIA TOBOPST) KaK TOT €JIMHCTBEHHbII
ssiement b € B, jist kotoporo (a,b) € F. Dror sement 3anucbiBaior kak F(a).
Bee takue sjeMenTbl b oOpasyoT mmosicecmeo 3navenuti Gyakiun I, koTopoe
obozravdaercs S(F).

Eciu a ¢ D(F'), To rogopsit, uto QyHKIWs He onpedenena Ha ¢. 3aMETUM, 9TO
o Haremy omnpejesennio pyaknust u3 A B B He 00sizaHa ObITh OlpejesieHa Ha,
BCeX dJIeMeHTax MHoxkecTBa A — e€ obsacTb ompeseeHns MOXKeT ObITh JIOOLIM
HOAMHOXKeCTBOM MHOXKecTBa A. CuMMeTprIHbIM 00Pa30M MHOXKECTBO €€ 3HAYEeHU i
MOKET He COBIIAJIaTh ¢ MHOXKECTBOM B,

Ecmn obsacrs onpegenennst pyukiun f n3 A B B coBnanaer ¢ A, To mumryT
f: A— B.

[Tpumep: mootcdecmeennan dpynkims idyg: A — A mepeonut MHoxkectso A B
cebst, ipuuém id(a) = a jist siroboro a € A. Ona npejicrapiisier coboil MHOKECTBO
nap Buja (a,a) st Beex a € A. (Uugeke A B id4 uHODIA OMyCcKAaOT, €CIH SICHO,
0 KaKOM MHOXKECTBe UJIET pedb. )

Komnosuyuet nyx dyukmuit f: A — B u g: B — C nasbBaoT QyHKINAO
h: A — C, onpejenéunyio coornoienuem h(x) = g(f(z)). Ipyrumu ciosamu,
h npejcrasiisier cob0if MHOXKECTBO Hap

{{a,c) | {a,b) € f u (b,c) € g nist nekoroporo b € B}.

Komnosunus dbyuknuit oboznauaercs go f (Mbl, KaK # B OOJIBIIUHCTBE KHUT, MTAIIIEM
cripaBa QYHKIMIO, KOTOPast IIPUMEHSIETCs ePBOii ).
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OueBuiHO, KOMIIO3UIMs (KaK onepaius Ha)i QYHKIUAMEI) ACCOLUUATUBHA, TO
ectb ho(fog) = (ho f)og, m03rOMy B KOMIOBUIMI HECKOJbKUX HOJPSAT ULy X
pyHKIMI MOYXKHO OIlyCKaTh CKOOKHU.

Ilycrs f: A — B. IIpoobpasom nogmuoxectsa B C B Ha3bIBaeTCA MHOKECTBO
Beex aseMentos ¥ € A, st koropeix f(x) € B'. Ono obosnavaercs f~1(B'):

JHB) = {z e A| f(x) € B},

Obpasom muoxkecTBa A C A HA3BIBAETCS MHOXKECTBO BCEX 3HadeHuil pyHKIun f
Ha Beex anemenTax MHoxkectBa A’. Ono obosnadaercst f(A):

f(A)={f(a)|ac A} =
={be B {a,b) € f nus nexkoroporo a € A'}.

Nnorga BMecro GbyHKIui roopst 06 orobparkeHusix (pe3epBUpyst TepMUH
byHKIMST st 0TOOparXKEHHii ¢ UUCIOBBIME ApTyMEHTaMU W 3HaueHusiMu). Mbl He
OyieM CTPOTO TIPUIEPKUBATHCS TaAKUX PA3JINUINil, YIIOTPEOJIssi CJIOBa OTOOParke-
HUe U PYyHKIMsT KaK CHHOHMMBI.

Oyuknus f: A — B HasbIBaeTCs uHsekmueHoll, W uHsekyuel, NI 8A0HCe-
HUEM, €CJIM OHA IEPEBOJUT PA3HbIE JIEMEHThI B pasHble, T0 ectb ecyin f(ay) #
f(as) npu pasnUIHbIX a1 ¥ As.

Oyuknyst f: A — B nasbiBaercst clopsekmuehoti, Wi clopsekyuet, Wil Ha-
AOJHCEHUEM, €CTTH MHOXKECTBO € 3HadeHuil ectb Bcé B. (norga takue dbyHKIun
HA3BIBAIOT 0MoOpasicenuamu na B.)

DTu jBa onpejiesieHnsi 60Jiee CAMMETPUYHBI, YeM MOYKET TIOKA3aThCsI Ha TTIEPBbIi
B3IUISAJT, KaK MOKA3bIBAIOT TaKWe 3aJIavm:

BATAYA 39. Hokxascume, wmo dynkyus f: A — B asasemca erosicenuem
mozda u moavko mozda, x¥02da 0Ha uMeem JEBYIO 00paTHYIO ¢ynkuuto g: B — A,
mo ecmo gynkyuro g, oas komopoti g o f = ida. Joxaocume, wmo ¢dynruyus
f: A —= B asasemca nanrosicenuem mozda u moavko moeda, Kozda ona umeem
npaByio obparuyo gynkuyuro g: B — A, daa womopoti f o g =idp.

BAIAYA 40. Hokascume, wmo dynkuyus f: A — B asasemca erogcenuem
mozda u moavko moezda, K020a 1A HMEE MONCHO COKPAULAMD CACBA: U3 PABEHCMEA
fog1 = fogs caedyem pasencmeo g1 = go (dna mobvx Gynkuyud gi, gz, obaacmu
anavenut xomopux codeporcamca ¢ A). Hoxaocume, wmo dynryua f: A — B
ABNACNCA HANONACEHUEM M0200 U MOALKO M020a, %K0204 HA HEE MOACHO COKPa-
wamo cnpasa: ud pasencmea gy o f = ga o f caedyem pasencmeo g1 = go (das
11000 Pynkyud gi, gz, 0baracmu onpedesenua komopur ecmv B ).

Orobpaxenue (dyukuust) f: A — B, KOTOPOE OJJHOBDEMEHHO SIBJISIETCS HH'b-
eKIuell 1 CIOPbEKINeil (BJIOKEHIEM U HAJIOXKEHUEM ), HA3BIBACTCS Ouekyued, Wi
B3aMMHO OJITHO3HAYHBIM COOTBETCTBHUEM.



§6. Dyukmuu 25

Ecnu f — 6uekims, To cymiectByer obpamnad GYHKIuA f 1, 1y1s KOTOPOIt

fTfly) =z & f(z) =v.

SAIAYA 41. Moeym au das nekomopoti pynkuuy Aeéas u npasas 0opammwie
CYWECTNBOBAMD, HO OBIMD PA3AUNHDL?

Hamomumm, ato MHOXKecTBa A M B paBHOMOIIHBI, €CJIH CYIIECTBYET OHEKINs
f: A — B. B kakom ciyuae cyiiecrByer nubekimst (Biaoxkenune) f: A — B?
JIErko MOHATH, YTO BJIOXKEHHUE SIBJISIETCH B3aMMHO OJIHOZHAYHBIM COOTBETCTBUEM
Mexk Ty A 1 HEKOTOPBIM MOJIMHOXKECTBOM MHOYKECTBa, B, 109TOMY TaKoe BIOXKEHWe
CYILECTBYET TOTJIa U TOJIbKO TOrJIa, KOTJla B B ecTb 1MOJAMHOXKECTBO, PaBHOMOIII-
Hoe A, —e Korjia MOITHOCTh A He MPEBOCXOUT MOITHOCTH B (B cMBbICjIe ompe/ie-
JIEHWsI, JIAHHOTO B pasjesie 5).

YyTh MeHee oueBUJeH JIpyToil pe3ynbrar: Hamoxkenne A Ha B cyriecTByeT To-
r1a U TOJHKO TOT/a, KOTIa MOIIHOCTH B He MpeBoCXoanT MouHoCcTH A.

B camowm siene, nycrb nanoxenue f: A — B cymecrsyer. st KaxKjioro aJjie-
Menta b € B maiijércs xors Obl ojui nement a € A, js koroporo f(a) = b.
BuIOpaB 110 0JHOMY TAKOMY 3JIEMEHTY, Mbl HOJyYUM HoAMHOKeCcTBO A" C A, KOTO-
pO€e HAXOJUTCS BO B3AMMHO OJIHO3HAYHOM COOTBETCTBUM ¢ MHOXKecTBOM B. (31ech
CHOBa MCIIOJIb3YEeTCsi AKCHOMa BBIOOPa, 0 KOTOPOil Mbl TOBOPHJIK Ha C. 13.)

B obpaTnyto cropony: ecim Kakoe-To noamuoxkectso A’ mmoxkecrsa A pas-
HOMOIIHO MHOXKeCTBY B u nmeercsa oueknns g: A' — B, To nanoxenne A na B
MOXKHO TOJIYYUTh, JIOONPEIEIUB 3Ty OUEKIIo Ha djeMenTax Bue A’ KakuMm yroano
obpa3zoM.

SAIAYA 42. Hatidume owubky 6 3mom paccysitcoenuu, me 4umas daibuie.

Ha camowm jiesie Takoe IIpojIoJiKeHHe BO3MOXKHO, TOJILKO ecjin B HelycTo, Tak
4TO IPABUJILHOE YTBEPXKJICHUE 3BYUNT TaK: Hajoxkenne A na B cylecrByer ToJib-
KO ¥ TOJIbKO TOIJa, KOrJia [B HemycTo X PaBHOMOIIHO HEKOTOPOMY IIOJIMHOXKE-
crBy A, wiau Korja 00a MHOXKECTBa, IIYCThI.

B mamem u3/I0)KeHHH OCTAETCs eIlé OJIMH He BIOJHE MMOHSTHBI MOMEHT: 4TO
Takoe ymnopsijouennast napa’ HedopmasbHO TOBOPsI, 9TO CIIOCOO M3 JIBYX O0HEK-
TOB T 1 Y obpaszoBaTh OjuH 00beKT (T, ¥Y), HPUUEM TOT CLOCOD 00JIAJACT TAKUM
CBOMCTBOM:

(x1,y1) = (T2, Y2) © T1 =122 1 Y1 = Yo

B npunnume, MOXXKHO TaK ¥ CUATATDH IMOHATHE YIOPSIOUECHHON Mapbl HEOIPeIesIs-
€MbIM, & 3TO CBOWCTBO — aKCHUOMOIA.
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§7. OTHOIIEHNs KBUBAJIEHTHOCTHU U MOPAIKa

Hamnomuum, 910 OMHAPHBIM OTHOIIEHHEM Ha MHOXKecTBe X Ha3bIBAETCS IOJMHO-
x)ecrBo R C X x X; Bmecro (x1,x2) € R vacro numyt x1Rxs.

Bunapnoe ornormenne R Ha MHOXKecTBe X HA3LIBACTCS OMHOUEHUEM IKGUBA-
AEHMHOCMAU, €CJIA BBIIIOJHEHb! CJIe/IYIOIIue CBOCTBa;

e (pedsiekcuprocTh) xRx jgist Beex © € X
e (cummerpuunocts) xRy = yRx st Beex x,y € X;
e (TpamsurtuBHOCTh) TRy u yRz = xRz s 00X 91eMEeHTOB T, Y, 2 € X.

meer MecTo ciiejyioniee 0O4eBruiHOE, HO 4aCTO KCII0JIb3YEMOE YTBEPK ICHKE:

TEOPEMA 9. (a) Ecau mnoocecmeo X pazbumo 6 obsedunenue nenepecera-
0UUTCA TOOMNOIACECTNE, O OMHOULEHUE NEAHCATND 6 00HOM NOOMHONCECTNEE AG-
AACTNCA OMHOULEHUEM IKEUBANCHIMHOCTIU.

(6) Beakoe omnowenue sK6UEAAEHTIHOCTIU NOAYUAETCA ONUCGHHDIM CTLOCOOOM
U3 HEKOMOPo20 pasbuenu.

JOKABATEJILCTBO. IlepBoe yTBepKjieHue COBCEM OYEBU/IHO; Mbl IIPUBEIEM
JIOKa3aTeJbLCTBO BTOPOrO, YTOOLI OBLIO BHJHO, IJI€ UCIOJNL3YIOTCS BCE IIYHKTHI
onpejiesennst 3kBuBajgenTHocTu. rak, nycrs R — oTHOIIEHHE 9KBUBAJEHTHOCTH.
Hnst kaxjgoro sneMenTa © € X pPacCMOTPUM €0 KAACC IKGUGAAEHMHOCTIU —
MHOYKECTBO Bcex Yy € X, JUIst KOTOPbIX BepHO T Ry.

Jokaxkem, uTo JuIst JIBYX Pas/JMUHbIX T1, Tg TAKME MHOXKECTBa JIMOO HE 1e-
pecekaroTcst, inbo copnaalor. [IycTh oHM IepecekaioTcs, TO ecTh UMeT OOt
ssement 2. Torna x1 Rz u x9 Rz, orkyna 2z Rxe (cummerpudnocts) u 21 Rxg (Tpan-
BUTHBHOCTD ), & TakxkKe ToRx) (cummerpuanocts). [losromy st moboro z us x1 Rz
cieyer XoRz (TpaH3UTHBHOCTE) U HAOOOPOT.

Ocrajioch 3aMeTUTh, YTO B CHJIY pedIIeKCUBHOCTH KaXKJIbli 9JeMEeHT T IpH-
HAJJIEXKUT 3a/1aBA€MOMY UM KJIAcCy, TO €CTh JEeHCTBUTENHLHO BCE MHOXKECTBO X
pPasbUTO HA HEIIEPECEKAIOIINECs] KJIACChI. H

SAIOAYA 43. Iloxaostcume, 4mo mpebosaHuA CUMMEMPUNHOCTIU U MPAH3U-
MUBHOCTIU MOJCHO 3amenums odnum: TRz uwyRz = xRy (npu corpanenuu
mpebosanus pedaercusnocmu,).

BAJAYA 44. CKoAbKO PasAuHbLT 0OMHOUEHUT IKEUCAACHTIHOCTIU CYULECTMEY-
em na muoscecmee {1,2,3,4,5} 7

MHOXKeCTBO KJIACCOB SKBUBAJEHTHOCTH HA3BIBAIOT (hakmop- MHoocecmeom
MHOXKecTBa X 110 oTHOIIeHno sKkBuBajgenTroctu R. (Eciu ornomenue coruaco-
BaHO C JIOMOJIHUTEIbHBIME CTPYKTypaMn Ha X, mojydatoTcs (aKTop-TPYIIIH,
dbakTOp-KOsIbIA ¥ T.J1. )
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OrHolleHns S5KBUBAJEHTHOCTH HAM HE pa3 ellé BCTPETITCs, HO ceifyac Halia,
OCHOBHAs TeMa — OTHOIIEHUS MOPsIKa.

Bunapnoe orHorenne < Ha MHOXKECTBE X HA3BIBACTCSA OMHOULEHUEM HaACTNUY-
HO020 NOPAJKG, €CJIN BBHITTOJHEHBI TAKWe CBOMCTBRA:

(pedbmexcuBrocTs) x < x jutst Beex * € X;
(arTHCHMMeTpHYHOCTD) T < Yy ny < & = & =y Juist Beex &,y € X;
(rpamsurtuBHOCTE) * <Yy uy < 2z = x < 2 JUIA Beex X, Y, 2 € X.

(Catetyst TpamImm, Mbl HCTIOJIb3YeM ciMBOJI < (a He OYKBY) KakK 3HAK OTHOIIEHHUS
mopsiika.) MHOXKEeCTBO ¢ 3aJaHHBIM HA HEM OTHOIIEHUEM YACTHIHOTO MOPSIIKA
HA3bIBAIOT YaACMUYHO YNOPAOOUEHHBIM.

[oBopsiT, 4TO JiBa dJEMEHTA T,y YaCTUUHO YIOPSJIOYEHHOI'O MHOXKECTBA CPa6-

HUMDL,

ecin x < y win y < x. 3aMETHM, YTO OIpeJiesieHIe JaCTHIHOIO IOPSIJIKa

He TpedyeT, 4ToObI JIFOObIe JiBa dJIeMEeHTa MHOXKecTBa ObLin cpaBHUMBbL. /lobaBuB
970 TpeOOBaHUE, MbI TIOJIYIUM OIPEJICICHIE AUHeH020 Nopadra (Aunetino ynopa-
douenoe2o MHodCecmea).

[IpuBeiéM HECKOJIBKO IPUMEPOB YaCTUUHBIX MOPSIKOB:

YucoBble MHOKECTBA ¢ OOBIYHBIM OTHOIIEHWEM TTOPsijiKa (3/1eCh TTOPsijIOK
OyneT JTUHEHHBIM).

Ha muoxectse R X R Bcex map jieficTBUTEIBHBIX YUCE]T MOYKHO BBECTH Ya-
CTHUHDIH HOPSIOK, cuuTast, 4To (X1, To) < (Y1, Y2), ecim 1 < Lo u y1 < Yo.
DToT NOpAIOK yxKe He Oyjer jsuneitnbiM: mapet (0, 1) u (1,0) He cpaBHUMBI.
Ha mnoxecrse GpyHKIMIL ¢ JeACTBUTEIBHBIME APIYMEHTAMU 1 3HAYCHUSIMU
MOKHO BBECTH YaCTUUHBIN TOpsAJI0K, cunTast, uro f < g, eciu f(x) < g(z)
npu Bcex x € R. DTOT MOPSIIOK HE OyIeT JTUHEHHBIM.

Ha MHOXKeCTBe IeJIbIX MOJOKHUTEILHBIX YHCEJI MOXKHO ONpPEJICIUTh TOPS-
JIOK, CUuTasg, uTo & < Y, €CIU X JCJUT Y. DTOT NOPALOK TOXKe He OyaeT
JINHENHBIM.

OtrHotenue J000# MPOCTOR JeUTeNb YUCIa T ABJSIeTCS Tak:Ke U JIeJd-
TEJIEM 4MCJIa Y He OyJIeT OTHOLICHUEM IIOPSJIKA Ha MHOMKECTBE HEJbIX 0-
JIOKUTEJIbHBIX THCeT (OHO PeJIeKCUBHO U TPAH3UTHBHO, HO HE aHTUCHM-
METPUYHO).

[Iyctes U — mpoussosbaoe MuOXKecTBO. Torya na muoxkecrtse P(U) Beex
MOJIMHOXKECTB MHOXKecTBa U ornomenune Baouennss C OyJeT 4aCTUIHBIM
TIOPSIIIKOM.

Ha 6ykBax pycckoro ajipaBuTa TpaIuiinst OlpeIesisieT HEeKOTOPbIi ITOPsIIoK
(a <6 <B< ... <) DTOT HOPSJIOK JUHEEH — [PO JI00bIe JiBe OYKBbI
MOYKHO CKa3aTh, KaKas U3 HUX paHbIe (P HEOOXOIMMOCTH 3arjisiHyB B
CJIOBAPh ).
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e Ha cioBax pycckoro ajdaBurta onpeiesiél Aekcukozpaduieckuti TOpsIoK
(kak B coBape). DopMabHO ONPEJEIUTH €0 MOXKHO TaK: €U CJIOBO &
SIBJISIETCST HAYAJIOM CJIOBA ¥, TO & < y (Hampumep, KauT < KauTop). Ecim
HU OJIHO M3 CJIOB HE SIBJISIETCS HAYAJOM JPYTOro, MOCMOTPUM Ha, MEPBYIO
110 MOPsiJIKY OYKBY, B KOTOPO#l CJI0Ba OTJIMIAIOTCS: TO CJIOBO, IJie 9Ta OYKBa
MeHbIIIe B aj(paBUTHOM IOPsAJIKe, U OyJIeT MEHbIIe. DTOT MOPSI0K TaKxKe
JmHeeH (nHade 9To Obl JleIali COCTABUTENN CJIoBapeit?).

e Ornomenne pagerctsa ((r < y) < (z = y)) TakKe sIBJISIETCS OTHOIIEHUEM
JACTUIHOTO MOPSIJIKA, JIJIsi KOTOPOTO HUKAKHUE JIBA PA3IUIHBIX 9JIEMEHTa He
CPABHUMBI.

e [IpuBesiém Tenepnb ObITOBOI TpUMep. [1ycTh ecTh MHOXKECTBO X KapTOHHBIX
KOpOOOK. BBejiém Ha HEM 1OPsiJIOK, cuuTasi, 410 T < 1, €Cjid KOPOOKa T
TIEJTUKOM [OMEIIACTCS BHYTPh KOPOOKN Y (WJIM €CJIM T U Y — OJIHA W Ta ¥Ke
KopobOka). B 3aBucumocru or Habopa KOpoOGOK 9TOT MOPsJIOK MOKET ObITh
WU He OBITH JTUHEHHBIM.

[Iyctb o,y — 3JeMeHTbl 4aCTUYHO YIOPsI0UeHHOro MHOXKecTBa X . [oBopsrT,
qro © < y, ecim © < y U x F# y. g 3TOro OTHOIIEHWS BBIMOJTHEHBI TAKNe
CBOMCTBA:

xr £ T

(x<y)un(y<z) = x<z

(ITepBoe oueBmIHO, TPOBEPUM BTOPOE: €Ciin & < Y U Y < Z, TO eCTh & < Y, T F ,
y < z,y # 2z, 10 x < 2z 10 TPAH3UTUBHOCTH; €CJIM OBl OKA3aJ0Ch, UYTO T = Z,
T0 Mbl ObI uMesn © < y < X W HOTOMY T = Y IO AHTUCUMMETPUIHOCTHU, UTO
MPOTHBOPEYUT MPEJITOJIOKEHHIIO. )

TepMmunoornueckoe 3aMedanne: Mbl YATAEM 3HAK < KaK MEHbIIe UM PaBHO,
a 3HaK < — KakK MeHbIIle, HeSIBHO IIpeJiojaras, 9To £ < 3 TOrJa U TOJLKO TOTJA,
korna £ < y mmm x = y. K cuacrbio, 310 aeiicreurenbno tak. Emé ogno 3ameua-
Hue: Boipakerue x > y (& Gosbie y) o3HAYAET, UTO Y < &, & BBIDAXKECHUE T > Y
( x GoJibllle WM paBHO Y) O3HA4YAeT, 4To Y < T.

B HEKOTOPBIX KHUXKKAX OTHOLIEHHE YACTHUIHOIO MOPSIIKA OMPEJessieTcss Kak
OTHOIIEHUE <, YJOBJIETBOPSIONICE JBYM YKA3aHHLIM CBOicTBaM. B 3TOM ciayuae
oraomenre ¢ < y < [(z < y) win (x = y)| gBASETCS OTHONIEHHEM YACTUTHOTO
IOPSIJIKA B CMbBICJIE€ HALIErO OIPE/IeJICHHUSI.

Bo usbexkanue myTaHuiibl OTHONIEHUE < MHOIJIA HA3LIBAIOT OTHOLICHUEM CIMpO-
2020 nopAdka, a OTHOLIEHHE < — OTHOIICHHEM Hecmpozozo nopadka. OJIHO U TO
XK€ JACTUYHO YHOPAJOYCHHOE MHOXKECTBO MOYXKHO 33J1aBATh MO-PA3HOMY: MOXKHO
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CHAYAJIA OLPEJIEJIUTh OTHOIIEHUE HeCTPOroro nopsjika < (pedJiekcusHoe, aHTu-
CHMMETPUIHOE ¥ TPAH3UTUBHOE) U 3aTE€M U3 HErO TMOJIYIUTh OTHOIIECHUE CTPOrOro
HopsijiKa <, & MOXKHO JIefiCTBOBATH U HAODOPOT.

DJIeMEHT YaCTHIHO YIOPSJ0UEHHOI'O MHOXKECTBA HA3BIBAIOT HaAUOONGULUM, €C-
JIX OH OOJIbIIIE JIFOOOI0 JIPYTOT0 JIEMEHTA, U MAKCUMAALHbIM, €CJIU HE CYIIECTBYeT
OOJIbIIIEro dJ1eMeHTa. EcIn MHOXKECTBO He sIBJSeTCs JIMHEHHO YIIOPSI0UeHHBIM, TO
9TO HE OJHO M TO »K€: HAUOOJILIIHUI 3JIEMEHT aBTOMATHIECKHU SIBJISIETCST MaKCH-
MaJibHbIM, HO He HA000POT. (OJHO J1e10 KOPODKa, B KOTOPYIO IIOMEIAeTcst Jirobast
Jpyrasi, Ipyroe — KOpoOKa, KOTopasi HUKy/[a OOJIbIIe He TOMETaeTcs. )

AHaJIOruIHBIM 00PA30M OLPEIENIAIOTCS HAUMEHLWUE U MUHUMAALHDLE DJIEMEH-
ThI.

JIerko moHsTh, 9T0 HAMOOIBIINI JIEMEHT B JJAHHOM YACTUIHO YIOPSTOYCHHOM
MHOXKECTBE MOXKET OBITh TOJILKO OJINH, B TO BpeMs KaK MaKCUMAaJbHbBIX 9JIEMEHTOB
MOXKET OBbITH MHOTO.



['naga Il

MaTemMaTnuyeckas JIOTUKA

§1. Bpicka3bpiBaHus U OI€paliuu

"Ecim qucsio m panuoHaJbHO, TO T — aJjredpandeckoe ancsio. Ho ono we anrebpa-
waeckoe. SHAUUT, T He paruoHajbHo." MbI He 00s13aHbI 3HATH, UYTO TAKOE THUCJIO T,
KaKKMe YMC/Ia HA3bIBAIOT PAllMOHAJIHLHBIMU U KaKHe ajredpanvdecKuM, 9TOObI Mp-
3HATDH, UTO 9TO PACCYkKJICHNE MPABUILHO — B TOM CMBICJE, UTO U3 JIBYX CHOpPMYy-
JIMPOBAHHBIX MOCHIJIOK JIEHCTBUTENIHLHO BhITEKAET 3aKtoueHne. Takoro poja cuTy-
AllMM — KOTIJ[a HEKOTOPOE YTBEPXKJIEHUE BEPHO HE3aBUCKUMO OT CMbICJIA BXOJSIIUI
B HEr0 BBICKA3BIBAHUIT — COCTABJISIOT MPEJMET A02UKU 6blCKA3bI6AHUT.

Haiu pacemorpenusi Oy iy T MMeThb BIOJIHE TOUHBIH MaTeMaTuieCcKuil xapakrep,
XOTsI MBI HAUHEM ¢ HeOpMaJTbHBIX MOTHBUPOBOK.

Buickaswisanus MOryT ObITh ucmunnomu n aoscnomy. Hanpumep, "2 + 1
— TIPOCTOE YHCJIO— HCTHHHOE BBICKazpiBanme, a "2%2 4+ 1 — mpocroe uncio— nox-
noe (1o uncio genmrcst Ha 641). IIpo BhickasbiBanue "cyiecrByer GeCKOHEUHO
MHOI'O IIPOCTBIX P, JJis KOTOPBIX P + 2 — TakxKe 1npocroe’ HUKTO He 6epércs: cKa-
3aTh HaBepHsKa, MCTHHHO OHO WJIM JIOKHO. 3ameTuM, 4uro "z genumrca na 2" B
9TOM CMbICJIE HE siBJISIETCSI BHICKA3bIBAHUEM, T10Ka, HE CKA3aHO, YeMy PaBHO I; 11pU
PA3HbIX T TOJIYUIAIOTCS PA3HBIE BHICKA3bIBAHMsI, OJIHU UCTUHHBIE (PU YETHOM ),
Jpyrue — JIOKHBbIE (IPU HEYETHOM ).

BrickasbiBaHuST MOXKHO COCJIMHSATH JIPYT C JPYTOM C MOMOIIBIO " TOrHIecKnx
CBS30K". DTU CBSA3KM MMEIOT JIOBOJIHLHO CTPAHHDBIC, HO TPAJIMIIMOHHBIC HA3BAHUS U
obozuadenus (tabm. 1). Ormernm Takke, 9to B MIinkanun A = B BbICKa3biBa-
Hre A Ha3bIBAIOT N0CHLAKOT, W GHMEUEICHMOM UMNAuKAuL, 8 B — saxaoue-
HUEeM, W KOHCEKGEHOM.

[oBopsT Tak:ke, 9TO BBICKa3bIBaHUE UMeeT ucmunnocmuoe snavenue VI (uc-
THHA), ecyi OHO ucruHHO, uin JI (J1oxkb), ecan oo Jyoxkuo. VHorga Bmecro U
ynorpebasiercs Oyksa T (true) mam aucio 1, a Bmecro JI — Gyksa F (false) nmm
ancio 0. (C nepBoro B3Isa ujesi Mpou3BOJbHBIM 00pa3oM BbiOparh uncia 0 u
1 KaykeTcst TUKON — Kakasi ObI MOJb3a MOIJIA OBITH OT, CKaykKeM, CJIOXKEHUsT NCTHH-
HOCTHBIX 3HAYCHUN! YIMBUTEJbHBIM 00pPa30M B IOCJIEHEE I'0JibI OOHAPYKHUJIOCh,
9TO TaKas 10JIb3a €CTh, U €CJU OIEPUPOBATH C UCTUHON U JIOXKDIO KaK JIEMEHTa-
MU KOHETHOT'O TOJIsI, MOYKHO MOJIYIUTh MHOT'O HEOXKHIAHHBIX pe3ysibTaroB. Ho 310
BBIXOJIMT 38 PAMKK HAIleH KHUTH. )

30
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CBsI3Ka, 0003HAYEHHUE HA3BaHUE
AuB A&B ANB KOH'BIOHKIIHS
A and B
A wm B AV B A or B | nusbionkinusa
ne A -A ~A A OTpHUIlaHNe
A nesepHO not A
m3 A cmenyer B | A— B A= B | uMminkamnus
ecin A, to B ADB CJIeIOBaHHe
A Buneuér B if A then B
B — canencrsue A

TasnauiA 1. Jlormyeckue cBs3Ku, 0003HAUEHUST U HA3BAHULA.

Jlorngeckue CBSA3KU O3BOJISIIOT COCTABJIATEH CJAO0XKHBIE BbICKA3bIBAHUS U3 Ipo-
CTDbIX. HpI/I 9TOM HMCTHHHOCTDL COCTaBHOI'O BBICKA3bIBaHUA OIIPEACJIACTCA NCTUHHO-

CTBIO €r0 JacTeil B COOTBETCTBUU ¢ Tabuaunei 2.

A|/B/ANB|AVB|A—B
JI|JI| JI JI n
JI || JI n n
niJj| Ji n JI
num un n n

A|l-A
JI| 1
n Ji

TABINIA 2. Tabuuibl HCTUHHOCTHU JIJIS JIOTHYIECKUX CBSA30K.

Te »xe npaBujia MOXXHO U3JIOXKHUTH CJI0BECHO. BbickasbiBanne A A B uctutHo,

ecin oba BbickasbiBanusg A u B ucrunnbl. BoickasbiBanne A V B ucTUHHO, eciin
x0T Obl 01HO U3 Bbickasbiannii A u B ncrunno. Brickasbianne A — B 10KHO
B eJIMHCTBEHHOM ciaydae: ecan A mctunno, a B jgoxmno. Hakonern, —A ucrtunno B

TOM ¥ TOJILKO TOM CJIy4ae, Korjga A JI0>KHO.
13 Bcex cBsI30K DOJIbIIIE BCEIO BOIIPOCOB BLI3bIBACT UMILIHKAINA. B camom fese,
He OYEHDb [TOHATHO, II0UEeMY HaJI0 CINTATh, CKa2KeM, BhICKa3bIBaHu:A "ecu 2X2 = b,

102x2=4"u"ecim 2x2 =15 10 3x3 = 1" ucrunnupimu. (menuo rax ropopsit
waimu tabsuis: JI — W = JI — JI = W) Caegyonuii mpuMep MOKa3bIBaET, ITO

B TaKOM ollpeJeJIcHuNn €CThb CMbICJI.
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OO611enpu3HaHo, 9TO €CAU JUCJO0 X JeJUTCs Ha 4, TO OHO JEeJUTCS Ha 2. DTO
O3HAYAET, YTO BLICKA3LIBAHUE

(x pemures va 4) — (x menurcs Ha 2)

uctuaHo 1pu Beex . [ojcraBum crojia © = 5: 00e JacTu JIOKHbBI, & yTBEPKICHUE
B TesioM uctuaHo. [lpn & = 6 mocbliKa UMIIUKAIINN JIOYKHA, a 3aKII0UeHne Wc-
TUHHO, U BCsl UMILJIMKAIMS UCTUHHA. Hakoner, mpu x = 8 1oChlJIKa 1 3aKJI0UEHIE
UCTUHHBI ¥ UMILTUKAIUs B 1iesioM uctunna. C Jpyroit cropoHbl, 0bpaTHOE yTBEp-
XKJeHue (eCau T JIEJUTCs Ha 2, TO T JeJuTes Ha 4) HEeBEPHO, U THCJIO 2 SBJISIeTC
KOHTPIHpuMepoM. [Ipu 3ToM 1OChLIKA UMILIMKAIMKA UCTUHHA, 3aKJII0UEHUE JIOXKHO,
¥ caMa UMILTUKAIUS JIOKHA. TaKuM 00pa3oM, eC/ii CUUTaTh, YTO UCTHHHOCTH UM-
IJIMKAIN OTPEJIeIISeTCsl MCTUHHOCTHIO €€ dacreii (a He HaJMYMeM MeXKjly HUMU
KAKUX-TO MTPUIUHHO-CJIEJICTBEHHBIX CBsI3€ii), TO BCE CTPOKU TabJIUIbI HCTHHHOCTH
000CHOBaHbI. ITOOBI MMOYEPKHYTH TAKOE Y3KO-(hopMaJibHOE TIOHUMAHWE UMITINKA-
1uu, uIocopCKrn HACTPOCHHBIE JIOTUKKA HA3BIBAIOT €€ "'MaTepuaibHOW HMILJINKA-
nueit".

Tenepsb oT HEQOPMAJBHBIX PA3rOBOPOB MEPEHIEM K ONPEIEICHUSIM. DJIeMEH-
TapHBIE BBICKA3BIBAHUS (U3 KOTOPBIX COCTABJSAIOTCS Oojiee CJIOXKHBIE) Mbl OyJeMm
0b03HaYaTh MAJCHBKUMU JIATUHCKUMU OYKBAMU U HA3BIBATH NPONO3ULUUOHAAHDI-
MU nepemennoimu. VI3 HUX CTPOATCS NPOono3uyuonasbive Gopmyss, O TaKIM
paBuJIaM:

e Besikast mpornosnimonaibHasi iepeMerHast ecTh GpopMyia.

e Eciim A — nponosunmonaibias Gopmysa, 70 7 A — IPONO3UIMOHAIbHAS
dopmyiia.

e Eciiu A u B — uponosunuonaibubie gpopmyibl, 1o (AA B), (AV B) u
(A — B) — nponosunuoHajbHbie (hOPMYJIbI.

MoxHo emé ckazaTh Tak: (poOpMyJibl 00pa3yIOT MUHUMAJIbHOE MHOXKECTBO, 00-
JaJlaroliee yKazaHHbIMU cBoiicTBaMu (cjioBo "MuHUMaIBHOE" 371€Ch CYIIECTBEHHO:
BeJIb €CJI ObI MbI OOLSIBIJIN JIIOOYIO IIOCIE0BATEILHOCTD ePEMEHHbBIX, CKOOOK 1
CBsI30K (DOPMYJIOi, TO 9TU TPU CBOICTBA ObLIN ObI TOXKE BHITIOJHEHDI ).

[Tycrb dpopmysia ¢ cojep:KuT 1 HPOHO3UITMOHAJIBHBIX IEPEMEHHBIX P1, P2, - - -
Pn- Ecin momcraBuTh BMECTO 9THUX TEPEMEHHBIX HCTHHHOCTHBIC 3HaueHust (U wuiu
JI), 10 110 TabJiaM MOXKHO BBIYMCJIUTH UCTUHHOCTHOE 3HaYeHue (hOPMYJIbI B 1ie-
qgoMm. Taxkum obpazom, dpopmyia 3aJa6T HEKOTOPYIO (DYHKIMIO OT 1. apr'yMeHTOB,
KarK bl M3 KOTOPHIX MOXKeT mpuwHuMaTh 3uadenns: JI n WM. Suadenns yHKIimn
TakuKe jexar B MHOX)ecTBe {JI, W1}, kotopoe mbI 6yiem obosuadars B. Mer Oyem
cJe/I0BaTh yKe YIIOMHHABIIEHCs TpaJUIUu 1 OTOXKJecTBAATh W ¢ enunuIei, a
JI — ¢ nyném, rem cambiv B ecrn {0, 1}, @opmysia ¢ 3ajaér orobpakenue Tuiia
B" — B. Takue oToOpaXeHusI Ha3bIBAIOT TAKXKe OYAE6MU HYHKUUAMU T ap2y-
MEHMOB.
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Mpumep. Pacemorpum dopmyaty (p A (g A —r)). Ona ucrunua B €JIMHCTBEHHOM
clydae — KOTJIa P ¥ ¢ UCTHHHBI, & 1 JIOKHO (CcM. Tabsuity 3).

plg|r |- (@A-r) [ (pA(gA-T))
olofo] 1 0 0
0/0/1]0 0 0
0/1/0] 1 1 0
0/1/1]0 0 0
1{0l0] 1 0 0
1/ol1] 0 0 0
1/1]0] 1 1 1
1[1]1] 0 0 0

TAap/MUOA 3. Tabawna ucruauoctn st (p A (g A —r)).

Hekoropnie hopmysibl BEIpazKAaioT JOTHIECKHE 3aKOHbI — COCTABHDBIE BBICKA3DI-
BaHWs, UCTUHHBIE HE3ABUCUMO OT CMbIcsia ux dacreil. Takue hopmyJibl (MCTHHHBIE
MPU BCEX BHAYCHUSX BXOJANIMX B HUX TIEPEMEHHBIX) HA3BIBAIOT MAGMOAO2UAMU.

Mpumep. @opmyaa ((p A g) — p) sBIsieTcst TaBTOJOTHEH (9TO MOXKHO MTPOBE-
PUTH, HATIPEMED, cocTaBuB Tabsuiry). OHa BbIpaXKaeT TAKON JIOTMICCKUl 3aKOH:
13 KOHBIOHKIMK YTBEPXKJIEHUH Ciiejlyer nepBoe U3 HuX.

SAIAYA 45. Kax evizasdum cummempuunoe ymeepotcdenue oas u3sonkuu
U Kakaa Gopmyra e2o svipaxcaem?

JBe popMyJIbl HABBIBAIOT 9KE6UGAAECHIMHbLMLU, €CIA OHU UCTUHHDBI IIPU OJHUX U
TeX Ke 3HAYCHUSIX [EPEMEHHBIX (JIPYTUMHU CJIOBAMHU, €CJIM OHM 3aJ1al0T OJIHY U Ty
x)e OyseBy dyukimio). Hampumep, dopmyna (p A (p — ¢)) WCTHHHA JUIIb TpU
p = q = W, u noromy sksuBasientaa dpopmyse (p A q).

Pacemorpum dopmyiy ((p A q) V q). Ona ucrunma, ecam nepeMeHHas ¢ WCTHH-
Ha, ¥ JIO’KHA, €C/IM IIepeMeHHas ¢ JIOyKHA. XOTeJoCh Obl CKa3aTb, YTO OHA SKBHU-
BaJieHTHa, (HOPMYyJIe ¢, HO TYT ecTh (hpOpMa/ibHas TPYIHOCTL: OHA COJAEPIKUT JIBE
epeMEHHBIE U TOTOMY 3aJ1aéT (byHKIUIO OT JIBYX apryMeHToB (tumna B x B — B),
B TO BpeMst Kak (popmysia ¢ 3a/1aéT (PyHKIMIO 0jiHOrO apryMenTa. Mbl He OyjieM
obpalliaTh Ha 9TO BHUMAHUs U OyJeM CUUTATL 3TH (DOPMYJILI SKBUBAJICHTHBLIMHE.
Boobiiie, ecim ecTh CIIUCOK MEPEMEHHbBIX P1, - . . , Pn, COAEPIKAIIUI BCe TIepeMeHHbIe
HEKOTOPO# (GOPMYJIBI 0 (¥, BOSMOXKHO, €Ié KaKHe-TO MepeMeHHbIE), MOXKHO CH-
TaTh, 9T0 GopMyJa ¢ 3a4aéT (QYHKIHUIO OT 7 apryMeHTOB, BO3MOXKHO, Ha JIeJie
3aBUCSIILYIO HE OT BCEX apryMEHTOB (IIOCTOSIHHYIO 110 HEKOTOPbIM apryMeHTaM)

[Tociie cieanHbIX OPOBOPOK JIEMKO MPOBEPUTD CJiey ol (pakT: hpopMyJIbl ¢
¥ 1) 9KBUBAJIEHTHBI TOIJIA U TOJBKO Torja, Korja dopmyia ((¢ — ) A (Y — ¢))
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siBJisiercst raprosiorueit. Uenosibdys cokpaienue (p < q) wist ((p — q) A (g — p)),
MOXKHO 3alMCbIBATL YTBEPXKJICHUA 00 3KBUBAJICHTHOCTH (DOPMYJ B BUJE TABTOJIO-
ruit. Bor HeCKOIbKO TaKKX dKBUBAJECHTHOCTEI:

TEOPEMA 10. @opmyavl

(pAq) < (¢ Ap);
(A@AT) < (PA(GAT));

(pVaq) < (qVp);
(V@ Vr)< (pVigVvr));
(pA(gVvr) < ((PAgV(PAT));
(pV(gAT) < (Vg ADVT));

~(pAq) < (=pV —g);

=(pVq) < (=p A —g);
(pV(PAQ) < p;
(pA(PV Q) < p;

(p = q) < (=g = —p);

p & —p

ACGAANOTNCA 1A ON02UAMU.

JIOKABATEJIbCTBO. IlepBble dyeThIipe SKBUBAJIEHTHOCTH BBIPaXKaloT KOMMYTa-
TUBHOCTb ¥ aCCOIMATUBHOCTH KOHBIOHKIIMU U JU3bIOHKINK. IIpoBepum, Hampu-
Mep, BTOPYIO: JieBas W TpaBas YaCTH UCTUHHBI B €JIUHCTBEHHOM CJydae (KOTja
BCE TepeMeHHbIe UCTUHHDI), U 0TOMY SKBUBaJeHTHbI. (st ansbionKum yio6-
Hee CMOTPETh, KOTJIa OHA JIOXKHA.)

Be caemyiomme 3KBUBAJIEHTHOCTH YTBEPXKIAIOT TUCTPUOYTUBHOCTH — 3aMe-
TUM, UTO B OTJIAYAE OT CJIOXKEHUS W YMHOXKEHHS B KOJBIAX 3/1€Ch BEPHBLI 00a
cBoiicTBa JuCTpuOyTHBHOCTHU. [IpOBEpPUTH SKBUBAJEHTHOCTD JIETKO, €CJIU OTJIE/Ib-
HO PaCCMOTPETH CJIyYad UCTUHHOIO U JIOXKHOIO P.

Caenyrorniue iaBa cBoiicTBa, 3akoun, /e Mopzana, 1€rko IpoOBEpUTD, 3HASI, ITO
KOH'BIOHKIIMS MCTUHHA, & JU3bIOHKIUS JIOXKHA, JINIIL B OJHOM CJIydae. DTH CBO-
CTBa MHOTJIAa BBIPAXKAIOT CJOBaAMU: "KOHBIOHKIINS JIBOWCTBEHHA, U3 BIOHKIIAN"

Hasiee caiefiyior jiBa OYEBHJHBIX 3GKOHA No2Aowerus (OJUH U3 HUX MBI yiKe
YIOMUHAIN ).

3a HEMHU HUJIET IPABUIIO KOHMPAN03ULUL, KOTOPOE TOBOPUT, B IaCTHOCTH, UTO
yTBepkieHus "ecaum x coBepiienHo, 1o & 4éruo" un "ecsn T HEIETHO, TO T HECO-
BepIIeHHO' paBHOCHILHEI. XOTsI OHO U OUYEBHIHO IIPOBEPSIETCSI ¢ TIOMOIIBIO TAOJIHI]
UCTUHHOCTH, C HUM CBSI3aHbI JIIOOOIBITHBIE TapaJOKChl. BoT onH 13 HUX.
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Buosior A BbIIBUHYJ THIIOTE3Y: BCe BOPOHBI UépHbIe. [IpoBepsist €€, oH BbImIe
BO JIBOp M O0DOHaApy»KuJ Ha Jepese BopoHy. Ona okazaJioch 9€proii. Brosor A pa-
JlyeTcs — TUIIOTe3a MoTBepXKaaeTcd. Ero npyr maremaruk B nepedopmynnpoBast
TUTIOTE3y TaK: BCe He-uépHbIE MPeJIMEThl — He BOPOHbBI (IIPUMEHWB HAIIE MPABUIIO
KOHTDAIIO3UIMK) U HE CTAJ BbIXOJUTH BO JIBODP, & OTKPBII XOJIOJUIbHUK U HAIIE
TaM OpaHXKeBbIil peMeT. OH oKazaJIcsd aneJbCUuHOM, a He BopoHoil. MartemaTtuk B
00paoBaJICs — THUIIOTE3a MOATBEpPK1aeTcss — 1 1mo3BoHuI ouosory A. Tor yaus-
JIIeTCs — Y HEro TOYKe eCTh alleJIbCUH B XOJIOJIMJIBHUKE, HO C €r0 TOYKU 3PEHUst
HUKAKOI'O OTHOIIEHUST K €r0 TUITOTe3€ alejhCuH He UMEET . . .

Hpyroit mapajokc: ¢ Toukn 3penust (hOpMaJbHON JOTUKH yTBEPKICHUAS "KTO
He ¢ Hamu, ToT ipoTuB Hac' m "KTO He MpoTUB Hac, TOT ¢ HaMuU' PABHOCUJIHHDI.

[Tocsieiaee (M OueBUHOE) HPABUIIO P <> 7P HA3BIBACTCS CHAMUEM 060THO020
OMPUUGHUA. [

SAJTAYA 46. Ilepeuucaennvie IKEUCAACHMHOCTIU COOMBEMCMEYION, PABEHCN -
BAM ONA MHOHCECTNG. HANPUMED, Nepsas 2aparnmupyem, wmo PNQ = QNP daa
Mmobvix muooicecms P u Q. Kakxue ymeepoicdenun coomeemcmsyiom ocmanvHviM
IKGUBANCHMHOCTAM

SAIAYA 47. /e hopmyavt, codepoicausue moavko nepemennoie u ceasku N\, V
u T, aKsusasenmmuol. Jlokascume, umo oHu 0CMaNYMes IKGUBANCHITHOLMU, ECAU
6c10dy 3amenums A\ na NV u naobopom.

Jameko He BCEe TaBTOJOTUM MMEIOT sICHBIH MHTYUTUBHDIA cMbica. Hampuwmep,
dbopmyia (p — q) V (¢ — p) siBasiercst TaBTONOrMER (€Cn OJIHO U3 yTBEPXK JIeHU il
P U ¢ JIOXKHO, TO U3 HETO CJICAYET BCE, YTO YIOAHO; €CJIn 00a UCTUHHDL, TO TeM boJee
dbopMysia MCTUHHA), XOTS M OTYACTH MPOTUBOPEUUT HAIIEH MHTYUIIUU — [T0YEMY,
COOCTBEHHO, M3 JIBYX HUKAK HE CBS3AHHDLIX YTBEPXKJIEHUI OJHO BJedéT jpyroe?
Emé 6osee 3aragouna TaBTOIOrUs

(p—q)—p)—0p

(XOTH eé HU4Yero He CTOUT IPOBEPUTH € HOMOIILIO TaDJINII I/ICTI/IHHOCTI/I).

OTcTynnenune o nonb3e ckobok. Ha camowm jiesie Hate onpejiesieHne mCTUHHOCTH
COJIEPXKUT CephE3HbIN mpobes. YToObl 00HAPYKUTHL €ro, 3aJajuM cebe BOIPOC:
3a9eM HY>KHbBI cKOOKM B popmysnax? IlpegcraBum cebe, 9TO Mbl U3MEHUM OIPeie-
nerne (POpMyIIbI, U OyIeM TOBOPUTDL, uto P A Q) u PV () asasiorcs dbopMyramn
Juist Ji00bix P u (). OcranyTcst Jin HAIK PACCyKJICHUs B CUje?!

JIerko MmoHsTh, YTO MbI CTOJKHEMCS C TPYAHOCTHIO HIPU OlpeIeeHur Oy 1eBOit
(bynkiuu, coorBeTcTByIOINIEH hpopmysie. B 3ToM onpeiesieHun MbI TOJICTAB/ISIIN HY-
JIU U eJIMHUIIHI Ha, MECTO MEePEMEHHBIX W 3aTeM BBIUNC/ISIN 3HaYeHe (DOPMYIIhI C
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IIOMOIIBIO TabJINIL KCTUHHOCTH 15T CBsi30K. Ho Ternephb, Korjia Mbl U3MEHUJIH OIIpe-
nesierne popmyiibl, popmysia p A gV r MOXKeT ObITh MOJIyUeHa, JBYMsI CIIOCODaMu
— u3 dopMyJsl p A ¢ U T ¢ IOMOIILIO ornepanun V u u3 hopMmys p u ¢ V r ¢ IoMo-
IIHIO Oneparnuu A. DTH JBa TOJKOBAHUS JAJIYT PA3HBIA Pe3yabTarT MPHU MOMLITKE
BblunC/UTh 3HadeHue 0 A OV 1.

3 cka3aHHOTO SICHO, YTO CKOOKH HY2KHBI, 9TOOBI TapaHTHPOBATL OJHO3HAU-
HOCTb CHHTaKCHIECKOro pasbopa (opmysibl. Tounee TOBOpsi, BEPHO TAKOE yTBEP-
YKJICHHE:

TEOPEMA 11 (ognosnaunoctsh pasbopa). Ilponosuyuonasvhas Gopmyaa, e
ABAANOULAACA NEPEMEHHOT, MOJNCEM HvIMb NPeIcmasiena posHo 6 00HOM U3 e-
muopéx sudos (AN B), (AV B), (A — B) uau —A, 2de A u B — nexomopuie
dopmyan, npuuém A u B (6 nepsur mpér cAyuaar) 60cCmanasAu6a0mes 00Ho-
BHAUHO.

JIOKABATEJILCTBO. @opMaabHOE JOKA3aTEJIHCTBO MOYKHO TIPOBECTU TaK: Ha-
30BEM CKOOOUHBILM UMO20M PASHWUILY MEXKJY UNCIOM OTKPBIBAIOIINXCS W 3aKPhI-
BaloIuXxcst cKoOok. MHjiykiueit 110 nocTpoeHnio (popMyJibl JIEI'KO JOKA3aTh TaKyIO
JIEMMY

Nemma. Ckobounblit nror ¢popmyJibl paBer HyJ110. CKOOOUIHBII HTOT JTFOOOTO Ha-
yaJia, (popMyJibl HEOTPHUIIATEJIEH U PaBeH HYJIIO, JIMIIL €CJIM 9TO HAaYaJI0 COBIIAJIaeT
co Bceit (popMyJI0it, IIyCTO MM COCTOUT M3 OJIHUX CHMBOJIOB OTPUIIAHMUS.

Cnosa "unaykimeii mo mocTpoennio” 03HATAIOT, YTO MBI IIPOBEPSIEM YTBEPIK 16~
HUE JIJIsT TIEPEMEHHBIX, a TaK»Ke JIOKa3bIBAEeM, UTO €CJIU OHO BepHO it gopmyr A
u B, ro ono Bepro u jisi hopmya (AAB), (AV B), (A — B) u -A,

ITocsie Toro Kak JjieMMa JiokasaHa, pazoop (popMyJibl IIPOBOJIUTCS TaK: €CJIM OHA,
HAUMHAETCS C OTPHUIAHKS, TO MOXKeT ObITh 00pa30BaHa JIKIIH 110 YeTBEPTOMY IIPa-
By, Ecium ke oHa HauMHaeTcs CO CKOOKH, TO HAJ0 CKOOKY Y/JIAJUTh, a IIOTOM
HCKATh HEIyCToe HA4YaJI0, UMEIoIee HYJIeBOH CKOOOYHBIN MTOT W He OKaHINBAIO-
meecst Ha 3HAK JIOTHUECKOW omeparnuu. Takoe HaYajo eJIHHCTBEHHO (KaK JIErKO
POBEPUTH, UCTIOJB3Ys JEMMY). DTO HaYag0 U OyJeT MepBOil 4acTbio (HhOPMYJIHI.
Tem cambiM (bopMyJia pa3dUpaeTCs: OJJHO3HATHO. [

Her cwmbicia BaaBaThes B MOJPOOHOCTH STOTO (HECTOXKHOTO) PACCYKICHUS:
BOOOIIIE-TO AJITOPUTMbBI pa3dopa (popMyJ1 — 3TO OTiesibHast O0JIbIasi U TpaKTHIe-
CKW BasKHasi TeMa (B MEepPBYIO 0Uepejib B CBsI3U ¢ KOMIIIsiTopamu ). [IpuBeénmbrii
HaMH aJropuTM Jlajgeko He omnTumaJsieH. C Jipyroil cropoHbl, Mbl BOODIIE MOXKEM
0boitT a1y 1pobsiemy, norpedosas, 4TOObI IPU 3alucu (pOPMYJI JieBasi U IpaBast
CKOOKH, OKpYy2KafoIue (POpMyJly, CBA3bIBAJNUCH JIMHUEH — TOrJIa OJIHO3HATHOCTH
pa3bopa (HopMyJibl HE BBI3BIBAET BOIIPOCOB, ¥ DOJIBIIE HIYETrO HaM HE HaJIO.
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B nanbHeitiiem Mbl OyJeM OIIyCKaTbh CKOOKH, €CJIU OHHU JIMOO HE UI'PAIOT POJIK
(HarmpuMep, MOXKHO HAIUCATH KOHBIOHKIIMIO TPEX YJIE€HOB, HE yKa3biBasl MOPsI0K
JeHCTBHUi B CUITY aCCOIMATUBHOCTH ), JIUOO SICHBI U3 KOHTEKCTA.

§2. IlosHbIE cUCTEMBI CBA30K

PaccmarpuBaeMast HaMu crucTeMa IPOIO3UIMOHAJIbHBIX CBA30K (A, V, —, 7)) noana
B CJIEJIYIOIIEM CMBICJIE:

TEOPEMA 12 (IlosmHoTa cucremsl cBsi30K). Jobaa 6yaesa dynkyus n apey-
MEHTNOG MONCET, ObIMD 3aNUCAHAG 6 8Ude NPONO3ULUOHANOHOT POPMYNbL.

JIOKABATEJIbCTBO. Ilporie Bcero nmogcHuThb 310 Ha nmpuMepe. IlycTs, Hampn-
mep, Oysiea dbyukiust ©(p, q,r) 3a1aHa Tabaunei 4.

pla|r|epqr)

0/0]/0 1

0/0]1 0

0 1 O 0 (_'p/\_'Q/\_'T)\/
0]1]1 1 V(—pAqgATr)V
11010} 0 V(pAgAr)
1101 0

11110 0

1011 1

TABINIA 4. Bynesa dyukius u 3agaoiiast eé popmy.ia.

B rabjiniie ecTb TpM CTPOKHU € eJIMHUIIAMHI B MPAaBO# KOJIOHKE — TPH CJIydasi, KO-
ria OyseBa yHkimst ncrutna (pasha 1). Hamuiem Tpu KOHbIOHKINK, KaxK/1asi U3
KOTOPBIX TMOKPLIBACT OJIMH CJIydail (& B OCTAJTBHBIX CTPOKAX JIOXKHA), W COCJTUHUM
ux au3blonkimein. Hyxnast ¢popmyna mocrpoena.

ZAcHo, UTO aHAIOTHYIHAST KOHCTPYKITHST TPUMEHUMA JIJTst JII000# TabauIs (¢ JTio-
OBbIM YHCJIOM TTEPEMEHHBIX ). O

st popmyst o1006HOTO BUJIA €CTH ClielnabHOe HasdBaHue: (popMysIbl B du3s-
WOHEMUEHOT HOPMaALHOT popme. Bosee moapodOHO: AumeEpa.roM HAZBIBACTCS Iie-
peMeHHasl WJin OTpULlaHne TIePEeMEeHHO|, KOHBI0HKMOM Ha3bIBACTCdA TPOU3BOJIbLHAA
KOH'BIOHKIIMS JIMTEPAJIOB, & JM3bIOHKTUBHON HOPMAaJbHONW (POPMOI HA3bIBACTCS
JIM3BIOHKINSA KOHBIOHKTOB. B HalmeM ciiydae B KaXKJIblii KOHBIOHKT BXOJHUT 7 JIU-
TepaJioB (IJie 1 — YKCII0 MEPEMEHHBIX ), & YMCJI0 KOHBIOHKTOB PABHO YHMCJY CTPOK
C eJIMHUIAMY U MOXKET MEHIThCSI OT HyJist (TOT/a, paBJa, MOJMyIaeTcs He COBCEM



38 Tiasa II. Maremarnyeckasa jioruka

dbopmyia, a "mycras JUIBIOHKIMI U €€ MOXKHO 3aMEHHUThL KaKOW-HHUOYIb BCerjia
JIOXKHO# dhopmysioit Tuna p A —p) 1o 2" (ecsn OyseBa dDyHKIUs BCErjia UCTUHHA).

SAIOAYA 48. Jauna nocmpoennot 6 dokazamenrvemee meopemuv, 12 hopmyaon
3a6ucum om Yucsa edunui: popmyaa bydem xopomrot, eciu eQuHUY, 8 MabAULE
mano. A kax nanucamo (cpasnumenvro) kopomryo Gopmyay, ecav 6 mabauue
MAA0 HYAET, G 68 0CHOBHOM eQUHULDLY

Unora nosiesna KoHs10MEMUBHAA HOPMAALHAA POPMA, KOTOPAs TPEJCTABIISET
cobOli KOH'BIOHKIINIO Ju3stonkmos. KaxKJIblil JTU3bIOHKT COCTOUT U3 JINTEPAJIOB,
COEIMHEHHBIX JIN3BIOHKIUAMU. TeopeMy 12 MOXKHO Terepb yCUJINTDh TaK:

TEOPEMA 13. Beaxas 6ynresa pynuryus moscem oums evipastcena dopmyaot,
Haxodauetics 6 Qu3sOHKMUSHOT HOpMasbHot dopme, a maksce Gopmyarot, Ha-
r00AULetcA 6 KOHBIOHKEMUSHOT HOPMAALHOT phopme.

JIOKABATEJIbCTBO. IlepBasg dacTb yTBepkKjeHHS yKe J0KazaHa. Bropas
4aCTh aHAJIOIMYHA [EPBOM, HAJIO0 TOJBKO JIJIst KayKJIOH CTPOKU C HYJIEM HAIUCATh
HOJIXOIATINN T3 BHIOHKT.

MoxHo Tak>ke mpejcTaBuTh (PYHKIMIO @ B JIU3BIOHKTUBHON HOpMaJIbHOM
dopme, a 3aTeM BOCIOJNBL30BaTLCs 3akoHaMu Jle Moprana, 9ToObl BHECTH OTpH-
IlaHue BHYTPb. ]

Boo0br1ie roBopsi, onpejiesienne HopMaJbHO#M (DOpMbI He TpedyeT, ITOObI B KarK-
JIOM KOHDBIOHKTE (WM JU3BIOHKTE) BCTpEYauch Bee mepementbie. (IloBropsars
HepeMeHHYI0 0O0JIbIIIEe OJIHOIO Pa3a, CMbIC/IA HET; €CJId, HAllPUMED, IePpEeMEHHast U eé
OTpHUIIAHUE BXOJSAT B OJIHY KOHBIOHKIIMIO, TO 9Ta KOHBIOHKITUS BCErjla JIOXKHA U eé
MOYKHO BBIODOCHTB. )

3aMeTuM, 4TO IpHU JOKA3ATEJIHLCTBE TeopeMbl 12 Mbl 00OLLINCH Oe3 UMILINKA-
MU, DTO W HE YJIWBUTEIHLHO, TaK KaK OHA BHIPAXKAETCs depe3 JUIbIOHKINIO |
OTpHUIlaHUE:

(p—=4q) < (=pVa)
(mposepbre!). Mbl Morsin 661 060HTHCH TOJLKO KOHBIOHKIIUE 1 OTPUIIAHUEM, TaK
KaK

(pVa) < =(=pA-—g),
WJIW TOJIBKO JIM3BIOHKIINEH W OTPUIIAHNEM, TaK Kak

(PAq) < —(=pV )
(06e 9KBUBAJEHTHOCTH BbITEKAIOT U3 3aKoHOB Jle Moprana; ux Jierko upoBepurh u
HEIOCPeICTBeHHO). Kak roBopsT, cucreMa CBSI30K /A, 71, & TAKYXKE CHCTEMa CBI30K
V, = sBaistiorest noanoimu. (o onpejeniennio 9mo o3Havaer, 4To ¢ UX HOMOIIBIO
MOYKHO 3aIUCATH JH0OY0 Oy/ieBy (DYyHKIHIO. )
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SAIOAYA 49. Jloxascume, 4mo cucmema c6A30% =, — NONHA. (,Y%aaauue: KaK
3aNUCamy wepe3 HuUL Ju3BIOHKUUN0 ?)

A BoT 0e3 orpumanust oboiiTuch Heab3s. Cucrema CBsI30K A, V, — HENOJIHa,
— W 110 O4Y€Hb IPOCTOH NMPUUMHE: €CJIM BCE NMEPEMEHHbIe UCTUHHBI, TO JII00asi nx
KOMOWMHAIMsI, COJEPKAIlias TOJbKO YKa3aHHbIC CBsa3KH, ucTuHHa. (Kak rosopsr,
BCe 9T CBsi3KM "coxpaHsitor ejuuuiy ')

B mpuniumne Mbl He 0Os3aHBI OIPAHWYMBATHCS UYETHIPbMS PACCMOTPEHHBIMU
cBsizkamu. JI1obast OyJieBa pyHKIMS MOXKET UI'PATh POJIb CBA3KU. Harpumep, MoxK-
HO PaccMOTPETh CBsI3KY (p notand q), 33/laBaeMyI0 SKBUBAJEHTHOCTHIO

(p notand q) < —(pAq)

(cioBamu: (p notand ¢) JIOXKHO, JIMIb €CJM P W ¢ UCTHHHBI). Jepe3 Heé Bbipa-
XKaercss oTpurianue (p notand p), mocjae 9€ro MOXKHO BBIPDA3UTH KOHbBIOHKIIHIO,
a 3aTeM, KaK MbI 3HaeM, U BooOIe oy dyHknuo. (3HaKOMbIe ¢ MubPOBbI-
MU JIOI'MYECKUMU CXeMaMK MaJioro YPOBHs MHTEI'PALMK XOPOIIO 3HAKOMbI C 9TUM
yTBEPKACHUEM: JIOCTATOUYHO OoJibInoi 3amac cxem V-HE nossosiser peanuzoBaThb
JI00YI0 TPebyeMyT0 3aBUCUMOCTh BbIXOJIa OT BXOJIOB. )

Jpyrass wHTEepecHas IOJHAs CHCTEMa CBSI30K — CJIOXKEHHEe II0 MOJIYJI0 2,
KOHBIOHKIIWS W KOHCTaHTa 1 (KOTOpyIO MOXKHO cuuTaTh 0-apHO#l CBA3KOM, 3a/1a-
rorteit (byHKIMIO OT HyJist apryMeHToB). [IpejicraBientbie B 9T0i cucTeMe OyIeBbl
(QYHKIMM CTAHOBSTCS TOJUHOMaMU ¢ KOI(PUIMEHTaMU B KOJIbIIE BBIUETOB I10
mojyaiio 2. Wpest pacemarpuBath OysieBbl GyHKIMU KAaK TOJMHOMBI (OKa3aBIIasiCst
HEOXKUJIAHHO TLJIOJIOTBOPHON B MOCJTETHUE Tojbl) Oblia Bbickasana B 1927 r.
poccuiickum maremarukom Vpanom Vpanosuuem 2KerajiKiHbIM.

HazoBém MoHomom KOHBIOHKIINIO JIOOOr0 HaDOpa, IepeMeHHbIX WU KOHCTAHTY
1 (KOTOpYIO €CTeCTBEHHO PACCMATPUBATH KAK KOHbBIOHKIIUIO HYJIsl [EPEMEHHBIX).
Haspanue 970 ecTecTBeHHO, TaK KaK [PU HAIKX coryalnienusix (1 obo3navaer uc-
TrHY, 0 — JI0OXKb) KOHBIOHKIMST COOTBETCTBYET YMHOKEHUIO.

HazoBéMm noaunomom cymmy Takux MOHOMOB 10 MOJYJIIO 2 (3TO 3HAYUT, UTO
060=0,061=160=1ul1d1=0). fcHo, 9To /B MOBTOPSIONIUXCS MOHOMA
MOYKHO COKPATUTD (BeJb CJOKEHUE [0 MOJLYJII0 2), TaK 4To OyjieM paccMaTpUBaTh
TOJIBKO TIOJIMHOMBI 0€3 IMOBTOPSIONUXCsT MOHOMOB. IIpu 3TOM, ecTecTBeHHO, 1OPSsI-
JIOK 4JICHOB B MOHOME (KaK ¥ MOPSIJIOK MOHOMOB B TIOJIMHOME) POJIM HE UTPAET, UX
MOXKHO TI€PECTaBJISITh.

TEOPEMA 14 (o nosmuomax 2Kerankuna). Beakas 6yaesa gymnkyus 00mo3mna-
HO NPEICMABAACNCA MAKUM NONUHOMOM.

JOKABATEJTLCTBO. CyiiecTBoBaHuEe KCKOMOTO MOJIMHOMA CJIEJLyeT U3 Teope-
MBI 13, TaK KakK KOHBIOHKIUS €CTh YMHOXKEHUE, OTpHUIaHue — MpUOaBIeHIe €J11-
HUIIBI, & AN3DBIOHKIMIO MOXKHO Y€pPe3 HUX BbIPA3UTH (HOﬂqu/ITCH p+q—+ pq). Hao
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TOJBLKO 3aMEeTUTh, UTO CTEIeHN He HYXKHBI: epeMennble MTpUHIMAIOT 3uaderus ()
u 1, Tak 4TO " MOXKHO 3aMEHUTH Ha T.

Hajee MOYXKHO 3aMETUTH, UTO TIOJJMHOMOB CTOJILKO YKe, CKOJTBKO OYJIeBbIX (DYHK-
umit, a nmenno 22°. B camowm sieste, GysieBa (DyHKIMS MOKET IPUHNMATH JII060e 13
JIBYX 3HaueHul B kKax ot u3 2" rouek OyJieBa kyba B", a MHOroujien Moxer BKJITO-
9aTh WIK HE BKIIOYATH JI000i u3 2" moHoMoB. (MoHOMOB poBHO 2", OTOMY UTO
KaK bl MOHOM BKJIIOUAET MJIM He BKJIFOUYaeT Jiio0yto u3 n rnepemennbix.) [losromy
M30BITKA TIOJUHOMOB HET, W €CJIH Jiiobasd (PYHKIINs MPEICTaBUMa, MTOJMHOMOM, TO
€JIMHCTBEHHBIM 00pa30M.

]

Eciu paccmaTpuBarh Ipou3BOJIbHBIE OY/1e€Bbl (DYHKIIUN B KAUECTBE CBI30K, BO3-
HUKAeT BOIIPOC: B KAKOM cjiydae Habop OyJieBbix (yHKINI oOpasyeT moJiHbIi Oa-
suc? (dro 3uaqwt, uTo JH0bast OysneBa (YHKIUS MPEJICTABISIETCS B BUJIE KOMIIO-
3ulun pyHKIUH 13 Habopa, —e 3alucbiBaeTcss B BUjE (DOPMYJIbI, TJIe CBSI3KaMu
cayxar dyukiyn Habopa.) [1ogob6HbBIEe BOMTPOCK! BBI3BIBATH B CBOE BpeMst GOJIBIION
WHTEPEC 1 ObILIN XOPOITo n3yvderbl. Haua hHBIM 9TAOM SIBUJIOCH TAKOE YTBEPIK JIe-
HUE:

TEOPEMA 15 (xpurepuii [locra). Habop 6yaesuix gynkyui A6A4emea NOAHOLM
mozda u Moavko mozda, K020a 01 He COOEPAHCUMCA UEAUKOM HU 6 0OHOM U3 AU
caedyrowur "npednosnvix xaaccos”:

® MOHOMOHHVIE PYHKUUL,

® PyYHKUUL, COTPAHANUWUE HYAD;

o dynxuuu, corpanAowue eOUHULY;
® Junetinbe GYHKUUL;

® CaM0080TUCMBEHHBIE DYHKUUL.

(Qynryua f MOHOTOHHA, ECAU OHA MOHOMOHHO HEYOLGACT NO KANHCIOMY U3 CEOUT
apeymenmos. Pyuxuyua f coxpansier wyib/epunniy, ecau f(0,...,0) = 0 (co-
omeememeenno f(1,...,1) = 1). Qynuryua f nuueiina, eciu ona npedcmasuma
MHO20YUNEHOM, 6 KOMOPOM 6CE MOHOMDL codepoicam ne boaee 0dnoti nepemennoti.
Haxoneu, ¢gynxuyusa [ nasvisaemea camomppoiictsennoit, ecau f(1 — p1,...,1 —

pn) =1- f(pla---ypn)-)

JOKABATEJILCTBO. Eciin Habop CONEP:KUTCS B OJIHOM M3 KJIACCOB, TO W BCE
KOMTIO3UITUY TAKZKe HE BBIXOJST 32 MPEJIEbl 9TOT0 KJIAcca (JerKo MPOBEPUTH JIJisT
KaKJIOrO U3 KJIACCOB B OTJICJILHOCTH ) U OITOMY HAOOD He siBjsieTcs mosiHbiM. Jo-
Kaxkem obparHoe yrBepxKjeHue. [Iycrb st KarXk10ro KJjacca BblOpaHa KakKasi-TO
byHKIMA, B HEM He JiexKalas. ¥ 0e uMcst, 9TO ¢ IOMOIIbI0 KOMOUHAIMI BHIOpaH-
HbIX (DYHKIUH MOXKHO MOJIYYUTH BCE OyJieBbl (DYHKIUN.
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Y Hac ectb (DYHKIMS, HE COXpaHSIONas HyIb. IlomcraBuM BMECTO BCeX apry-
MEHTOB OJIHY W Ty »Ke nepemennyfo. [Tosyunrcst pyHKIMsT OT OJHOTNO apryMeHTa,
oToOpaXKalomasl HyJb B €IUHUIY, TO €CTh JMOO KOHCTaHTa 1, JubO OoTpUIlaHue.
CrenaB 1o ke camoe ¢ hyHKIWEH, He COXPAHSIONIEH eMHUILY, TTOJIyIUM JIN0O KOH-
CTAHTY HYJIb, 10O orpunanue. Takum obpa3oM, y Hac JinbO ecTh OTpUIaHue, Jindo
obe xkoncrauTol 0 u 1.

Eciu ecth 006€ KOHCTAHTBI, TO BCE PABHO MOXKHO MOJIYYUTh OTpulianue. Bosb-
MEM HEMOHOTOHHYIO (DyHKIHIO. JIerko moHsSTh, ITO OHA JOJKHA MEHSATH 3HATe-
HUE C eJIMHUIIPI Ha HYJIb TPW W3MEHEHNN KAKOT'0-TO OJHOTO apryMeHTa, ¢ HyJs Ha
equHUIly (B caMoM Jiesie, OyJeM yBeJUIUBATH APTYMEHTHI O OJJHOMY, B KaKO#-TO
MOMEHT 3HadeHune GYHKIMH YMEeHbIUTCs.) 3ahUKCHpOBaB 3HAYEHUsT OCTATBHBIX
APIYMEHTOB (BeJlb Mbl CUMTAEM, YTO KOHCTAHTBL €CTh), 110JIy4aeM OTPUIIAHKE.

Vmest orpumianme u HecaMOBONCTBEHHYIO (DYHKITUIO, JIEI'KO IOy YUTh KOHCTAH-
Tl (ecau ux He ObwIO). B camom jeiie, HECAMOJBONCTBEHHOCTH O3HAYAET, HYTO
flxy,...,xy) = f(1—21,...,1—x,) JJsd KAKAX-TO 3HAYEHUH T1, . .., T, € {0,1}.
BwmecTo HyJIeBbIX 3HAUEHUI TTEPEMEHHBIX T, . . ., Ty MOJCTABAM P, BMECTO €JUHUI]
OJICTABUM —p, MOJYIUTCS OJIHA U3 KOHCTAHT. BTOpast mOJyInuTCs OTPUIIAHIEM.

Tenepb y HAC €CTh KOHCTAHTHI, OTpUllaHue u Hejinueiinast Gyukuus f(py, ...,
Pn). Henmnbeitnocrs o3navaer, 4ro B €€ 1PEJICTABJICHUN B BUJIE MHOIOUJICHA €CTh
MOHOM, COCTOSIIUI Oojiee yeM u3 OJiHOi nepemennoii. [IycTb, HanpuMep, 3TOT MO-
HOM COJIEPXKUT MepeMeHHbIe P1 1 Po. CrpyliupyeM 9jieHbl 110 9eThIPEM IPYIIam
U TI0JIYUUM BBIpaXkKeHue

pip2A(ps; ... ) + p1B(ps, . ..) + p2C(ps, ... ) + D(ps,...).

[Tpu srom muorounen A(ps,...) 3aBEJOMO OTJMYEH OT HYJIsd, MOITOMY MOXKHO
TaK II0JICTABATH KOHCTAHTLI BMECTO D3, ..., Pn, 9TOOLI IEpBOE cjaraemoe He 00-
paTujioch B Hysib. Torjpa mosyuum jubo pipe + d, aubo pips + p1 + d, aubo
p1p2 + p2 + d, b0 p1ps + p1 + p2 + d. CBoOOHBIH YjieH d MOXKHO MEHSITh, €CJIHU
HY2KHO (y HAC €CTh OTPUIAHUE), TAK UTO MOJYUACTCs JIHOO P1Ps (KOHBIOHKITHS,
1 BCE JI0Ka3aHo), Jinbo pip2 + p1 = p1(p2 + 1) = p1 A —pe (ybupaem orpuia-
HUe, MOy IaeM KOHBIOHKITUIO, BCE JOKA3aHO), JTUOO p1p2 + P2 (AHAJIOTHYIHO), JHOO
pip2 +p1+p2=(1+p)(1+p2) —1==(=p1 A—p2) = p1V pa (An3HIOHKIHS,
BCE JIOKA3AHO ). O

§3. Mcumnciienne BbICKA3bIBAHUIA

HamomunM, 910 TaBTOJOrHEil MBI HA3BIBAJIK IPOIO3UIMOHAJILHYIO (hOPMYJTY, KC-
TUHHYIO [IPU BCEX 3HAYEHUAX HepeMeHHbIX. OKasbIBaeTcst, 4TO BCE TaBTOJIOIMU
MOYKHO TIOJIYIUTH U3 HEKoToporo Habopa "axcmom'"c momornpbio "IpaBu BBIBO-
Jla KOTOPBIE UMEIOT YUCTO CUMHTAKCUYCCKUI XapaKTep U HUKaK He alle/IMPyIoT K
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CMBICTTY (OPMYJIBbI, €€ UCTUHHOCTA MU T.JI. IDTY 3aJlady peliaeT TakK Ha3bIBAeMOe
ucyucaenue evicrazvieanud (MB). B 9100 riaBe Mbl IepedrcanM akKCHOMBI | T1pa-
BIJIA, BBIBOJIA STOI'0 UCUUCICHUS, U IPUBEJIEM HECKOJILKO JOKA3ATEILCTB MEOPEMbI
0 noanome (KOTOpast yTBEPIKJIALT, U4TO BCsiKask TABTOJIONHsT BHIBOJMMA B UCUKCIIE-
HUM BbICKA3bIBAHUIA).

Kaxkosbr 661 nu Obutn opmynnl A, B, C, creayiomue popMy/Ibl HA3LIBAIOT Ak-
CUOMAMU UCHUCAEHUA BVICKA3DIBAHUT:

(1) A— (B— A);

2) A—-(B—-C)—>(A—=B)—(A—=0));
(3) (AAB)— A;

(4) (AAB)— B;

5) A— (B—=(AAB));

6) A— (AV B);

(7) B — (AV B);

B8 A—=0C)—=(B—-C)—=(AvB—=Q));
9) —-A— (A— B),

(10) (A— B) = ((A = —=B) — —A);

(11) AV —A.

Kak roBopsit, Mbl UMeEeM 3J1eCh OJUMHHAIIATL "'cxeM akcuoMm'; U3 KarkJioi cXeMbl
MOKHO IIOJYYUTH PA3JUIHbIe KOHKPETHLIE aKCHOMbI, 3aMEHsIs BXOIANINE B HEE
OYKBbI Ha IIPOIO3UIIMOHAJLHBIE (POPMYJIbI.

EnncrBeHHEBIM IPABUJIOM BBIBOJIA MCUKUCJICHNs] BLICKA3LIBAHWI SIBJISETCS IIPa-
BUJIO CO cpejiHeBekoBbiM HazBanueM "modus ponens"(MP). 9ro npasuio paspe-
maer noJyauTh (BbiectTr) u3 opmyn A u (A — B) dbopmyny B.

Bwisodom B ncuncienny BLICKa3biBAHUA HA3BIBAETCS KOHEUYHAS TIOCIE0BATE b
HOCTH (DOPMYJI, KayK/iast U3 KOTOPBIX €CTh aKCHOMa MJIN TOJYUIAeTCsT U3 TPEIbIIy-
IMUX 10 IpaBujIy modus ponens.

Bor npumep BbiBoja (B HEM 1iepBas GOpMysa sIBJISETCH YaCTHBIM CJIyYaeM
cxeMbl (1), BTOpas — cxeMbl (2), a MOCIe/Hss TOMYIaeTCs U3 JIBYX MPEbLLY X
o npasuity modus ponens):

(p— (¢ — 1)),
(p—=(@—=p)—=((p—a9) — (—p),
(p—4q) = (p— D))

[Tponozurmonansnas (opmyna A HasbIBaeTCS 6b1600UuMOT B NCINCICHIN BbI-
CKa3bIBaHUM, W Meopemot UCIUCICHUsT BbICKA3bIBaHUM, €CJIM CYIIECTBYET BbI-
BOJI, B KOTOPOM 110caeustst popmyJia pasia A. Takoil BbIBOJI HA3LIBAIOT BLIBOJIOM
dbopmyner A. (B npunrune Moxkuo 061710 661 1 He TpeOOBAThH, 9T0OBI (hopmyta A
Oblita ocsiejiHeit — Bee JasbHedinme GopMysibl MOXKHO [POCTO BHIYEPKHYT. )
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Kak Mbl yke TOBOpMJIN, B NCUNCJIEHUN BbHICKA3bIBAHNM BBHIBOJATCS BCE TABTOJIO-
I 1 TOJBKO OHM. OOBITHO 3TO yTBEPXKIeHWe Pa30NBAIOT Ha JBE TaCTU: TTPOCTYIO
u cioxkuyio. Haaném ¢ nmpocroii:

TEOPEMA 16 (o xoppekrroctu VIB). Beakas meopema ucuucienus 6vicrasol-
6aHUT €CMb MABMONO2UA.

JIOKABATEJIbCTBO. HecmoxkHo nmpoBepuThb, 9TO Bce aKCHOMBI — TaBTOJIOTHH.
st npumepa 1pojiesiaeM 3To Jijisi cCaMOil JIJIMHHONR aKCHOMbI (Toqﬂee7 CXeMbl aK-
cnoMm) — Jiist Bropoii. B kakom ciydae dopmyiia

(A= (B—=C))—= (A= B)— (A—0))

(rne A, B, C'— nekoropbie (hopmyJibl) MOTsIa Obl ObITH J0XKHO? [1j1s1 9TOr0 MOChLI-
ka A — (B — C) nomxkua ObITh HCTHHHOI, a 3akmouenne (A — B) — (A — C)
— JOXKHBIM. HT0ObI 3aKji0oUerre ObLI0 JOXKHBIM, popmyia A — B nomkHa ObITh
ucTuHHOM, a dpopmyna A — C' — joxuoit. [locaennee osznadaer, aro A ucTuHHA,
a C noxua. Takum obpasom, Mbl 3naem, uro A, (A — B) u (A — (B — ()
ucrutnabl. Orcioga caejyer, uro B u (B — C') ucrunnbl, u noromy C' ucrununa —
IIPOTUBOpeUne. SHAUUT, Halla (pOpMYyJIa He ObIBAaeT JIOXKHOIA.

Koppekrrocts npasuia MP rakxke ouesujna: ecin dhopmysbr (A — B) u
A Bcerga MCTUHHBI, TO IO ONpEJIeJeHNI0 UMILTHKAI hopmyaa B Tak:ke Bcermia
neruiHa. Taknm 06pa3om, Bce (hOPMYJIbI, BXOJSIIE B BBIBOJbI (BCe TeOpeMbl)
SIBJISIIOTCST TABTOJIOTUSIMHU. L]

['opasio ciioxHee JloKazaTh 00paTHOE yTBEPXKICHUE.

TEOPEMA 17 (o nosrore UUB). Beakaa masmonozua ecmv meopema ucuucae-
NUA GVLCKA3DLEANUT.

HoxkazareanLeTBo Oymer uyTh moszke. IIpexkjie Bcero Mbl JIOJXKHBI IPHOOPECTH
HEKOTOPDI OIBIT MOCTPOEHHUsSI BLIBOJIOB U HCIOJIb30BAHUS AKCHOM.

Jlemma 1. Kakosa 661 Hu 6bu1a (hopmysia D, popmyisa (D — D) siBisiercs Teo-
peMoii.

Hokaxkem jieMMmy, nipebsiBuB BuiBog opmyanbl (D — D) B ucuncienun Bbl-
CKa3bIBaHU.
.(D—-(D—D)—D))—({(D—(D—D))—(D—D))

lakcroma 2 mpu A = D, B= (D — D), C = DJ;
2. D — ((D — D) — D) |akcuoma 1|;
3.(D—(D— D)) — (D — D) [u3 1 u 2 no upasuiy MP];
4. D — (D — D) |akcuoma 1];
5. (D — D) [u3 3 u 4 no npasuiy MP].



44 Tiasa II. Maremarnyeckasa jioruka

Kak Bu/iHO, BbIBOJL JlaxKke Takoii 1pocroii Taprosioruu, kak (D — D), tpebyer
HEKOTOpoil m3obperaTebHOCTH. Mbl 0bJierdnM cebe »KU3Hb, JIOKa3aB HEKOTOPOE
o0111ee yTBEPXKIEHUE O BbIBOJIMMOCTH.

YacTo MBI paccykJaeM Tak: MpeJnoJaraeM, 4To BBIIOJHEHO KaKoe-TO yTBep-
X)jenne A, m BBIBOJUM pasjmunbie ciaejctsus. Ilociie Toro kak Jjpyroe yrsep-
Kaenne B moka3ano, Mbl BCIOMHHAEM, UTO HCIOJIL30BAJIN Ipeanooxenne A, n
3aKJII0YaeM, 9TO MbI JoKazaan yreepxkaenne A — B. Chenyioliast jeMMa, Ha3bl-
BaeMasl MHOTJIa "JIeMMO O JIeyKIMHU IOKA3bIBAET, YTO 9TOT IOJX0/] IPAaBOMEPEH
U JIJIs UCUMCJICHUSI BhICKA3bIBAHUIA.

IIycts I' — mekoropoe mHOXKecTBO hbopmyir. Busodom us I' nHasbiBaeTcss Ko-
HEYHAs II0CJIeI0BATEILHOCTL (POPMYJI, KaXKJ(asd U3 KOTOPBIX SIBJIAETCSA aKCHOMOI,
npuHajexut [ win nosyvaercss us npepiaynmx o npasuiay MP. (Ipyruvu
CJI0BaMH, Mbl KakK ObI jo00aBiseM dpopMmyabl u3 [' K akcmoMaMm HCUUCTIEHUsT BbI-
CKa3bIBaHUIi — MMEHHO Kak (hbOpMyJibl, a He Kak cxembl akcrnoM.) Popmysna A
svieoduma u3 I', ecin cymecrByer BbiBOj, 13 [', B KOTOPOM OHa SIBJISIETCSI TTOCJIE]I-
meii popmysoit. B arom ciayuae Mol numem ' = A. Ecau I' mycro, To peus ugér o
BBIBOJIMMOCTH B UCYUCICHUM BbICKa3bIBaHUii, 1 BMecTO & F A numyT npocro = A.

Jlemma 2 (o megykuun). Ilycts I' — muokecrBo dopmys. Torma I' - A — B
Torja 1 TOJbKO Toryia, kora I'U {A} F B.

JlokazaTesbeTBO JIEMMbI IMEET TeXHUUECKU XapaKTep U Mbl €r0 OIIYCTHM.

Jlerde nokaswiBaercst Bropasi (popma TEOPEMBI O TIOJHOTE JTO JIOKAZATETHCTBO
TEOpEeMbl O 1oJHOTe 06001aeTcst Ha BoJiee CIoKHbIE ciydan (MCUUC/IeHUEe T1Pejiu-
KATOB, UHTYUIIHOHUCTCKOE UCIHUCIICHNE BhiCKa3biBauuil). Haauém ¢ Takoro ompe/ie-
JIEHMST: MHOXKeCTBO (popMyJ1 I’ HazbIBaeTCS COBMECTIHBIM, €CIIA CYIIECTBYEeT HAOOP
3HAUEHUI IIepEeMEeHHbBIX, IIPU KOTOPBLIX Bce (opMmyJibl U3 [’ MCTUHHBI. 3aMeTuM,
910 (POPMYyJIa (P STBISIETCS TABTOJOTHEH TOTIa W TOJIHKO TOT/A, KOT/Ia MHOXKECTBO,
COCTOsIITIee U3 €IMHCTBEHHOU (DOPMYJIBI 0, HE ABJISIeTCST COBMECTHBIM. JIJIst ciy-
gasi OJHON (DOPMYJIbI €CTh ClennaabHbIil TepMUuH: (GOPMYIIa T GUNOAHUMG, €CITT
CYIIECTBYIOT 3HAYEHUs IIEPEMEHHBIX, HPU KOTOPbIX OHA MCTUHHA, TO €CTh €CJIU
muoxkecTBo {7} coBmecto. Taprosiorun — 370 (HOPMYJibl, OTPUIAHKS KOTOPBIX
HE BBIIOJIHUMBI.

MuozkecTBo dpopmyst ' Ha3bIBACTCS NPOMUBOPEUUSHLM, €CTU U3 HErO OJHOBPE-
MeHHO BbIBOjIsATCs (popmyiibl A u = A. B 3rom cityuae u3 Hero BbIBOASATCS BOODIIE
Bce hopmysbl. (B mporusHOM ciyuae I HasbiBaeTcst nenpomueopeuucoim. )

TEOPEMA 18 (KoppeKTHOCTb MCYUCJICHUST BbICKA3bIBAHUM, BTOPAsd cbopMa).
Beaxoe cosmecmmoe mmootcecmeo hopmys HENPOMUGOPeIUBO.
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JIOKA3ATEJILCTBO. B camowm Jiejie, yCTh COBMECTHOE MHOXKeCTBO [ mpoTuBO-
peanBo. Tak Kak OHO COBMECTHO, CYIIECTBYIOT 3HAUEHHUs TIEPEMEHHBIX, TTPU KOTO-
poix Bee popmyinl u3 [ uctunnot. C apyroit cToponsl, n3 I’ BLIBOAUTCS HEKOTOPAast
dopmyna B u eé orpunanue. Moxker i Tak ObITH?

OxkazbiBaercst, 910 HeT. Mbl y2Ke BUJIe/M, 9TO BCsiKash BbIBOJMMAas (DOPMyJia nc-
TUHHA [IPU BCEX 3HAYCHUAX MEPEMEHHBIX (siBjisieTcs TaBrojorueii). CripaseinBo
¥ HECKOJILKO DoJtee ob1ee yreep:kaerue: ecn I' = A v Ipu HEKOTOPbBIX 3HAYEHMAX
epeMeHHbIX Bee (opmyanl u3 ' uctunnnl, To u dhopmyna A mCTHHHA IPH STUX
3HaueHusIX nepeMenHbix. (Kak u pambliie, 970 JIerko JIOKa3bIBACTCs WHIYKIKEH 10
nocTpoernio BeiBoga A us I'.)

B nameit curyarmuu 9T0 TPUBOANAT K TOMY, 9TO Ha BBITOJIHSIONMEM HAOOpe 3Ha-
qeHui nepeMeHHbIx st [T j1o/KHbl ObITh MCTUHHBL 00e dopmysibl B u — B, 4uto,
pa3yMeeTcsi, HeBO3MOKHO. [

Mbl HasbiBaeM 9TO yTBepKeHKre JIpyroi GopMoil TeopeMbl 0 KOPPEKTHOCTH
MCIHICJICHNS BBICKA3LIBAHUIA, IIOCKOJIBKY U3 HEero (hopMajbHO MOYKHO BBIBECTH, UTO
BCsIKasl TeopeMa sABJIeTCs TaBroJiorueit: ecim A — reopema, To muoxkecrso { A}
MPOTUBOPEYNBO (U3 HEro BBIBOJATCA A n —A), TOTOMY HECOBMECTHO, 3HAUUT, A
BCerjia JioxkHa, mosromy A Bcerja ucrunna.

TEOPEMA 19 (moJiHOTa HCUHC/IeHNsT BBICKa3bIBaHuil, Bropas dopma). Jloboe
HENPOMUBOPEHUBOE MHOANCECTNEO COBMECTIHO.

JTOKABATEJILCTBO. Hawm jjano HenporuBopeunBoe MHOXKeCTBO 1, a Ha 10 Hali-
TH TaKWe 3HAYCHUS TEPEMEHHBIX, IPU KOTOPBIX Bee (hopMysibl u3 I uctunubl. (Bo-
o0111e TOBOpsi, MHO>KeCTBO ' MOxkeT ObITh DECKOHEUHO U COjiepKaTh OECKOHEYHOe
9UCJIO PABHBIX TIEPEMEHHBIX. )

[IycTh ecTh Kakas-TO mepeMeHHasl p, BCTpedaolasicss B GopMyIax u3 cemeii-
crBa I'. HaMm Ha10 pemursb, ¢esars n € HCTUHHON WU JIOXKHOM. Ecim okazautoch
Tak, uTo u3 I' BeiBOMTCST (bopMyIia p, TO BIOOpa HET: OHa 00s3aHa, ObITH UCTHHHOM
B Tex Habopax, rjae popmysibl u3 [ ncruunb (Kak MbI BUJIEN TIPH JIOKA3ATETHCTBE
koppektHoctn). [lo Tem xe nmpuaunam, ecsin u3 I' BBIBOIUTCS —p, TO B BBIIOJIHS-
I01IeM Habope 1epeMeHHasi P 00si3aTesibHO OyIeT JIOXKHOIA.

Ecin okaszajoch Tak, 4To Jijisi JiFoOOi 1epeMeHHoi p jubo OHa cama, JIOOo eé
OTPUIIAHKE BhIBOJSTCs U3 [, TO BBINOJIHAIONMI HADOP 3HAYEHUIT OIIPEJIE/IEH OJIHO-
3HAYHO, U HAJIO TOJHKO IIPOBEPUTH, UTO OH JEHCTBUTEIHLHO OYIeT BHIIOJIHSIIOIIIM.
A ecim 151 KaKMX-TO NMEPEMEHHBIX HEJIb3sl BBIBECTH HU WX, HU WX OTPUIAHUE,
TO MBI IOIOJHUM Hail Habop [' Tak, 4TOOBI OHHU, KaK Telepb MOJHO T'OBOPHUTD,
"onpenenmiucs".

[IpoBejiem 310 paccyxxkjeHue 11oApobHo. PaccMorpum Bee nepeMeHHbie, BXO/Isi-
e B KaKue-jinbo popMysbl U3 MHOXKecTBa ['; 0003HAYMM MHOXKECTBO STUX IIe-
pemMeHHbIX depe3 V. SadukcupyeM 5T0 MHOXKECTBO U JI0 KOHIIA JIOKA3aTeJIbCTBA,
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TEOpPEMBI O IIOJIHOTE OYJIeM pacCMaTPUBAThH TOJBKO (POPMYJIBI C IIePEMEHHBIMU 13
MHOXKecTBa, V', He oroBapuBast 3TOro 0cooo.

Hazopém HempoTuBopeunBoe MHOXKECTBO 1’ noanvim, ecan jjist J1000i hpopMyIIbI
F wmeer mecro qmbo ' F| nbo I' F = F (opHOBpEMEHHO 3TOr0 ObITH HE MOXKET,
Tak Kak [ HenpoTuBOpeunBo).

YTBep:KJIeHHe TEeOPEMbI O IIOJTHOTE OUEBHIHO CJIEJIyeT U3 JIBYX JIEMM:

Jlemma 1. Besikoe HenpoTuBOpedrnBoe MHOXKECTBO [ cOJIepXKUTCs B HEIIPOTUBO-
PEIrBOM ITOJTHOM MHOXKeCTBe A.

JNlemma 2. [Iist BCIKOTO HEPOTUBOPEUNBOTO MOJTHOIO MHOXKECTBa A CyIecTByer
HabOp 3HAUYEHW TepeMeHHbIX (u3 V| HAOMHKM ), TPU KOTOPOM Bce (hopMyJibl u3 A
UCTUHHBI.

JokazaresberBo jgemMbl 1. OCHOBHYIO POJIb 3/I€Ch UI'PAET TAKOE yTBEPXK ICHUE:
ecan ' — HEIPOTHBOpEUYMBOE MHOXKECTBO, a A — Ipou3Bo/bHas GOpPMYyJIa, TO XOTs
ob1 0110 13 MHOXKecTB 'U{A} u 'U{=A} nenporusopeunso. B camom siesie, eciin
oba muoxkecrsa I'U{A} u I'U{—=A} nporusopeunssr, 1o I' - =A u I' - == A, Ho
MHOYKeCTBO [ Tipeimosiarajgoch HempOTHBOPEUNBHIM.

Ecin MHOXKeCTBO 1epeMeHHbIX V' KOHEUHO UJIU CIETHO, TO JIOKA3ATEIbCTBO JIEM-
MbI 1 JIETKO 3aBEPINThH: MHOXKECTBO BCeX (DOPMYJI TOTIa CIETHO, W TPOCMATPUBAST
UX 110 o4epejid, Mbl MOKeM J1obaBiisATh K [T jinbo camy dopmyiy, jinbo eé orpuna-
HUe, COXPaHsdAsd HEIPOTUBOPEUYUBOCTD. [loydauTces, oueBuHO, MOJTHOE MHOXKECTBO.
HyTb MeHee OUeBH/HA €I0 HEIMPOTUBOPEUYMBOCTH: OHO ObIJIO HEIMPOTUBOPEIMBO HA
KaXKJIOM II1are, HO MOYeMy MPEIebHOE MHOXKECTBO (00beIMHEHIE BO3PACTAIONIECH
nocJiejioBaTebHOCTH ) Byier HenpoTruBopedrnBo? [lejo B TOM, 4TO B BBIBOJE JIBYX
IIPOTUBOPEUAIIIX JAPYT JAPYTY (DOPMYJI MOXKET ObITh 33J1eiCTBOBAHO TOJHLKO KOHEU-
roe qucsio dhopmya uz I' (110 onpejiesieHnio BEIBOAMMOCTH: BBIBOJ[ €CTh KOHETHAST
MOCJIeI0BaTEbHOCTH (bopmya). [loaromy Bee 9T HOPMYIIBI TOTZKHBI TTOSIBUTHCST
Ha HEKOTOPOM KOHEYHOM IIare KOHCTPYKITHH, & 9TO HEBO3MOXKHO (Ha BCEX IIarax
MHOXKECTBO HEITPOTUBOPEUHBO).

st caydasi Ipou3BOJIbHONO HabOpa IMepeMeHHbIX V' paccyKaeHue MOXKHO 3a-
BEPIIUTDH CChIJIKOW Ha jyieMmMy LlopHa: paccMOTpUM 9acTUYHO yHOPSIIOUYE€HHOE MHO-
YKECTBO, 3JIEMEHTAMU KOTOPOro OYJIyT HEIPOTUBOPEUMBBLIE MHOXKECTBa, (DOPMYII,
a TOpsiIKOM — oTHomenne "opITh nmojaMHoXkecTBoM'" . Paccy»k tenne mpebLLyIero
ab3alla TOKa3bIBAET, UTO BCsIKas 1ellb B 9TOM MHOMKECTBE UMEeT BEPXHIO TPAHUILY
(0bbemHeHNe JIMHEHHO YTOPSIIOUYEHHOTO TI0 BKJIIOUEHNIO CEMEHCTBa HEITPOTHROPE-
YUBBIX MHOXKECTB $IBJISIETCS HEIPOTUBOPEUMBBIM MHOXKecTBOM). Cile/loBaTesibHO,
JUUIS JII0OOTO HEIIPOTUBOPEUMBOIO MHOXKECTBa HAiJAETCs cojepXKaliee ero MaKCH-
MaJIbHOE HEIPOTHBOPEYMBOE MHOXKECTBO. A OHO 00s13aHO ObITh MOJHBIM (MHAYE
ero MOXKHO pacIupuTh, nobasus A win —A).

Jlemma 1 jjokazana.
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HokazarenbeTBo jeMMbl 2. [Iyers I — HenmpoTuBopeunBoe moJiHOe MHOXKECTBO.
Torga jyist Kaxkj10if nepemennoii (n3 MHoxkectBa V) poBHO ojiHa u3 HOPMYJ P
u —p BbiBoguMa u3 I'. Ecim nepsas, OygeM cauTaTh NMepeMeHHYIO P UCTUHHOM,
ecJim BTOpasi — JIOXKHO#. TeM caMbIM TIOSIBJISIETCSI HEKOTOPbIN HabOp ¥V 3HAYEHUI
HIEPEMEHHbIX, U HaJI0 TOJILKO HPOBEPUTH, 4TO JiloDas ¢gopmysa u3 I' npu rakux
3HAYEHUAX MePEeMEHHBIX UCTUHHA. DTO JIeJAeTCsd TaK: WHYKIHeH 10 MOCTPOECHUIO
dbopmysibl A MBI JlOKa3bIBAEM, 9TO

A wcrunna Ha Habope v = ['F A,
A noxna na nabope v = I'F —A.

Basuc unjykinun (korga A — nepemennasi) obecriednBaeTcsi ONMPEJICJICHUEM K-
TUHHOCTU MepeMeHHbIX. JIJIs mara mHAYKINT UCIOIL3YeTCsl Ta YKe JeMMa, 9TO 1
IpU JI0Ka3aTe/bCTBE TIOJHOTHI ¢ MOMOIILI0 paszdbopa ciaydaes. Ilycrs, Hanpumep,
A umveer Bus (B A C). Torga ecth deTbipe BOSMOXKHOCTH JIJIsi KICTUHHOCTH B 1
C'. B oprom n3 aux (korga B w C' MCTHHHBI Ha V) TI0 TTPEJITOJIOKEHUIO HHILYKITAH
mbl umeem I' = B u I' F C, orkypa I' = (B A C), 1o ects ' = A. B apyrom
(B uctunna, C' noxua) npeanosoxenne uapaykipn gaér ['= B u I' = —C'| orky-
na ' (B AC), to ects I' F A, Anasiorniso pasbupatorcst U Bce OCTabHbIE
CIydad W JIOTUUECKHe CBsI3KHU. JleMMma 2 joka3aHa, U TeM CaMbIM 3aBEPIIEHO J0-
Ka3aTeJTbCTBO TeopeMbl 19. O

MpbI joKazain, 9T0 BCIKOE HETPOTHBOPEUYNBOE MHOXKECTBO (DOPMYJ COBMECTHO.
OTcrofia JIETKO CJIEJIyeT, UTO BCsKasi TABTOJIOTHs sIBJIsieTCs TeopeMoit. B camom
JieJie, eCJIM @ — TABTOJIOTHs, TO MHOXKECTBO {—@} HECOBMECTHO, TIO3TOMY M3 —(p
BBIBOJIMTCST TTPOTHBOPEUNE, TIOITOMY = ==, 1 110 3aKOHY CHSITHsT JIBOWHOTO OTPH-
HaHus = ©.

Kpowme Toro, TeopeMa o MOJIHOTE BO BTOPO# (hOPMYTUPOBKE HMEET TaKoe Oue-
BUJIHOE CJIEJICTBHE:

TEOPEMA 20 (TeopeMa KOMIAKTHOCTH [JId MCUYUCJICHUS BbICKaSBIBaHHﬁ).
ITycmo T — mmoorcecmeo popmya, 6caroe KonewHoe NOOMHONCECTNEO KOMOPO20O
cosmecmno. Tozda u 6cé mmoocecmeo I' coemecmmo.

JTOKABATEJIBCTBO. Kak Mbl 3HaeM, HECOBMECTHOCTH PaBHOCUJIbHA ITPOTHUBO-
PEYNBOCTH, & BBIBOJ, POTUBOPETHS TIO ONPEIEJEHIIO MOXKET UCIOJIb30BATH JINITH
KOHEYHOE YKCJI0 (POPMY.JL. O

§4. Ilpenukarpi: (popMYyJIbl U1 UHTEPIIPETAIINN

Haunéwm ¢ npumepa. [Iycts M — HEKOTOpOE HEIyCcToe MHOXKECTBO, a R — OuHapHOe
OTHOIIIEHWE Ha HEM, TO €CTh MOJAMHOXECTBO JjieKapToBa mpoussejgenust M x M.
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Bumecro (z,y) € R mbl 6yjem nucars R(x,y). Pacemorpum dhopmyity
Vo dy R(z,vy).

Dra GopMmysa BbipazkaeT HEKOTOPOe CBOWCTBO GuHAPHOIrO oTHOMIeHUst R (j1i1st J1t0-

ooro semenTa & € M HaWIETCS SJIEMEHT, HAXOAIUICT ¢ HUM B OTHOIIICHUN R)

MOXKeT ObITh UCTUHHA, UJIN JioxKHa. Hanpumep, ecsin M ecTh MHOXKECTBO HATypaJib-

ubix uncen N, a R — orHomenue "crporo menbie" (apyrumu ciosamu, R ectb

MHOXKECTBO Beex map (,y), JJis KOTOpbIX T < ¥), TO 9Ta GopMmysia UCTHHHA. A

Juist oTHotenust "crporo 6odibie’ (Ha TOM Ke MHOXKecTBe) 91a (hopMyJia JOXKHA.
Bompoc o Tom, Oyner i ucTuHHA, (DOpMyJIa,

Jy R(z,y)

JUTsT TAHHOrO MHOXKecTBa M u i JaHHoro OmHapHoro otHomenns R na oém, me
MMEeT CMBIC/Ia, MOKa He yTOTHEHO, KAKOBO 3HadeHue nepemennoii . Hampuwmep,
eciu M =N u R(x,y) ectb © > ¥y, 10 31a dopmysa Oyjer ucTuHHOR npu & = 3
u jgoxuaoit npu x = 0. Hus ganabix M u R oHa 3a/aéT HEKOTOpPOE CBOWCTBO
9JEMEHTa £ W TEeM CaMbIM OIpPEJIesIsieT HEKOTOPOe MOJIMHOXKeCTBO MHOXKecTBa, M.

[epeitném kK popmaabubiM onpenesenusam. [Iycts M — Hemycroe MHOYXKECTBO.
Mruosxecrso M* cocronr u3 Beex mocnenoparenbocreit (my, ..., my) gaounnt k,
COCTaBJICHHBIX U3 3jieMeHTOB MHOXKecTBa, M. HazoséMm k-mecmmot dynryued Ha
muoxecrse M o6oe otobpaxenne M* 5 M (onpenenénnoe na seém M*). Curo-
Humbl: 'pyuknus k aprymenTon "dyukinus Bajentnoctu k "dyHKimsg MecTHOCTH
k" u naxe "dynknusa apaocru k" (mocsenmee cJi0BO MPOUCXOIUT OT €JioB "yHAD-
nast" st byHkuuii ogHoro aprymentra, "6unaphas" (onepaiusi) jyist yHKImit
JBYX apryMeHToB u "repHapHas' s TpEX apryMeHTOB).

Hazosém k-mecmmvim npedukamom na Muoxecrse M moboe orobpaxkenne MF
B MuHOKecTBO B = {M,JI}. Takoii npegukar OGyaeT UCTHHHBIM HA HEKOTOPBIX Ha-
bopax (mq, ..., my) MHoxkecrsa M 1 JIOXKHBIM Ha OCTaJbHBIX Habopax. [locra-
BHB €My B COOTBETCTBHE MHOXKECTBO T€X HAOOPOB, I'/ie OH UCTHHEH, MBI MOJyIaeM
B3aMMHO OJTHO3HATHOE COOTBETCTBUE MEXK,Iy k-MECTHBIMHU Ipejukaramu Ha M n
nojmuoxkecrsamn muozkecrsa MF. ToBopst 0 mpeukaTax, Takke yroTpebIIsior
TepMUHDBI ''BaJEHTHOCTD "1ncI0 apryMmenToB u Jp.

Mpr Oyem paccmarpuBaTh TakKe (DYHKIUKA W NPEJINKATHI BAJEHTHOCTH HYJIb.
Muoxecrso M° ofmosaeMenTHO (COMEPKUT eMHCTBEHHYIO MOCIEI0BATEILHOCTD
st 0). Tlosromy dbynkimuu M? — M 0ToxKIeCTBISIOTC ¢ BJeMeHTaMu MHO-
)ectBa M, a HYJbMECTHBIX MPEIUKATOB POBHO JBA — MUCTUHHBIN U JIOYKHBII.

EcrecTtBerno, 4To B (hOpMyJIbI Oy/IyT BXOJUTDH HE caMU (PYHKIIUU U MPEIUKATEI,
a 0003HAYEHMs JIJIsT HUX, KOTOPhIE HA3BIBAIOT QyYHKUUOHAALHOLMU U NPEJUKAMHDL-
MU CuMB0AAMU. B KadecTBe CHMBOJIOB MOXKHO HCIIOJTB30BATH JIIOObIE 3HAKU. Bax-
HO JIMIITh, 9TO KaXXJ0MYy CHMBOJIY NPHUITACAHA BAJEHTHOCTH, KOTOPAas ONMpPEJIEserT,
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CO CKOJIbKMMM apryMeHTaMK OH MOXKeT BeTpedaTbess B popmydie. [IponsBosibHbIM
HAOOP TPEeAMKATHBIX W (DYHKIIMOHAJBHBIX CHMBOJIOB, JIJIST KaXKJIOTO U3 KOTOPBIX
YKa3aHO HEOTPHUIATEIbHOE YUCIIO0, HA3BIBAEMOE 6AACHMHOCTbI0, MBI Oy/IeM Ha3bI-
BaTh CUHAMYPOU.

Ocraérest onpeesiuTh TPU BEI: 9T0 Takoe (hopMyJia JJAHHONH CUTHATYPBI, YTO
TaKoe MHTEpIIPeTalys JaHHON CUIHATYPBI U KOrja (popMyJia sABJSeTCS UCTHUHHON
(B JlAaHHO¥ MHTEPIIPETAINN ).

QukcupyeM HEKOTOPbI HAOOP CHUMBOJIOB, HAa3bIBAEMbBIX UHIUSUIHBIMU Nepe-
mernvmu. OHN TTpeHA3HAYEHBI [1J1sT 0003HAYEHUST 9JIEMEHTOB MHOYKECTBa, Ha KO-
TOPOM OIlpeJiejIeHbl (DYHKIMHU U HMPEJIUKATHI; OOBIYHO B TaKOM KAaueCTBE HMCIIOJIb-
3yIOT JIATUHCKHWE OYKBBI T, ¥, 2, U, V, W C WHAEKCaMu. B Kaxknoit dpopmysie Oyaer
UCIIOJIB30BATHCSI KOHEUHOE YMCJIO [IEPEMEHHBIX, TAK 9TO CYETHOIO HADOPa 1epeMeH-
HBIX HaM XBaTUT. MbI Ipejo/araeM, 9To IepeMeHHbIe OTJIMIHbLI OT BCEX (PYHK-
IIMOHAJIBHBIX 1 MPEJMKATHBIX CUMBOJIOB CUIHATYDbBI (MHAUE BBIHJET MyTaHUIA).

OnpeieiiM MOHSATHE MeEPMG JTaHHON CUTHATYPBI. TepMoM Ha3bIBAETCs IIOCTIE-
JIOBATETLHOCTD TIEPEMEHHBIX, 3alSIThIX, CKOOOK U CUMBOJIOB CUTHATYPbI, KOTOPYIO
MOXKHO TIOCTPOUTD 110 CJICIYIOIIIM IIPABUIAM:

o llnmBunas nepeMennas eCTh TEPM.

o Oynkuuonaabublil cuMBOJI BajgenTHOCTH 0 €CTh TEPM.

e Eciu tq,...,t, — mepMbl, a f — DYHKIHOHAILHBIA CUMBOJI BaJI€HTHOCTH
k>0, 1o f(ty,...,tx) ecrb Tepm.

B npuniune MoxKHO ObLJIO HE BbIJIEIATH (DYHKIMOHAJIbLHBIE CUMBOJILI BaJEHTHO-
cru 0 (KOTOpbIe TaKKe HA3bIBAIOT KOHCMAHMAMU) B OTJICJILHYTO TPYIIILY, HO TOJIA
OBl TIOCJIe HUX MPHIIIOCH MUCATH CKOOKH (KakK 9TO JIellaeTcst B MPOrpaMMax Ha

szbike Cr).
Ecmu A — npenukaTHblii cuMBOJ BajeHTHOCTH K, a ti,...,t; — TEpPMbI, TO
Boipaxkerue A(ty, ..., 1) cuuraercs amomapnot dopmyaot. Kpome toro, oboit

HpeJIMKATHBINA CUMBOJI BaJieHTHOCTH () cauTaercst aroMapHoi (hopMyJIoii.
DopMyJIbI CTPOATCS IO TAKAM MTPABUIIAM:

e Aromaprast popmysta ecthb (popmy.a.

e Eciu o — dopmyna, To ~p — dhopmyia.

e Eciin ¢ u Y — dbopmyiibl, To Boipaxkenus (@A), (p V), (¢ — 1) rakxke
SIBJISTFOTCST (DOPMYJIaMU.

e Eciu ¢ ectb dopmysia, a & — WHAMBHU/HAS HEPEMEHHAs, TO BbIPaYKCHUs
VE p u 3€ p saBisitorest hopmyIaMu.

Bo MHOrEX ciiydasix B CUIHATYDY BXOJMT JIBYMECTHBIN MPEIUKATHLIA CHMBOJI
=, Ha3biBaeMblil pagerncmeom. [lo tpajunuu Bmecro = (ty,ts) numyr (t1 = ta).
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Uraxk, mousiTue (hopMyJIbl B JAHHOI CUTHATYPE TIOJIHOCTBIO oTtpeiesieno. VHoria
Takre GOPMYJIbl HA3BIBAIOT POPMYAGLMU NEPBO20 NOPAJKA TAHHON CUTHATYPHI, NJIN
bopmynamu Asvika nepeoz2o nopAadka ¢ TAHHONW CUTHATYPOIA.

Harr cieyrommuii mar — onpejeseHue uHmepnpemanyul, JaHHOl CUTHATYPHI.
[Tycrb pukcupoBata HeKOTOpasi curiarypa 0. 4rodbl 3a/ia1Th UHTEPIPETAIUIO CUT™-
HATYPbI 0, HEOOXO MO

® yKa3aTh HEKOTOPOE HEIYCTOe MHOXKECTBO M, HA3BIBACMOE HOCUMEAEM WH-
TePIPETAINN;

® JIJIT KayKJIOr0 MPEJUKATHOTO CUMBOJIA CUTHATYPLI 0 YKA3aTh IIPEIUKAT C
COOTBETCTBYIOIIUM YKUCAOM apryMEHTOB, OIIPEJICJICHHBINA Ha MHOXKecTBe M
(kak Mbl y2Ke TOBOpUJIHM, 0-MECTHBIM TIPEJIMKATHBIM CUMBOJIAM CTABUTCS B
coorsercraue jmbo U, nubo JI);

® JIJIs KaxK 1010 (PYHKIMOHAJIBLHOIO CUMBOJIA CUHATYPbI 0 YKa3aTh (DYHKIUIO
COOTBETCTBYIOIIErO YNCIa APIYMEHTOB ¢ apryMEeHTaMU U 3HaYeHuaMu u3 M
(B wacrHOCTH, JiJisi O-MeCTHBIX (DYHKIMOHAJIBLHBIX CHMBOJIOB HAJI0 YKa3aTh
9JIEMEHT MHOXKeCTBa M, ¢ HUME COMOCTABJISIEMBbIii ).

Ecau curnarypa BKJIIOYaeT B ce0si CHMBOJI PABEHCTBA, TO CPEJIU €€ HHTepIpeTa-
Uil BBIJIESIOT HOPMAAbHGIE NHTEPIIPETAIUN, B KOTOPBIX CUMBOJI PaBEHCTBA WH-
TEpPIPETUPYETCs KaK COBIIaJIEHNE 3JIeMEHTOB MHOXKecTBa M.

[TpuBeiéM HECKOJILKO NMPUMEPOB CUTHATYP, UCIOJb3YEeMbIX B Pa3JIMIHBIX TEO-
pUSIX.

Curnarypa T€Opun yropsiIOYeHHbIX MHOXKECTB BKJIOYAET B ce0si JiBa JIBYMECT-
HBIX [TPEJMKATHBIX CUMBOJIA (PABEHCTBO U MOPSJIOK ) U HE HMeeT (DYHKITMOHATBHBIX
CUMBOJIOB. 3JIeCh Takxke BMecTo < (z,¥y) 10 Tpajuiuu nuimyr r < y.

Akcrombl opsiJika (pedyeKCHBHOCT, AHTUCUMMETPUTHOCTh, TPAH3UTUBHOCTD )
MOTYT OBbITh 3alucanbl (popMyJiaMu 3Toit curuarypbl. Hanpumep, TpeboBanue aH-
TUCUMMETPUIHOCTH 3AIMMCHIBACTCS TaK:

VaVy(((z < y) A (y < z)) = (. =1y)).

Unorpa B curnaTypy TeOpuu yHOPsIOUEHHBIX MHOXKECTB BMECTO CHUMBOJIA <
BKJIFOUYAIOT CUMBOJI <; OOJIBINON pa3HUIIbI TYT HET.

CurnaTypy TEOpHUU Py MOXKHO BBIOUPATH MO-pa3zHoMy. MoXKHO cuuTaTh, 9TO
(MOMUMO PaBEHCTBA) OHA UMEET JIBYMECTHbIH (DYHKIMOHATBHbI CUMBOJ X (KOTO-
DB 110 TPaJIMIIUK 3AIUCHIBAIOT MEXKJLy MHOXKUTEJISIMU ), KOHCTAHTY (HYJIbMECTHbII
bYHKIMOHATBHBIN cUMBOJT) 1 U OfiHOMECTHDIH (DYHKIMOHAJIBHbBIA cUMBOJI inv(z)
Juist obpaittenus. Torjia akCMOMbI TEOPUU I'PYIIIT 3alIUChIBAIOTCS C UCIIOJb30BaHUEM
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JIMIITL KBAHTOPOB BCEOOIIHOCTH:
Ve vy Vz(((z x y) x 2) = (x X (y x 2))),
Ve (((zx1)=2)A((1 xz)=1x)),
Vo (((z x inv(z)) = 1) A ((inv(z) x x) = 1)).

Ecin He BKJIIOYATHL OIEpaIuio OOpallleHus B CUTHATYPY, NPUAETCS UCIOJIb30-
BaTh KBAHTOP CYIIECTBOBAHUS W MEpPenucarTh MOCIe HIOI0 aKCUOMY TakK:

VaJy (((z xy) =1) Ay x x) =1)).

Curnarypa TeOpurd MHOXKECTB COJICPXKUT JIBa JIBYMECTHBIX IIPEIUKATHBIX CHM-
BOJIA: JIJIsl IPUHA/JICXKHOCTH U JIJIsI PABEHCTBA. AKCHOMbBI TEOPUU MHOXKECTB MOXKHO
3aIIMCBIBATH B BUJIE (DOPMYJI 9TOI CUTHATYPHI.

SAIAYA 50. Jokaosicume 0CHOBHDIE IKBUBAACHIMHOCTIU, COJEPHCAULUE KEAH-
mopot.

(1) Vz P(x) = 3z P(x)

(2) 3z P(z) = Vx P(x)

(3) VaVy P(x,y) = VyVx P(x,y)

(4) Jz3y P(x,y) = JyTz P(x,y)

(5) Vx (P(z) A Q(x)) =Vz P(x) ANVx Q(z))
(6) 3z (P(x) VQ(z)) = 3z P(x) V Iz Q(x))
(7) Yz (P(z) vV Q(y)) = Vo P(z) V Q(y)

(8) 3 (P(x) A QUy)) = 3w P(x) A Q(y)

(9) YWz P(z,y) = Vady P(x,y) =1

§5. OmnpenesieHne MCTUHHOCTU

I3 npuBeIEHHBIX BbIIE IIPUMEPOB, BEPOSTHO, IOHATEH CMbBICJ (DOPMYJIbI, TO €CTh
SICHO, B KAKNUX WHTEPIPETAIUSIX JAHHOW CUTHATYPHI U JIJIsT KAKWX 3JIEMEHTOB (DOp-
MyJia UCTUHHA. TeM He MeHee JJis JOOUTeIell CTPOTOCTH MbI IIPUBEIEM (hOpMaIb-
noe omnpejesienre ucrnanoctu. (Ero gerann nonanobsitest, Koria Mbl Oyaem mpo-
BEPsiTh UCTUHHOCTH BbIBOMMbIX (DOPMyII, ¢M. pases 11.)

[Ipex e Beero, onpeesnum hboOpMabHO MOHATHE napamempa GopMyJIbl (mepe-
MEHHOI, OT 3HAYEHUsI KOTOPOIT MOXKET 3aBUCETH UCTUHHOCTE (hopMmyJibl ). CorsacHo
9TOMY OIIpejleJiennio, cKaxeM, dopmyia Vo Jy A(z,y) He uMmeer mapamerpos, a
dbopmysbl Jy A(z,y) u (A(x) A Vo B(x,z)) nMeroT eJMHCTBEHHBI TapaMerp .
BoT Kak BBITJISIAT 3TO OIpeJieIeHue:

e [[apaMerpamMu TepMa sIBJSIOTCS BCEe BXOJSINUE B HENO WHJUBHHBIE II€pe-
MEHHBIE.
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e [[apamerpamMu aToMapHOil (POPMYJIbI SABJIAIOTCA MapaMeTpbl BCEX BXO/Is-
X B HEE TEPMOB.

e [TapameTpnl (hopMyJsibl —p T Ke, 9TO y (POPMYJIBI (.

e TTapamerpamu dopmyi (@ A1), (¢ V) u (¢ — 1) aBistiorcst Bee napa-
MeTpbl (POPMYJIBI , a TaKKe Bce mapameTpbl (POPMYyJIbI 1.

e [[apamerpamu popmyn VE ¢ u I€ ¢ gBisiioTca Bce mapamMeTpbl (pOPMYJIb
», KpOMe TIepeMeHHOi €.

[TapameTpbl MHOTJIa HA3BIBAIOT C680000HLIMU NeEPeMERHbLMY POPMYJIbI. 3ame-
TUM, 9TO GOPMYJIa MOXKET UMETh OJIHOBPEMEHHO apaMeTp & U UCHOJIb30BaTh (B
apyrom mecre) kBanTop V. Kak roBopsar B 9ToM ciiydae, OJ[HA U Ta YKe IepeMeH-
Hasi UMeET c80000nvblen ceasannbvie BXoxaeHusi. CBODOIHOE BXOXKIEHUE TTEPEMEH-
HOII — 39TO TaKOe BXOKJIEHHE, KOTOPOe He BXOJUT B 00JIaCTH JEeHCTBUSA OJHOUMEH-
HOTO KBaHTOpa. KEcin akKypaTHO ONpenesnTh 3Ty 00JacTh JEHCTBUST, HECTOKHO
IIPOBEPUTH, UTO MapaMeTpbl (POPMYJIBI — 9TO KaK pa3 IepeMeHHble, MEOIIIe CBO-
OOJIHDbIC BXOXKJICHUSI.

Teriepb Mbl XOTHM ONPEJIEINTH MOHATHE POPMYJIbI, UICTUHHON B JAHHOW MHTED-
IPETAIUH [IPY JIAHHBIX 3HAUYCHUAX IapaMeTpoB. TeXHUUeCKU IPOIe CIUTATh, UTO
BCEM MHJIMBUIHBIM MEPEMEHHBIM MPUITUCAHBI KAKWe-TO 3HAYCHUS, a MOTOM JOKa-
3aTh, UYTO IIePEeMEHHbIe, He sIBJISIONUEecs ITapaMeTpaMy, He BJIUSIOT Ha UCTHHHOCTD
dopmyiThI.

Urak, nycTh (pUKCHPOBAHA CUTHATYPA U HEKOTOPAsl MHTEPIIPETAINs ITOi CUT-
HaTypbl. Quenkotl Ha30BEM OTODpaXKeHe, KOTOPOE CTABUT B COOTBETCTBIE KaXK 0
WH/IUBUAJITHON ITIEPEMEHHON HEKOTOPLINA 3JIEMEHT MHOXKECTBA, SABJISIOINIEIOCS HOCUTE-
JIEM UHTEepIpeTaluu. JTOT 3JIeMEHT OyJIeM Ha3bIBATh 3HAYeHUEM Nepemernot Ipu
JIAHHOU OIICHKE.

OnpeeniiM UHJIYKTUBHO 3Ha4eHue mepma t IpH JTaHHOR OIeHKe T, KOTOpPOe
MbI Oysiem obosHadarh [t]().

e JIJ1s1 IepEeMEHHBIX OHO y2Ke OIPEJIeJICHO.

o Ecin t siBisiercst KOHCTAHTOW (HYJIbMECTHBIM (DYHKIIMOHATBHBIM CHMBO-
soMm), To [t](7) He 3aBUCHT OT T W PABHO 3HAYCHUIO STOH KOHCTAHTHI MPHU
JAHHON WHTEpIpeTaliy (HATIOMHUM, B MHTEPITPETAIN ¢ KaXKJI0# KOHCTaH-
TO CONOCTABJISACTCS HEKOTOPBI 9JIEMEHT HOCHTEIs ).

e Eciu t umeer Buj, f(t1,...,tn), one f — QyHKIMOHAIBHBIA CHMBOJI Ba-
JE€HTHOCTU M, & t1, .. ., ty, — Tepmbl, 10 [t] () ectb [f]([t1](7), ..., [tm](7)),
rjie [f] ecrb dyukuus, coorBeTcTByoNasg cuMBoJy f B Hallell HHTEpIpe-
Tanuu, a [¢t;](7) ecTh 3HaYeHWe TepMa t; TIPU OIEHKE 7.

Terepp MOXKHO OIpPENENUTH 3HaueHue Gopmyase © TPU JAHHOH ONEHKe T B
JIAHHOW MHTepIperalu, Koropoe obosnavaercs [p](m) u Moxer ObiTh paBHo U
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uiu JI; B mepBom cirydae popMyiia Ha3bIBACTCS UCMUHHOT, BO BTOPOM — A0HCHOT.
DTO ompejiesIeHne TaK»Ke WHIYKTUBHO:

e Buauenne aroMapHoii hbopmysbl A(ty, ..., t,) ONpeIeIaeTcs Kak

(Al )(7), - [t] (7)),

rie [A] — npejukar, cOOTBETCTBYONIMIL IpeuKaTHOMY cuMmBosly A B pac-
cMmarpuBaeMoit nnrepuperanun. Ecan dopmyna npegcrasisier coboii Hyib-
MECTHBIN IPEJUKATHLIA CUMBOJI, TO €€ 3HAYCHKE HE 3aBUCUT OT OLEHKU U
eCTh 3HAUEHNE 9TOr0 CUMBOJIA.

o [—p|(m) ompenensiercs kak = ()], Tie — moHUMaeTcst Kak orneparnus B B.
Hpyrumu ciosamu, GopMy/ia =@ MCTHHHA TIPU OICHKE T TOIJA U TOJLKO
Tora, Korga GopMysia ¢ JOXKHA IPUA ITON OLEHKE.

o [p AY](m) onpenensiercs Kak [p](m) A [¢](7), rie A B nipaBoit yacTu moHu-
maercs Kak oriepanus B B. (Ipyrumu cioBamu, dopmydia (¢ A1) ucruana
IIPU OIIEHKE T TOIJia U TOJBKO TOIJIA, KOrjaa obe (popMyJIbl ¢ U 1) HCTUHHBI
npu 9TOi oreHKe.) AHasornaHbIM 0b6pasoM [p V ¥](7) onpejensiercst Kak
[p](m) V [¢](m), a [o = ¥](7) — kax [p](m) = [¢] (7).

e Oopwmyna VE p ncTuHHA Ha OIEHKE 7T TOTJA W TOJIHKO TOrjIa, Kormga hopMy-
JIa, (0 MCTUHHA Ha, JIIOOOH oleHKe 7', KoTopast COBHAJACT ¢ T BCIOJY, KPOME
3HaUeHUsl epeMeHHoil £ (Koropoe B orieHKe T MOyKeT ObITh JiiobbiM). [py-
UMM CJIOBAME, €CJii 0603HAUUTh Yepe3 T+ (£ — m) OleHKy, Ipu KOTOPOii
3HAYEHUE MepeMeHHoi £ paBHO M, a OCTAJbHbIE IEPEMEHHbIE TPUHUMAIOT
TE YK€ 3HAYCHUSA, UTO U B OLECHKE T, TO

Veol(m) = N [el(m + (€= m)).

meM

(B npasoit vactu cront 6eCKOHETHASI KOHBIOHKIINS, KOTOPAsk HCTHHHA, €CJTH
BCe €6 UJIeHbI HCTUHHBI. )

e Oopwmyna J€ ¢ McTMHHA Ha OIEHKE T TOTJA W TOJLKO TOT/a, Korja ¢hop-
MyJIa (0 UCTUHHA Ha HEKOTOPOIi OIeHKe 7', KOTOpasi COBIIAJAET C T BCIOLY,
KpOMe 3HaueHHst iepeMeHHoit £ (KOTopoe B orleHKe T’ MOXKeT ObITh JII00BIM ).
Hpyrumu cjiioBamu,

VEpl(m) =\ [el(m+ (€ = m)).

(B npasoit yactu crouT 6ecKOHEUHASE M3 BIOHKIIUS, KOTOPasi UCTUHHA, €CJIH
X0Tst OBl OJIUH U3 €€ WICHOB UCTUHEH. )

3amMeTnM, 9TO B JIBYX IOCJIEJHAX IYHKTaX 3HAYCHHUE IepeMeHHON & B OlEHKe
T He Urpaer pojid. DTO MO3BOJISAET JIETKO JIOKA3aTh (MHIYKIHEH M0 TOCTPOCHHIO
bOpMyJIbI) TAKOE YyTBEPXKICHUE: €CJIU JIBE OIEHKU T U T2 MPUIAIOT OJMHAKOBbIE
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3HaueHust BeeM napamerpam ¢popmydibl @, 10 [¢|(m1) = [@](m2). Apyrumu ciosamu,
MCTUHHOCTH (POPMYJIbI OIIPEJIE/ISIeTCs 3HAYCHUIMU €€ IapaMeTpOB.

SBAIOAYA 51. Ilpusedénnvie svie onpedeserus npumeHumst K 110000 Hopmy-
ae, 6 mom wucie u k cmpannot gopmyae Yy A(x). Kawue y neé napamempo,?
IIpu kaxuzr 3navenuar napamempos ona ucmunna? (Omeem: ona umeem edun-
cmeennul napamemp T u skeusasenmua popmyase A(z).)

BAJIAYA 52. B waxom cayuae 6ydem ucmunna gopmyaa YrIx A(x)? Tom
orce sonpoc daa dopmyav, Iz Ve A(x). (Omeem: nepsas uz smux Gopmys sK6u-
sasermua popmyae 3x A(x), a émopas — dpopmyare Vr A(x).)

DopMyia HA3LIBAETCS 3aMKHYMOU, €CJIM OHa HE MMEeT IIapaMeTpOB. 3aMKHY-
Thie (POPMYJILI HA3BIBAIOT TakxKe cyocdenusmu. Kak Mbl JOKa3aJ1, MCTUHHOCTD
3aMKHYTOW (DOPMYJIBI OTPEJIENISeTCsT BHIOOPOM HHTEPIPETAINY (U HE 3aBUCHT OT
3HAYECHUH [IEPEMEHHBIX ).

§6. BrIipa3sumble npeankKaThbl

[Tycrb ¢pukcupoBana HekOTOpasi cUrHaTypa 0 U €€ WHTEeplpeTalus ¢ HOCUTEIeM
M. Mbl XOTHM OIPEAETUTD MOHATHE 66iPa3uM020 (C TOMOIIBIO GOPMYJIBI JTAHHOI
CUTHATYDbI B JIAHHON MHTepIperannn) k-MecTHOrO 1peJiuKaTa.

Boibepem k nepeMeHHBIX 1, ..., TE. PaccMoTpuM npou3BOJIBHYIO (DOPMYIIY @,
BCE MapaMeTpbl KOTOPO# COJIepXKATCA B CIIUCKE T, . .., Tg. VICTHHHOCTH 9TOi (hop-
MYJIbI 3aBUCHUT TOJIbKO OT 3HAUEHUI MepeMEeHHBIX X1, . . . , Tk. 1€M CaMbIM BO3HUKA-

et orobpaxenne M* — B = {M1,JI}, 10 ecTh HeKOTOPKIii k- MECTHBI IPeIUKAT Ha
M . ToBopsit, 4TO 3TOT UPEIUKAT Supasicaemcs HhopMylioi ¢. Bee npejpukarbl, KO-
TOPBIE MOXKHO TIOJIYIUTh TAKKM CIIOCOOOM, HA3BIBAIOTCS 6bipasumvimu (ScHO, 910
KOHKDETHBIH BLIOOD CIIMCKa TIlepeMEeHHbIX poJii He urpaet.) CooTBeTcTByOIMe UM
MOJMHOKeCTBa MHOKecTBa MF (0671aCTH HCTHHHOCTH BBHIPA3HMbIX HPEUKATOB)
TaK»Ke HA3bIBAIOT BHIPA3UMbBIMHA.

SBAIAYA 53. Hoxascume, wmo nepeceuenue, obsedunenue u pasdnocmsv 06Yx
BOIPABUMDLL MHOACECTNG ABAANMCA 6bipasumvimu. okascume, wmo npoexyus k-
MEPHO20 BVIPA3UMO20 MHONHCECNEA 60J0Ab 001U u3 "ocel Koopdurnam™ asasemes
(k — 1)-Meprvim 6bipasuMvLM MHONACECTEOM.

Mpumep. Curnarypa COIEPNKUT OJHOMECTHBI (PYHKIIMOHAIBHBIA CUMBOJI S 1
JIBYMECTHBIN MPEJNKATHBIN CUMBOJI paBeHCcTBa (=). PaccMoTpum wHTEpIpeTaImo
9TOM curHarypel. B KauecTBe HocuTesisi Beibepem HaTypasbHblil psij N. CumBos S
Oyuier 0bo3HAYATH QYHKIMIO TPUOABJICHUs eJMHUIbI (MOKHO cuuTaTh S COKpAalle-
HHEM OT CJIOBA SUCCESSOI — MOCJIE0BATENh). SHAK PABEHCTBA WHTEPIIPETUPYETCSI
KaK COBITaJIeHNE JIEMEHTOR.
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JIerko mpoBepuTh, 9TO OMHOMECTHDII IpeauKaT "ObITh HyJAEM'" BhIpa3uM B 9TOI
MHTEPIPETAIMN, HECMOTPSI Ha TO, YTO KOHCTAHThI JIJIsl HYJIsI B CUTHATYPE He [IPeJLy-
cMoTpeno. B camom fente, on BbIpaxkaeTcs hOpMyJIoit

—3y(r = 5(y))

C €JIMHCTBEHHBIM 11aPAMETPOM .

E1mé mpoirie BeIpa3uTh B 3TOI CUTHATYPE JIBYMECTHbIN IpenKaT "ObITh O0JIbIIe
Ha 2 IPU 9TOM JlaxKe He Hy»KHbI KBaHTOopbl: Yy = S(S(x)).

MoxKHO J0Ka3aTh, 9TO B 9TOH CHTHATYpe KBAHTOPDLI HOUTH HE yBEIUIUBAIOT
HAOOP BHIPA3UMBIX MTPEJIMKATOB: BCAKNN BHIPA3UMbI ITPEJINKAT OyIeT BhIpaskaThCsi
OeckBaHTOPHOIN GopMyJIoii (BO3MOXKHO, TOpa3io Hosee JJIHHHOI), ecin 106ABAUTH
K curaarype kouctanty 0.

YroObl HPUBBIKHYTH K HOHATUIO BbIPA3UMOCTU, PACCMOTPUM €IlE OJMH LPU-
mep. Ilycrs curnarypa comepKuT IpejiuKaT paBeHCTBa U TPEXMECTHBIN IIPeInKaT
C. PaccMoTpuM mHTEpIIpETALNIO, B KOTOPOH HOCHTEJIEM SIBJISIETCST MHOXKECTBO TO-
YeK IJIOCKOCTH, PABEHCTBO MHTEPIIPETUPYETCsl KaK coBlajienue Touek, a C'(x,y, 2)
O3HAYAET, YTO TOYKM T U Y PABHOYLAJIEHBI OT TOUYKM z. OKa3bhIBAETCs, UTO ITOIO
IpeIuKaTa JTOCTATOYHO, ITOOLI BLIPA3UTEL OOJiee WM MeHee BCe TPaIUIHOHHBIE
MOHSITUST SJIEMEHTapPHON TeOMeTPHN.

Kax, nanpumep, 3anucarh, 9T0 Tpu pasandibie Toukn A, B, C' gexkat Ha o1HOif
npsamoit? Bor kak: "me cymecrByer apyroit Toukn C’, KoTopas Haxoamuaach Obl Ha
Tex ke paccrosinusix or A u B, aro u rouka C".

SAIAYA 54. Hanuwume coomsememeyowyro hopmyay yrasannot cu2mamyy-
PoL.

Tenepsb JIerko BuIpa3uTh Takoe cBoiicrso Yerbipéx Touek A, B, C, D: "touku A
n B pasnnunsl, Toukn C' 1 D pasznmmanas u npaMble AB u C'D napasnensun”. B
caMoM JieJie, HaJI0 HAINCATh, 9TO HeT TOYKH, KOTOpasi Obl OJHOBPEMEHHO JIeXKaJla,
Ha oJHoi npsimoii ¢ A u B, a rakxke na ojuoit upsamoit ¢ C'u D,

ITocsie 5TOro MOXKHO BBIPDA3UTh CBOMCTBO Y€THIPEX TOUEK "OBITH BEepIINHAMHU I1a-
paJjutesiorpamma. DTo MO3BOJISIET IEPEHOCUTH OTPE30K HapaJuiesbao cede. [locie
9TOr0 HECJIOXKHO BBIPA3UTHL TaKoe CBOoiicTBO: "paccrosinne AB paBHO pacCTOSTHUIO

CD".
SAJTAYA 55. Banuwume coomsemcmsyouyyo Gopmyry.

AnajornunbiM o6pa30M MO2KHO JIBUT'AQTbCA U JaJIbIIIE.

BAIAYA 56. Bupasume ceoticmeo |OA| < |OB| mpéx mouex O, A, B. (Vka-
sanue. Hanuwume, wmo ece npamwvie, nporodawue wepes A, nepecexaromca c
oxpystcnocmoro paduyca OB ¢ yenmpom 6 O.)
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BAIAYA 57. Banuwume 6 sude gopmyav: (@) pasencmeo mpeyzosvbnuKos;
(6) pasencmeo yeaos; (8) c6olicmeo yaaa Ovims NPAMBIM.

SAIAYA 58. Pacemompum ecmecmseennyto uHmepnpemayuto  cuzhamypol
(=, <) na muoocecmse ueavixr wucea. Kax evpasumo npedukam y = x + 17

SAJTAYA 59. Pacemompum mnoscecmseo deticmeumenrbHols Yuces Kok uHmep-
npemayuio cuenamypv (=, +,y = 2%). Kax svipasums mpévmecmmnnidi npeduram
xy = 2%

SBAIAYA 60. Paccmompum MHONCECTNEO UEADIT NOAOHCUMEADLHBLT YUCEA KK
UHMEPNPEMAYUIO CUZHAMYDPYL, CcodeparcauLets PaseHcmeo U dsymecmmuovil npedu-
kam "x deaum y". Bupasumov ceoticmea "pasnamuvca edunuue” u "owmv npo-
cmvtm wucaom”.

SBAJIAYA 61. Pacemompum naockocms Kak uHmMepnpemayuio cuzHamypol, co-
deporcawetdi npedukam pasencmea (cosnadernue moyer) u deymecmuniil npeduram
"waxodumuvca na paccmoanuu 1. Bupasumv deymecmmuvie npeduxamo, "naxo-
dumuwca na paccmoanuu 2" u "waxodumuvea na paccmosnuu ne bonee 2.

§7. BeipasumocTh B apudmMeTruke

PaccMorpum curtarypy, UMEROIIYIO JIBa JIByMECTHBIX (PYHKIIMOHAJIBHBIX CUMBOJIA,
— CJIOXKEHHe U yMHOXKeHue (Kak 0O6bIaHO, Mbl Oyj1eM HcaTh T+ Yy BMecTo +(x,y) u
T.JI.) M JIByMECTHBI{ [PEJIMKATHBIH CMMBOJI paBeHCTBa. Paccmorpum nHTEpIpera-
U0 TOI CUIHATYPbI, HOCUTEJEM KOTOPOii siBJIsseTcss MHOXKecTBO N HaTypabHbIX
JUCETI, a CJIOYKEHHe, YMHOXKEHHE ¥ PaBEHCTBO MHTEPIPETUPYIOTCS CTAHIAPTHBIM
obpazoM.

BripazumMbie ¢ moMombio (DOPMYJT 3TOH CHTHATYPBHI MPEIUKATH HA3HIBAIOTCSI
apuGMEeMUMECKUMU U UTPAIOT B MATEMATHIECKOR JIOTHKE BaXKHYTO poJib. CooTBeT-
CTBYIOIIME MHOYXKECTBa TaKxKe Ha3BIBAIOTCA apugpmemuveckumu. O HUX 10IPOOHO
pacckazaHo B JIPYTOil IyiaBe; OKa3bIBAETCsI, 9TO MOUYTH BCSIKOE MHOXKECTBO, KOTOPOE
MOXKHO OIKMCATh CJIOBAMHU, SABJISETCS apuPMEeTHICCKUM.

BAIAYA 62. Hokasicume, 4mo cyusecmeyem MHOACECNE0 HATMYPAALHOLT -
cen, me Asafoueecs apupmemuieckum. (Yrazanue: cemeticmeo 6cex nodMHo-
orcecme muooicecmea N necuémmo, a apuhmemuseckus MHoNCECTNG CHEMNHOE Yuc-
10.)

ﬂﬂﬂ Ha4daJia Mbl YCTaAaHOBUM apI/I(bMeTI/IqHOCTb JOBOJIbLHO IIPOCTBLIX MPEJINKATOB.



§7. Beipasumocts B apudmernke o7

o [Ipenukar x < y gapaserca apudmerndeckuMm. B camoMm nesne, ero MoxKHO
samcarh Kak 32 (v + 2 = y).

e [Ipenukaror x = 0 u x = 1 asiasiorcs apudmerndeckumu. B camom nere,
x = 0 Torja u TOJBKO TOrJA, Korga r < y jjis Joboro y (a Takyke KOrjua
r+x=u1x). Ax=1mrorga 1 TOJILKO TOJA, KOJIA T IpeJcTaBiser coboil
HaUMEHbIIIee IUCII0, OTindHoe oT Hysst. (MoXKHO TakKe BOCIOIb30BATHCS
TeM, 9To Y - 1 = y 1npu s1060M y.)

e Boobire jijist 1060ro (bUKCHPOBAHHOIO UKCJIA € HIPEJIUKAT T = C sIBJISCT-
cst apudpmerndeckuM. (Hanpumep, MoxKHO Hamucarh cymmy u3 GOJIBIIONO
TUCJIA €JIUHUIL, )

e [lone3ro Takoe obIIEe HADJIOAEHIE: €CJIN Mbl YK€ YCTAHOBUJIN, I9TO KaKOii-
TO LPEJUKAT ABJISETCH apUPMETUIECKUM, TO B JaJbHeRIIel ero MOXKHO Ue-
10JIb30BaTh B (POpMyJIax, Kak eCjiu Obl OH BXOJUJ B CUTHATYPY, IOCKOJIbKY
ero Bcerja MOXKHO 3aMEHUTHh Ha BhIPAXKaoILyio ero (popmyJy.

o [Ipesukar |y (Yucao x sBIgETCS JleJUTesieM YUcia YY), OYeBUJIHO, apud-
meruden (dbopmyia 3z (22 = y)).

e [Ipenukar "z — npocroe unciao" apudmernden. B camoMm sese, 9ucyio mpo-
CTO, €CJIN OHO OTJIMIHO OT 1 w Jiroboit ero jesnTesh paBer 1 ninm camomy
YUCILY. DTO Cpa3y 2Ke 3allUCbIBACTCA B BUjie (POPMYJIbL.

e Ornepanuu 9acTHONO U OCTATKA TIPH JICJICHUH apuDMETHIHbI (B TOM CMBIC-
JIe, 970 TPEXMECTHbBIE IPEJUKATHI ' €CTh YacTHOE 1IPH JiesieHnu a Ha b" u
"r ecTn ocraTok npu genennn a Ha b" apudmermunnl. Hanpumep, mepporii
u3 HuX sanucbiBaercs dopmyoi Ir ((a@ = bg + 1) A (r < b)) (kak mblI
y>Ke TOBOPHJIN, WCIONb30BaHe aprudMeTHIecKoro npeaukara (r < b) me
co3aéT mpobiiem).

® DTOT CHUCOK MOYKHO MPOIOJIXKATD: JIJIsT MHOIUX IIPEINKATOB UX OIIpeesie-
HUe TI0 CYIECTBY yKe fBJsieTcs HyKHoil (popmysioit. Hanpumep, coiicTBa
"ObITh HAMOOJIBIITUM OOIIMM JiesiuTe/ieM "ObITh HAMMEHbBIITMM ODIIMM KPaT-
HBIM "OBITH B3aUMHO IIPOCTBIMU" BCE OTHOCSTCSI K 9TOH KaTerOpHUH.

o [Ipesmkar "ObiTh crenenbo JBOHKU" siBisieTcst apudMerndeckuM (Xorst
9TO W HE CTOJb OYEBHJIHO, KAK B MPEJbIIYINUX mpuMepax). B camom je-
Jie, 9TO CBOMCTBO MOXKHO 11epedopMyIMpoBaTh TaK: JIFOOOH Je/nTe/b JIU00
paBeH eIuHuIe, 00 IETeH.

[Tocienree u3 HaIMX PACCY»KJICHUI TOAUTCS JJIsi CTEIeHell TPORKM U BOODIIe
JIUIS cTereneit jioboro mpocroro uncia. OaHaKo yKe JJIsl cTeneHeil 9eTBEPKU OHO
He IPOXOJIUT, U, IIOXKAJIyil, MbI IIOJIOILIM K I'paHuIle, rjae 6e3 HeKOTOpPoro odIero
MeTo/j1a He 00ONTHUCE.

JIBa HamboJjiee M3BECTHBIX CIOCO0Oa JIOKA3bIBaTh apu(PMETUIHOCTh OCHOBAHDI
Ha BO3MOXKHOCTH "KOAUPOBaHUSI" KOHEUHBIX MHOXKECTB M IMOCJIEI0BATEIHLHOCTEN].
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Ouun Bocxouut K [éjenio (rak HasbiBaemas [S-pynkius [8esst), Bropoit usjioxen
B kaure ""Teopus popmaibubix cucrem. Eé nanucan P. Cmannan, n3BecTHDIN TaK-
Ke KakK aBTop MOIyJIsipHbIX cO0pHuKOB "orundeckux 3ajad" u anek01oB. (Ouu
13 TaKUX COOPHUKOB MMeeT MapajoKcajibHoe HasBanue "Kak »Ke Ha3bIBaeTcs 3Ta
KHUra?).

B HEKOTOPBLIX OTHOIIEHUsIX MeTon ['€ess mpeanouTuTebHeil, 1 Mbl paccKa-
3bIBAEM O HEM HUXKe, HO ceffuac i PasHoodpasust PacCMOTPHUM JAPYToii CIocoO.
SadukcupyeM B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXK]1y HATYPAJbHBIMU YKC-
JIAMU ¥ JIBOMYHBIMU CJIOBAMMU:

0123 4 5 6 7 8
A 0100 01 10 11 000 001

DTO COOTBETCTBUE 33/]aETCsI TaK: YTOODI IOy IUTH CJIOBO, COOTBETCTBYIOIIEE YUCITY
n, HaJ1o0 3anucarb N+ 1 B JIBOMUHOI cucremMe u yiaaJuTh 1epBylo ejgunuily. Harpu-
Mep, HYJII0 COOTBETCTBYeT mmycroe caoBo A, uncay 15 — caoso 0000 u T.1. Tenepn
MOXKHO T'OBOPUTH 00 apuMETUIHOCTU TTPEJUKATOR, OIPEJICJEHHBIX Ha JIBOUUHBIX
CJIOBaX, UMesl B BUJIy apu(pPMETUIHOCTH COOTBETCTBYIONIUX MpeukaToB Ha N.

e [Ipeukar "csiioBo x cocrout u3 ojHux Hyseir! apudmernden. B camom
Jiesie, pU Tepexojie K 9ucaaM eMy COOTBETCTBYeT npejukar « + 1 ecTb
crereHb JIBORKM KOTOPbIH (Kak Mbl BUjesIN) apudMeTnyeH.

e [Ipemukar "cioBa x m y mMmeoT ojuHakoByio junHy" apudmernden. B
CaMOM JieJie, 3TO O3HAYaeT, YTO HalJIETCd CTelneHb JIBOUKU ¢, JIJsd KOTOPOit
c—1 < 2,y < 2c— 1 (uMeHHO TaKOil TPOMEKYTOK 3aIOJHSIIOT YUCIIA,
KOTOPBIM COOTBETCTBYIOT CJIOBA OJJHOMN JIJINHBI).

o [Ipejukar "ciaoBo z siBisiercst KoHKareHanueil cios x u y" (upouie ro-
BODsI, 2 TOJIyUaeTCsl MPUIUCHIBAHUEM Y CIpaBa K CJIOBY ) apudMeTH-
gyeH. B camMoMm Jiesie, ero MOXKHO BBIPa3UTh Tak: HafijéTces caoBo iy n3 oj-
HUX HyJiell, UMerolee Ty »Ke JUIMHY, 9TO U CJIOBO Y, npu 3ToM (z + 1) =
(x+1)(y'+1)+(y—y') (ymuoxkenue va y' 41 coorBeTcTBYET JHOMUCHIBAHUIO
Hyseii, a jobapyienne y — i 3aMeHsieT HyJu Ha OYKBbI CJIOBA ¥ ).

o IIpeaukar "cimoBo o sBsiercst HauagoM ciioBa Yy apudmernden. B camom
JleJie, 9T0 03HAYAeT, YTO CyIIECTBYET CJIOBO t, IIPU KOTOPOM Y €CTh KOHKa-
TeHalust x U t.

e To ke camoe BEepHO J1J1s1 TIPEJIMKATOB "' €CTh KOHEIL CJI0Ba, 4 ' T €CTh OO0
BO cjtoBa " (TOCsIEIHEE O3HATALT, UTO HANTYTCS CJIOBA U U U, JIJist KOTOPBIX
Y ecTh KOHKATeHAIWs U, T U U; KOHKaTeHaIUsT TPEX CJIOB BbIpasnuMa depes
KOHKATEHAIHIO JIBYX).

[Tocsiesinee yrBepk/jieHne HE YIIOMUHAET sIBHO O CJIOBaX, U OOJIbIlE€ OHU HAM He
IOHAI00TCS: JOCTATOYHO 3HATh, YTO KOHEUHbIE MHOXKECTBA HATYPaJbHBIX UHUCE]I
MOKHO KOJIMPOBATH MapaMy HATYPaJbHBIX YUCES B ONMUCAHHOM CMBICIE.
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Tenepb MbI MOXKEM BbIPA3UTh, YTO YUCJIO X sIBJSETCS CTEIeHbIo Yrncia 4, cieny-
IOIITM 0DPA30M: CYIIECTBYET KOHETHOE MHOXKECTBO U, KOTOPOE CONEPIKUT UNCJIO &
1 00J1aJ]aeT TaKUM CBOMCTBOM: BCIKuii asiemenT v € U junbo pasen 1, jmmnbo jgeanT-
cst Ha 4 u u/4 rakxke npunajiexur U. Tenepb Hal0 Be3jie 3aMEHUTH MHOXKECTBO
U Ha ero Koj U1, uz, a yreepxaenne © € U na S(x, uy, us), rue S — 1ocrpoenublii
HAMK KOJUPYIOIIHA IpeIuKAaT.

SAIAYA 63. Hoxaocume, umo deymecmnoil npedukram "xr ecmv n-oe no no-
padky npocmoe wucao” apudmemunen.

§8. HeBrnIpaszuMmble mpeankaTbl: aBTOMOPQAU3MBI

Mb1 Bujie/n, Kak MOXKHO JIOKA3aTh BIPA3UMOCTh HEKOTOPBIX ¢BOicTB. Ceiivac Mbl
MMOKaYKeM, KaKIM 00pa3oM MOXKHO JIOKA3bIBATh HEBBIPA3UMOCTb.

Hauném ¢ rakoro mpumepa. [lycts curaarypa cogepuT By MECTHBIH MpeInKaT
paBeHcTBa (=) M JBYMeCTHYIO omepanuio ciaokenns (+). Pacemorpum eé nrrep-
peTaInio, HOCUTEIEeM KOTOPO sIBJISIOTCS TIeJIble YNC/Ia, a PABEHCTBO W CJIOXKEHNE
THTEPIPETUPYIOTCS CTaHIAPTHBIM 00pa3oM. OKa3bIBAETCsA, ITO MPEeIuKaT T > Y
HE SIBJISICTCsI BIPA3HMbBIM.

[Tpuunba oueBmMHA: ¢ TOYKM 3PEHUsT CJIOXKEHUS IEJIbIe TUCJIa, YyCTPOECHbI CUM-
METPUYHO, MMOJIOKUTEJbHBbIE HIYEM He OTJIMIAIOTCS OT OTPUIATEeJbHbIX. Ecin Mbl
U3MEHUM 3HAK y BCEX MePEeMEHHBIX, BXOIANMX B (OPMYJy, TO €€ UCTHUHHOCTH HE
MOXKeT m3MeHuThcss. Ho mpu atom x > y 3aMeHuTcs Ha T < Y, U IMOTOMY 3TO
CBOWCTBO HE SIBJISIETCST BHIPA3WMBIM.

DopmasIbHO TOBOPS, HAJO TOKA3BIBATD MO WHIYKIIUH TAKOE CBONCTBO: ecyin (hop-
MyJIa @ YKa3aHHOW CHUTHATYDPHI MCTWHHA TPW OIEHKE 7, TO OHA WCTUHHA W TIPH
OlleHKe 7', B KOTOPOH 3HAUYEHUst BCEX MepeMeHHbIX MeHsoT 3Hak. (Ilojgpobro mbl
0OBSICHUM 5TO B O0ITEil CUTYAIUU JTaJIbIIe. )

Chopmysmpyem o011y 10 cXemy, KOTOPOii ciieyer 910 paccyxkaenne. [Iycrs ume-
eTCcsl HeKOTOpasl CUTHATYpa 0 ¥ MHTEPIPETAIldsi 3TONH CUTHATYPHI, HOCUTEIEM KO-
TOpOit siBJisieTcst MHOXKecTBO M. B3anmuo ojiHozHauHoe orobparkenune a: M — M
HABBIBACTCS A6MOMOPHUMOM THTEPIPETAIINN, eCIU Bee (DYHKITUME U TTPEINKATHI,
BXOJSINNE B WHTEPIPETAINIO, YCTOWINBRLI OTHOCHTENHHO <. [Ipn aTrom k-mecTHbrit
npeuKaT P HasbiBaeTCsS YemotuuevimM OTHOCUTEIBHO (v, €CJIN

P(a(my),...,a(my)) < P(my,...,my)

JUist JIFOOBIX 9JIEMEHTOB My, ..., M; € M. AnajormanbiM 0Opa3oMm k-mecTHast
dbyukius f HazpBaeTCA Yemotiuueoti OTHOCUTEILHO (v, €CIIN

fla(my),...,a(my)) = a(f(my,...,myg)).
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DTo ompejesienre 00600mMaeT CTaHJIAPTHOE OlpejiesieHrne aBToMOpu3Ma,  Jijist
Py, KoJiell, oJeil u T.JI.

TEOPEMA 21. IIpeduxam, svipasumuiii 6 dannot unmepnpemayu, ycmotuus
OMHOCUMENDHO €€ AB8MOMOPPUIMOS.

JOKA3ATEJIBCTBO. [IpoBesiém oKa3aTeIbCTBO 9TOrO (JIOCTATOUHO OYCBHU/I-
HOI'O) yTBep2KJieHus (POPMAabHO.

[IycTh ™ — HEKOTOpAs OIEHKA, TO €CTh OTOOPaXKeHne, CTABSIINEe B COOTBETCTBHIE
BCEM WHJIMBUJIHBIM TIEPEMEHHBIM HEKOTOPBIE 3JIEMEHTHI HOcuTess. depes a o
0DO3HATNM OIEHKY, KOTOPas MOJYUUTCsI, €CIM K 3HAUCHWIO KaXKJI0i MepeMeHHOi
IPUMEHUTH OTOOpaykeHune «; JApyrumu ciosamu, « o m(€) = a(m(§)) s moboit
nepeMeHHoi .

[lepBblil mIar COCTOUT B TOM, ITOOBI HHAYKIHEH 110 TOCTPOEHNIO TepMa ¢ JoKa-
3aTh TAKOE YyTBEPXKJICHWE: 3HaYeHre TepMa t [IPK OLEHKE (v O 7 [0JIy4aeTCsl [pu-
MeHEHHeM (v K 3HAYEHMIO TepMa ¢ IIpU OIeHKe T

t](aom) = a([t](r)).

Jltst TepeMeHHbIX 9TO OYEBUJIHO, & Al WHIYKIIMNA WCIOIh3YeT YCTONIUBOCTh BCEX
byHKIMI BHTEpHIpeTalul OTHOCUTEILHO (.

Teneprb nHpyKIMEH 110 TOCTPOEHNUIO (DOPMYJIBI (V0 JIEI'KO JIOKa3aTh TAKOe yTBEp-
XK JICHUE:

oo m) = [e](m).

Mp1 He Oy1eM BBITTUCHIBATE 3TY MPOBEPKY; CKAXKEM JIUIITh, 9TO B3aWMHAas OJHO3HA-
HOCTb (v UCIIOJIB3YETCsT, KOl Mbl pasbupaem ciydaii kBantopos. (B camowm jiede,
€CJIU C OJIHOI cTOPOHBI M30MOPdQ U3Ma 6EPETCsi KaKOW-TO 00bEKT, TO B3aUMHasI OJI-
HO3HAYHOCTD MO3BOJISIET B3sITh COOTBETCTBYIONINI €My 00bEKT ¢ JIPYTroi CTOPOHbI
n3oMopdu3Mma. ) H

Teopema 21 11o3BoJI€eT JIOKa3aTh HEBHIPA3ZUMOCTH KAKOT'O-TO IPEJIMKATa, 1PEJIb-
SIBUB aBTOMOP(U3M UHTEPIIPETAINH, OTHOCUTEIHHO KOTOPOTO MHTEPECYOIIHi HAC
peJInKaT HeyCTONUnB. BOT HECKOJILKO MTPUMEPOB:

o (Z,=, <) Curnarypa COJEPkKUT PABEHCTBO U OTHOIIEHKE 110psijiKa. VIHTep-
npeTanus: nejasle dnciaa. HepoipasumMplii npequkar: = 0. Apromopdusm:
r—x+ 1.

e (Q,=,<,+) Curnarypa coepKUT PaBEHCTBO, OTHOIIEHUE TIOPSJIKA 1 Olle-
paluio cjoxKenus. Vinrepnperalys: paldoHaibHble Yicia. HeBbipasumblii
npeaukar: £ = 1. Apromopdusm: x — 2.

3aMernmM, UTo CJIOXKEHUE MO3BOJIACT BhIpasuTh npeaukar r = 0. Kpome
TOrO, OTMETHM, YTO BMECTO PAlMOHAJIBLHBIX YMCEeJl MOXKHO B3STh JCHCTBU-
TeJIbHbIE (HO He MeJIble, TaK KAK B 9TOM CJIydae eJIMHUIA OIUCHIBACTCS KaK
HAMMEHbIIIEe YUCJI0, OOJIbIIee HyJIs).
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e (R,=,<,0,1) Curnarypa coaep>KuT paBeHCTBO, HOPsiJIOK 1 KOHCTaHTh )
u 1. Unarepnperanus: peiictBuTesibHbIe dncjia. HeBbipasuMmblil npejaukar:
x = 1/2. (ABromopdusm ynopsijioueHHOro MHOXKecTBa R, coxpaHsionuii
0 u 1, Ho He 1/2, mocTpouTh JIErko. )

e (R,=,+,0,1) Curnarypa coJiep>KUT PaBEHCTBO, CJIOXKEHUE, KOHCTAHThI ()
u 1. Unrepnperarus: geficrBuTebHble ducaa. OIHOMECTHBIH HpeauKaT
X = 7y BBIPA3WM JIJIsT PAIMOHAJILHBIX Y W HEBBIPA3UM JIJIST WPPAINOHAJIb-
HBIX 7.

B camowm jiesie, BBIPA3UMOCTD JIJisi palliOHAJbHBIX Y OdeBHiHa. HeBbipa-
3UMOCTbD JIJIsT HPPAIMOHAJBHBIX Y CJIELYeT U3 TOTO, UTO JJIst JIFOObIX IBYX
UPPAIUOHAJBHBIX Y| U Yo CYNIECTBYET aBTOMOPMU3M, TTePEBOISIIIi Y1
B 72. (B camom gene, pacemorpum R kak GeCKOHETHOMEPHOE BEKTOPHOE
npoctpanctBo Hax Q. BexkTopnr 1,7, JuHEHHO HE3aBUCUMBI U MTOTOMY HUX
MOKHO JIONOJIHATE 10 6azuca [amestst (MOApoOHOCTH CMOTPH B KHUYKKE 110
reopun muoxkects [1]). Cuenaem 10 x)e camoe ¢ Bekropamu 1, vy, Hosyqar-
Csl PaBHOMOIIHBIE 0A3UChI, 1mocse 1ero Mbel Oepém Q-nuHeiHbIi orepaTop,
nepeBojgnii 1 8 1 u vy B 72.)

o (C,=,+,%,0,1) B curnarypy BXOJAT NpeJUKAT DPaBEHCTBA, ONEPAIIAH
CJIOYKEHWsT M yMHOYKEeHUsT, a Takxke KoHcTaHThl 0 u 1. MaTepnperamnms: KoMm-
mekcHble ancaa. [pegukar © = v, rje 7 — HEKOTOPOe KOMIIJIEKCHOE THC-
JIO, BBIPA3WM JIJIsT PAIMOHAJLHBIX Y W HEBBIPA3UM JIJIsT WPPAIMOHAIHHBIX
7.

B camowm sieste, eciin Y uppannoHabHO, TO OHO MOXKET OBITh ajredpan-
YeCKWM WJIM TPAHCIEHIEHTHBIM. B iepBoM ciiydae paccMOTPpUM MHOTOYJIEH
u3 Q[z] MunumasbHOl cTenenu, obpaniaomuiica B 0 B TOUKe 7; 10 IPe/ITIo-
JIOXKEHUIO OH UMEEeT CTerneHb 0osbie 1 u moToMy umeer Jpyroil Kopenb 7 .
B anrebpe jokaspiBaercs, uro cyiectsyer apromopdusm C mag Q, mepe-
BoAsAIIMiE Y B Y.

B ciiydae TpaHCIEH/IEHTHOIO Y Mbl UCIIOJIL3YEeM Takoi (pakT: Jijisi JI0ObIX
TPaHCIEHIEeHTHLIX V1, Ve € C cymecryer aBromopdusm mosss C max Q,
KOTOPBIN IIEPEBOJUT Y1 B 7Ya.

Ormerum, aro s moJist R Bmecro C Takoe paccy»kjieHne He POXOJINT,
TaK Kak 9TO I0Jie He HMeeT HeTPUBHAJbHBIX aBroMopdusmon. (OrHore-
HEE MOPSIIKA BBIPA3UMO: MOJIOKUTEIbHBIE UNCIA CYTh KBaJpaThl, TOITO-
My Jir060it aBToMopdu3M coxpaHsier Mmopsijiok. [TockoabKy aBroMopdusm
OCTaBJISIET HA MECTe BCE paIMOHAJbHBIE UHCJIA, OH JOJXKEH OBITH TOXKe-
CTBEHHBIM. )

(B arom citydae npekar & = vy BbIPa3uM TOIJA U TOJLKO TOTJIA, KOTJIA
7 — anrebpamdeckoe 9ucIo. )
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SAITAYA 64. Iloxaocume, wmo npeduxam y = x + 1 neswvpazum 6 unmepnpe-
mavuu (Z,=, f), 2de f — odnomecmuas pynkyus x — (x + 2).

SBAIOAYA 65. Ioxaoscume, umo npeduxam T = 2 HEBLPA3UM 6 MHOHCECTNEE
UEADIT TLOAOACUMENOHBIT Yucen ¢ npedukamamu pasencmea u "x deaum y'".

§9. Ncumcinenne nmpeankKaToB: obmie3HaYNMbIe (DOPMYJTBI

Mcunciienne BbICKa3bIBaHU TTO3BOJISIIIO BHIBOJIUTH BCE TABTOJIOIMU U3 HEKOTOPOTO
Habopa 6a3MCHBIX TaBTOJOIMH (HA3BAHHBIX AKCMOMAMHU) C HOMOIIBIO HEKOTODPbIX
PABIJI BBIBOJIA (HA CAMOM JieJie eJIMHCTBeHHOTo mpasusia modus ponens). Ceituac
MbI XOTHM PEIUTh aHAJOTUYHYIO 3a/a4y st (popmyst meporo nopsijaka. Coor-
BETCTBYIOIIEEe UCTUCTCHIE HA3ZBIBACTCS UCHUCAEHUEM NPeJUKAMOE.

[Tycrs dpukcupoBana Hekoropasi curnarypa o. Qopmysia ¢ 3TOW CUTHATYPHI
(BOBMOXKHO, ¢ mapaMeTpaMi) HA3bIBACTCS 00ue3HauuMol, eCIU OHA MCTHHHA B
JII0DOI MHTEPIPEeTAIui CUTHATYPHI 0 Ha JII0OOH OIEeHKE.

O61e3HadnMbie (OPMYJIbI B JIOTHKE IPEJIUKATOB UIPAIOT TY K€ POJib, YTO TAB-
TOJIOTUU B JIOTMKE BbICKa3bIBaHWil. MexX Ty HUMHU ecTb U (POpMajibHasd CBSA3b: €C-
JIM B34Thb JIIOOYIO TaBTOJIOIMIO U BMECTO BXOJIANIMX B HEE MPOINO3UITUOHAJIBHBIX
MepeMeHHbBIX MOJICTABUTH POU3BOJbHBIE (POPMYJIbI CUTHATYPHI O, TTOJTYIUTCS 00-
mesnaduMasi popmysia. B camom jiesie, 1mycTh ecTh HEKOTOpasi WHTepIpeTalus
CHTHATYDBI 0 U HEKOTOpasi OIEHKa (TO ecTh (hUKCUPOBAHBI 3HAUCHUST WHIMBU]I-
HBIX [epeMeHHbIX ). Torga Kaxias 13 MoJCTaBICHHBIX (DOPMYJI CTaHeT WCTHHHOI
WJTU JIOXKHOM, a 3HadeHue Beel (POPMYJIbI OIPEJIEIsieTCs ¢ MOMOIIBIO TabJInIL KC-
TUHHOCTHU JIJIs JIOTHIECKUX CBS30K, TO €CTh IO TeM Ke IpaBujaM, 9TO B JIOTHKE
BbICKa3bIBaHUA.

Koneuno, ObIBatoT 1 Jipyrue odinesHaduMbie (pOpPMYJIbl, HE SIBJISIOITHECS YaCT-
HBbIM CJIydasiMU [TPOIO3UIMOHAJILHBIX TaTosiornii. Hanpumep, dopmyiia

Vo A(z) — JyA(y)

obIme3Ha MM (3/1eCh CyIECTBEHHO, ITO HOCUTEh JIIOOOH HHTEPIPETAIIUT HEIyCT).
Hpyrue npumepst obiesnadnMbix GopMylt (BO BTOPOM ciydae ¢ — IPOU3BOJILHAsT

dbopmyna):

dyVz B(z,y) — Yo 3y B(z,y), Vo - — 3z p.

SAJIAYA 66. Bydem au obwesnavuma popmyira
(a)Vx Iy B(x,y) — JyVz B(z,y);
(6) -Vx 3y B(x,y) — JxVy-B(x,y)?

Muorue BoOnpochl MOXKHO c(OpPMYJIUPOBATH KaK BOIPOCHl 00 OOIE3HAYUMO-
cTu HeKOTOphiX hopmyJsi. Hanpumep, MoxkHO 3atucarh cBOCTBa pedJIeKCUBHOCTH,
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TPAH3UTUBHOCTY M aHTUCUMMETPUYHOCTH B Buje dhopmyn R, T' u A curnarypsl
(=, <) u 3arem Hanucarb GHopmyJLy

RATNA— FVy((y<z)V(y=ux)).

O06111e3HaYUMOCTb 3TO# POPMYJIbI O3HATAJIA ObI, UTO JI00OOE JIMHEHHO YIIOPSI0UeH-
HOE MHOXKECTBO MMeeT HAMOOJIBIINIA 9JIEMEHT, TaK UTO OHa, He OOIIEe3HAUNMA.

SBAIAYA 67. Hanuwume gopmyarve R, T, A u nposepvme, wmo npusedénnasn
HaAMU POPMYAA HE 00ULE3HANUMA, TOMA UCNUHNG 80 GCET KOHEUHHLT UHMEPNPe-
MAYUAL.

e dopmyibt ¢ 1 1 (¢ napamerpaMu wiin 6e3) Ha3bIBAIOTCS IKGUEAAEHTHBLMU,
ecJu B JI000I MHTepIpeTaIud 1 Ha J1000i OIleHKe, Ha, KOTOPOil MCTUHHA OJ(HA U3
HUX, UCTUHHA U JIpyras. JTO OlIpejeseHiue PaBHOCUILHO TaKOMY: (pbopMyiia p <+ 1
obuiesHadrMa. 3/1eCh, HAIIOMHUM, @ <> 1) ecrb cokpaitenue Jyist ((¢ — ) A (Y —
).

Ob61me3HaInMocThb JI000# (HOPMYJIBI QY OUEBUIHO PABHOCHILHA ODIE3HATNMO-
CTU €€ 3aMbikaHuA — (POPMYIIbI, KOTOPAasl HMOJYUUTCS, €CJIU CJIeBa K (0 NPUIIICATH
KBAHTOPHI BCEOOIITHOCTH MO BCEM TTapaMEeTPaM.

JIBoiicTBeHHOE K 0DIIE3HAYNMOCTH MOHSATHE — BBINOJHUMOCTEL. POpMysia Ha3bI-
BaETCsT GLINOAHUMOT, €CIM OHa, WCTUHHA B HEKOTOPOW WHTEPIpeTAIny Ha HEKOTO-
poit onerke. OueBujiHO, popMyIIa (p OOIIE3HATMMA TOTJIA U TOJIBKO TOIJa, KOIJa
dopMmyia —@ He dABJISIETCsS BBIIOJHUMOIA.

Yro0bl 1poBepuTh, sBJIsieTCs Jiu (POpPMyJia TaBTOJIOIUEN, JJOCTATOYHO T10JICTa-
BUTb B HEE BCe BO3MOXKHbBIE HAOOPHI 3HAUEHUN HEPEMEHHBIX. XOTs 3TOT IIPOIECC
MOXKeT ObITh Ha MPAKTUKE HEBBITOJIHUM (HAOOPOB CIIMIITKOM MHOI'O), TEOPETHIECKH
MBI IMEEM IIPOCTOM aJITOPUTM IIPOBEPKH, ABJIsIeTCsI JIi (POpMYJIa TaBToorueit. s
00Ie3HaATMMBIX (bOPMYJT B ODITIEM CJIyTae TAaKOro ajiropuTMa He CymecTByer (Teo-
pema UYépua); oH ecrb TOJIBKO JIJIs OUeHb OPaHUYeHHBIX KJiaccos dopmyd. Harpu-
MEp, €CJIM CUIHATYPa COJIEPXKUT TOJIBKO HYJbMECTHbIE IIPEIUKATHLIC CUMBOJIBI, TO
3a/1a4a 110 CyIIeCTBY CBOJMTCS K IIPOBEPKE TABTOJOMMIHOCTH (B 9TOM CJIyvae KBaH-
TOpbI GUKTUBHBL). UyTh GoJIee CJIOKEH CJIydail ¢ OJTHOMECTHBIMU TPETHKATAMH.

SBAIOAYA 68. ITycmov cuenamypa o codeparcum moavko 00HOMECTIHbLE NPEU-
kamoi. Jlokasicume, wmo 6CAKAA GHINOAHUMAA GOPMYAG IMOTL cuznamypol, Co-
deporcauan N pasAuNHLLE NPeduKramos, GuiNOAHUMG 6 HEKOMOPOt KOHEUHOT UH-
mepnpemauuu, codepocauieti ne boaee 2" anremenmos. Kax ucnoavsosams amom
daxm s anrzopummuneckol NPoOGEPKU BHINOAHUMOCTIU HOPMYA Makol cuzHa-
mypo.?
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§10. Axcuombl u ITpaBuWJia BBIBO/IA

BosBparumcs K Haleil 3ajade: KakKie aKCHOMbBI M IIPaBUJia BbIBOJIA HaM HYKHBI,
9TOOBI TOJIYINUTh BCe 00Ie3HadnMbie (DOPMYIIhl HEKOTOPOil curHaTyphl 0! Ecre-
CTBEHHO HCIOJIB30BaTh Bee cxeMbl akcuoM (1) - (11) wcumciiennsi BhICKA3bIBAHMM
(paszen 3), Ho TosibKO BMecTo 6ykB A, B u C Terepb MOXKHO TOJICTABISATE IPOH3-
BOJIbHBIE (DOPMYJIBI CUTHATYPHI 0. TeopeMa o MOJHOTE UCUNCIEeHNS BICKA3LIBAHUIT
rapaHTHUPYeT, YTO IIOCJe STOIO Mbl CMOXKEM BBbIBECTH JIF0OO# IacTHBIN CIydail Jito-
00t IIPONIO3UIIMOHAJILHON TABTOJIOMHN (TO €CThb J1I00Y 0 (hOPMYJLY, KOTOpast 10JIy Ya-
€TCsl U3 IPOIO3UIIMOHAILHON TABTOJIOI MU 3aMEHOMI IIPOIO3UITMOHAIBHBIX ITePEMEH-
HBIX Ha GOPMYJIbI CUTHATYDBI 0). B caMom Jiesie, BO3bMEM BBIBOJL 9TOI TaBTOIOIMH
B MCYUCJCHUN BBICKA3BIBAHU (KOTOPOE, KAK Mbl 3HAEM, MOJIHO) ¥ BBIIOJHUM CO-
OTBETCTBYIOIIYIO 3aMEeHY BO BCex (DOPMYyJIax 3TOTO BBHIBO/IA.

[TouTn cTOMB K€ MPOCTO MOHATH, UTO HUYETO JPYTrOro TaKue akKCUOMBI He Jia-
JIyT: €CJIM MOJIb30BAThCs Jiuih cxemaMu akcuom (1)-(11), pasperast 6parh B HUX B
kadectBe A, B, C npousBosibHbie (DOPMYJIbI CUTHATYPbI 0, & B KQ4eCTBe 1PaBuIIa,
BBIBO/IA HMCIIOJIB30BaTh modus ponens, To BCe BbIBOJUMbBIE (DOPMYJIbI OY/IyT dacT-
HBIMU CJIy9asiMi MTPOMO3UIMOHABHBIX TaBTOJIOTHIA. B camoMm sieste, eciin Kakast-To
110,1(bopMyJIa HAUMHAETCS ¢ KBAHTOPA, TO B BBIBOJIE OHA MOXKET BCTPEYAThCS TOJIb-
KO KaK eJrHOe IeJI0e, TO eCTh Takas moadgopMy/ia BeIeT cedsi Kak MPOTO3UINO-
HaJIbHAs [TepeMeHHasl.

D70 HaADIIONEHNE CKOpee TPUBMAILHO, UeM YAWBUTEIHHO — €CJIN CPeIn Ha-
MIMX AKCMOM M [PaBUJI BbIBOJIA HET HUYEI'O O CMbBICJIE KBAHTOPOB, TO (POPMYJIbI,
HaUMHAIOIIMECs ¢ KBAHTOPOB, OyAyT BecTu cebs Kak Hejenumble 6Jjioku. Taxkum
0bpa30oM, HAM HY»KHbI aKCHOMBI U TPABUJIa BBIBOJIA, OTPAXKAIOIINE WHTYUTUBHBIN
CMBICJT KBAHTOPOB.

BenoManM, Kak BBITJISIEN aKCHOMBI HCIUCJICHNST BLICKa3bIBAHM. Y HAC OBLIO
JIBa, THUIA aKCHOM JIJISI KOHBIOHKIINKA U JU3BIOHKIUN: OJHE TOBOPUJIKA, UTO M3 HUX
caeayer (Hanpumep, uz AA B cieoBaso B), a Ipyrie — Kak X MOXKHO JIOKa3aTh
(narpumep, akcuoma (A — (B — (A A B))) roBopuJia, 4T0 Jijist JOKA3aTEIbCTBA
(A A B) nago nokazath A u B). KBaHTOpBbI BCEOOIIHOCTH U CyIIECTBOBAHUS B
HEKOTOPOM CMBbIC/IE aHAJIOTMIHBI KOHBIOHKIIMKA W JIN3BIOHKIMU, U aKCHOMBI JIJIsi
HUX ToXKe OynyT nmoxoxkumu. Hanpumep, cpenu akcuom Oyjer popmyia

Vo A(x) — A(t),

rie A — OJHOMECTHBIN MPeIUKATHBIA CHMBOJI HAIIEH CUTHATYPHI, a t — KOHCTAHTA,
nepeMenHasi uim Boodie Jiro6oit repm. (Eciu A BepHO 115t Beex @, TO OHO JIOJIXKHO
ObITH BEPHO U JIJIs HAIETO KOHKpeTHOro t. MoXKHO cKasaTh n Tak: u3 "0ecKOHeIHO
KOHbIOHKIME" Beex A(T) BbITEKaeT OJUH U3 €6 UJIeHOB. )

Koneuno, Takyrio akcuoMy HaJj0 UMETb HE TOJIBKO JIJIsi OJIHOMECTHOTO TPE/Iu-
KaTHOTO cuMBoJsia A, Ho mis a060it (hopMyIIsl (o, JTI000i mepeMentoit £ u Jb0ro
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TepMa t. EcrecTBeHHO cKazarh, UTO eciu (o — Jiobas dpopmyiia, a t — J1100oii TepM,
TO popmyJia

VE© = p(t/€),

e @(t/€) obo3navtaer pesynbTar MOJCTAHOBKE ¢ BMECTO BCEX BXOXKJIGHWI mepe-
MeHHO# & B hopmyity @, siBiisiercst akcrnoMoit. (3armch ¢(t/€) MOXKHO duTaTh KakK
"dbu or T BMecTO Keu'".)

K coxasiennto, Bcé He Tak npocto. Hanpumep, eciin popmysia ¢ MMeeT BU/I

A(x) A Jz B(x, z),
TO TOjicTaHoOBKa TepMa f(y) BMecTo T gacT abeypiiHOe BbhIpaXKeHUe

A(f(y)) N3f(y) B(f (), f(y)),

BOOOIIE He siBjisitoleecs (popmyJioin. A ecsu nojcrasurh f(y) Toabko BHyTpu A
1 B, TO 1m0JIyInTCs BhIpasKeHue

A(f(y)) AN 3x B(f(y), f(y),

KOTOpOe XOTst 1 Oyjier (popMyJIoif, HO UMeeT COBCEM He TOT CMBIC, KOTOPbI HaM
HY 2KEeH.

KoneuHo, B JIAHHOM CJ1y4ae 110 CMbICJLY SICHO, YTO TMOJCTaB/sITh f() HAJI0 JIKIIb
BMECTO CAMOr0O IIEPBOr0 BXOXKJEHHs mepeMmennoit . Ho ecam Mbl xoTuMm ompeie-
JINTH GOPMATILHYIO CHCTEMY aKCHOM ¥ ITPAaBUJI BLIBOJA, TO HAJIO JaTh (hopMajbHbIE
OTIPEICTICHUSI.

st KazxKj10ro KBaHTOpa B (DOpMYyJie pacCMOTPUM €ro 0biacmb deticmeus— Ha-
YUHAIOILYIOCs ¢ Hero nojadopmyny. Ceobodnvim xostcdenuem MHIABUIHON 1epe-
MEHHOI B (hOpMYJIy Ha3BIBAETCS BXOXKJICHUE, He IMOMaaomniee B 00JIacTh AeifiCTBUs
OJIHOMMEHHOI'0 KBAaHTOPA. JIErko MOHsIThH, UTO 9TO ONpEJIe/IeHIe MOXKHO mnepedop-
MYJIAPOBATL UHYKTHBHO:

e j11000€ BXOXKJIeHUE TIepeMeHHOi B TepM CBODOIHO;

® cBODOJIHBIE BXOXK/IEHUS TIEPEMEHHON B (DOPMYITY ¢ SIBJIAIOTCA €€ CBOOOTHDI-
MU BXOXKJICHUSAME B (DOPMYJIy —¢p;

® CBOOO/IHbIE BXOXKJICHHS JIFO0OI ITepeMeHHOI B OJIHy 13 POpMYJI (0 U Y SAB-
Jstrorest cBobosHbIMU BXOXK IeHusME B (0 A ), (o V) u (o — ¢);

e nepeMeHHas £ He MMeeT CBOOOJHBIX BXOXKJIeHUH B (popmysbl VE ¢ u 3E ¢;
CBODOJTHBIE BXOYKIEHUST OCTAJbHBIX TIEPEMEHHBIX B (0 SIBJISTIOTCST CBOOOHBI-
MU BXOXKJICHUSME B 9TH JIBe (POPMYJIBI.

CpaBHUBasi 3TO ONPEJICJICHNE C NHLYKTUBHBIM OIPEJICJICHIEM apaMeTpoB hop-
MyJIbl B paszjese o, Mbl BUJUM, YTO MapaMeTpbl — 3TO IlepeMeHHble, UMeIolne
cBOOOJIHBIE BXOXKJICHUST B (DOPMY.IY.
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BxozkieHusi IepeMEHHOM, He sIBJISIIOLIUECst CBOOOIHBIMU (B TOM YUCJIE CTOSIIIUE
PSJIOM € KBAHTOPOM) Ha3BIBAIOT ceasannvimu. Hampumep, mepemennas © umeer
OJIHO CBODOJIHOE U TPU CBsI3aHHBIX BXOXKJeHust B hopmyiy A(z) A Jx B(x, ).

Tenepb MOXKHO BHECTH TIOMPABKY B CKA3aHHOE BBIIIE U CIUTATD, ITO AKCUOMAMH
SABJISIOTCS (DOPMYJIbI

V€ — o(t/€),

rie ¢(t/€) ecTb pe3ysbTAT MOJCTAHOBKY T BMECTO BCEX CBOOOJHBIX BXOXKJICHHUIA T1e-
pemennoii £. OHAKO TaKOit OrOBOPKH HEJIOCTATOUHO, KAK MMOKA3BIBACT CJICY IOt
puMep.

[logcrasnss f(y) Bmecro x B dbopmyny Vz B(z, z), Mbl nojiydaeM (B MOJHOM
coryiacuu ¢ Hareir uaryunueit) dopmyiy Vz B(f(y), ). Teneps pacemorpum dop-
myiy Vy B(x,y), koropas orsimdaercs ot Vz B(x, z) juib uMeHeM CBA3aHHOI 11e-
PEMEHHOI U JIOJIPKHA UMETh TOT »Ke CMbIC. [lepeMennast & B Heil mo-npeskHeMy
cBoOoHA, HO mojictanoBKa f(y) Bmecro x maér dopmyny Yy B(f(y),y)), B Koro-
poit f(y) Heoxuyuanuo juisi cebst nonajaer B 06JaCTh JIEHCTBUST KBAHTOPA 110 Y.
Takoe sBICHUE MHOT/IA HA3BIBAIOT KOAAUSUECT NEPEMEHHDBIT; TIPT STOM HOJACTAHOB-
Ka 1aéT (GOpPMyIy, IMEIOMYIO COBCEM HE TOT CMBIC/, KAKOH MBI XOTEJIN.

BAJIAYA 69. ITpusedume npumep dopmyave suda VE @ — p(t/€), 6 xomo-
POt NPOUCTOUM. KOANUSUA NEPEMEHHDIT U KOMOPAA He ABAALMCA 00ULL3HANUMOTL.

(Omeem: Vx Iy A(z,y) — FyA(y,v).)

[Toaromy Ham HMpUAETCS TPUHSTH €Ié OJHY Mepy MPEeJ0CTOPOKHOCTH U (hOp-
MaJILHO OTIPEJICJINTH MOHATHE KOppekmuot TMOJCTAHOBKU T€pMa BMECTO ITepeMeH-
Ho#t. MbI OyjieM roBOpUTH, YTO MOJACTAHOBKA TepMa t BMECTO repeMeHHOl & Kop-
PEKTHA, €CJIM B IIPOIECCE TEKCTYaJbHOR 3aMEHbI BCeX CBODOJIHBIX BXOXKJICHUH T1e-
peMenHoit £ Ha TepM ¢ HUKaKas epeMeHHas u3 ¢ He monajgaeT B 00JacTh JIefHcTBUs
OJIHOMMEHHOI'O0 KBaHTOPA.

[leaHTUIHBIH YuTaTE/ b MOT OBl MOMPOCUTH JIOKA3aTh, YTO PE3yJbTaT TaKOi
OJICTAHOBKY OyeT (hOpMyJI0ii. DTO MPOIIE BCETO ¢JIe/IaTh TaK: JaTh WHYKTUBHOE
orpeJiesieHue KOPPEKTHO! TOJICTAHOBKU, PABHOCUJIBHOE UCXOTHOMY.

CragaJjia onpeie/inM WHIYKTUBHO PE3yJIbTaT MOJCTAHOBKN TepMa & BMECTO Tie-
peMeHHoit £ B TepM u; 9TOT pesyabTar Oyaem obosHauarh u(t/&):

o £(t/€) ecth t; mus mOGOR MEpeMEeHHON 1), OTJUIHONH OT &, MBI MOJaraeM

n(t/€) paBubiM 7.
e ccou f ectb k-MecTHBIH PyHKIMOHANBHDBIA CUMBOJL, & T1, ..., t; — TepMBbI,

fQs ) (8/€) = f(0(t/S), - tr(t/S)).

Tenepb MHIYKTUBHOE OlpEIEIEeHNAE TIPOIOIKACTCS JIJisi (POPMYII:
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® it aToOMapHBIX bopmyst: ecii R ecTb k-MEeCTHBII IpeIMKATHBINA CUMBOJI,
aty,...,tx — TE€pPMBbI, TO

R(ty, ... te)(t/€) = R(t1(t/€), ..., tu(L/€))

U T10JICTAHOBKA, SIBJIAETCS KOPPEKTHOI;
® [10JICTAaHOBKA TepMa ¢ BMeCTO TepeMeHHOi & B (opMy/Iy —p KOppeKTHa,
€CJIM OHa KOPPEKTHA JJIsi (DOPMYJIbI (0, IPU ITOM

(=l (t/€) = —le(t/€)]
(kBaJipaTHble CKOOKK YKA3bIBAIOT MOPSJIOK JIEHCTBUIl, HE SBJISAICH YACTHIO
dbopmyb);
® [10/ICTAHOBKa TepMa t BMecTo tepemennoit & B popmyiy (¢ A1) KoppekTHa,
eCJIM OHa KOPPeKTHa JJisi 0benx hopMysI ¢ U Y, IPUA 5TOM

(e AY)(E/€) = (p(t/§) A Y(t/€));

arajioruano Jiist dhopmys (o V) u (¢ — ¥);
® HaKOHeEIl, MoJIcTaHOBKa t BMecTo & B (opmysy V7@ KOppeKTHa B JIBYX
CJIyvasix:

(1) ecom € He siBAsieTcs mapaMeTpoM GopMyJIbl V1) @ (9TO BO3MOXKHO,
Korja £ He sIBJISTCs apaMeTpoM ¢ WM Korja £ COBIaJaer ¢ 1); 1npu
9TOM II0JICTAHOBKA HUUYErO He MeHsIeT B (DOpMYJIe;

(2) nepemennast £ siyistercst mapamerpom Gopmysibl V1 @, HO epeMeH-
Hasl 1) He BXOJMUT B TepM ¢ U mojcTanoBKa p(t/€) KOppeKTHa; TIPU 3TOM

[Vn @] (t/€) = Vnlp(t/§)].

AHaJIOruIHO OnpeensieTcss KOppeKTHasI MOACTaHOBKa, B (hopmyay JEp.

['1aBHAs JacTb B 9TOM OIPEJECJCHUU — IOCJEIHUN ero MyHKT, KOTOPBIH, BO-
MIEPBBIX, TOBOPUT, ITO BMECTO CBSI3aHHBIX BXOXKJICHWI MMEPEMEHHBIX HUUYEro IMOjI-
CTaBJISITH HE HaJl0, & BO-BTOPbLIX, TpedyeT, 94T00bl IIPU KOPPEKTHOM I0/CTAHOBKE
IepeMeHHbIe U3 TepMa ¢ He MO/ a/Id IO JeiCTBIEe OJHOMMEHHBIX KBAHTOPOB.

[Tocse Becex 9TuxX NpUroTOBJICHUI Mbl MOXKEM CHOPMYIUPOBATD JIBE OCTABIIAECS
CXeMbl aKCUOM HCUHUCJICHUS IIPEeIUKaToB: (popMyJia,

(12) Y€ — o(t/€)

1 JIBOiicTBeHHAas eif (popmysia

(13) o(t/€) > F g
OyyT AKCHOMAMU UCYUCICHUsI IPEJUKATOB, €CJIM YKA3aHHbIE B HUX IOJICTAHOBKHU
KOPPEKTHBI.

JIBa 9acTHBIX Cydasi, KOIJIa IOJICTAaHOBKA 3aBEJIOMO KOPPEKTHA: BO-IEPBBIX,
MOYKHO O€30IaCHO MOJICTABJIAThH KOHCTAHTY (Win Jito0oii TepMm 6e3 mapaMerpos),



68 Tiasa II. Maremarnyeckasa jioruka

BO-BTODPbIX, HOJCTAHOBKA LIEPEMEHHON BMecTO celsi Beerjia KOppeKTHa (U HUYero
He MeHsieT B hopmyiie).

Orcropa cienyer, aro dopmysibl VE @ — © u ¢ — 3E @ OyayT akcnoMamu
VCIUCJICHUS TPEJUKATOB (1715 J11000it (DOPMYIIBI ¢ U TIepeMeHHOi &).

Hy»xubr 1 Ham emié kakune-HuOy b aKCMOMBI M MpaBu/a BbiBoja?! KoneuHo,
HY>KHBI, TIOCKOJIbKY YK€ c(hOpMyJIMPOBaHHBIE aKCUOMBI HE MOJHOCTBIO OTPaXKatoT
cMbica KBaHTOpoB. (Hampumep, oHu BIOJIHE COTJIACYIOTCS ¢ TAKUM TTOHUMAHUEM
91oro cmbiciia: dhopmydsia VE ¢ Beerja jioxkaa, a Gopmysa I€ ¢ Beerja UCTUHHA.)
[TosTomMy MBI BBeJIEM B Hallle HCUKMCJICHHE J[Ba, [IPABIJIa BbIBOJIA, HA3bIBAEMbIE 7pa-
susamu Bepratica, m Ha 3TOM ONpejie/IeHUe NCINCICHUST TTPEIUKATOB OyIeT 3aBep-
ITIEHO.

Ecin nepemennast £ He siByisiercst mapamerpoM (GopMyJibl 1), TO npaBuia bep-
Halica pa3pelaiT TaKue IIepexoibl:

Y= © =
Y —VEp I — 9P

MBI TOBOPHM, UTO CTOSIIIAST CHU3Y OT UepThl (B KaXKIOM U3 TpaBiI) (opMysta mo-
Jy9aeTcs O COOTBETCTBYIONEMY MpPaBUIy U3 Bepxueil. COOTBETCTBEHHO JIOMOJTHSI-
eTCsI 1 OlpeJIesIeHIe BbIBOJIA KaK MOCJIEI0BATEILHOCTH (DOPMYJI, B KOTOPOI KarK 1asi
opmyna nbO sBIAETCS AKCHOMOIt, JTUOO TTOJTyIaeTCs U3 MPEJIbI Y X [0 OTHOMY
13 paBuJl BbIBOJA (paHbIie 6bl10 ToJbKo npasuio MP) reneps jnobasuiich jiBa
HOBBIX TIPABHJIA).

[TosicHuM MHTYUTUBHBIH CMBICJ 9TUX TIpaBwuiL. IlepBoe ropoput, 9To ecin u3
caeayer o, IPUIEM B  ecTh mapaMmeTp &, KOTOPOro HET B 1), TO 3TO O3HAYAET, UTO
(gopMmyiia ¢ UCTUHHA [IPH BCEX 3HAUCHUAX Iapamerpa &, ecjid TOJBbKO (popMmyJia, P
UCTUHHA.

Vcnonb3ys nepsoe npapuiio BepHaiica, Jierko ycTaHOBUTH JIOIYCTUMOCTD 7pa-
suAa 0000ULEHUA

¥
@ (Gen)

(ecim B MCYUCTEHUH MPEJNKATOB BHIBOJMMA (DOPMYyJa CBEPXY OT 4YepPThI, TO BbI-
BosmMa u opmysia cHusy). B camoM jiere, BO3bMEM KaKyrO-HUOY/Ib BBIBOUMYIO
dbopmyity 1 6e3 mapamerpos (Hampumep, akcuomy, B Koropoii Bmecro A, B u C
1HO/ICTABJIEHbI 3aMKHYThie (hopMyJibl). Pa3 BoiBojuma (hopmysia ¢, TO BbIBOJMMA U
dbopmyisia ) — ¢ (MOCKOIBKY @ — (1) — @) ABJIFETCSA TABTOJOIUEH U JlaXKe aKCH-
omoit). Teneps 110 npasusy Bepraiica BbiBojumM 10 — VE ¢ 1 npuMeHsieM 1paBuiio
MP k ato0it popmysie u K popmyJie 1.
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[Ipasuio (Gen) (or Generalization — o6obiienue) Kojuduupyer crasjapr-
HYIO0 MPAKTUKY PACCYKJICHH: Mbl JOKA3bIBAEM KaKOe-TO YTBEPKJICHHE (0 CO CBO-
OOJIHOI 1TepeMeHHOl &, TToC/Ie Yero 3aK/II09aeM, 9To Mbl JJoKasaau VE ¢, Tak Kak &
OBLIIO TPOU3BOJILHBIM.

Bropoe npasuio BepHaiica Tak»Ke BIIOJIHE €CTECTBEHHO: »KeJjiasl J0Ka3aTh 1 B
penoaoKeHnn 3§ ¢, Mbl TOBOPHUM: IYCTh Takoe & CYyIIEeCTBYEeT, BO3bMEM €ro u
JoKaxKkeM ¥ (To ecThb JIoKaxkeM ¢ — ¥ co cBODOJIHOI nepeMeHHoi §).

Kak u B ciiydae ucHnC/IeHUsT BbICKA3bIBAHUI, 1E€PEJ] HAMU CTOST JIBE 3aJIa9K:
HAJI0 JIOKA3aTh KOPPEKTHOCTh UCIUCICHUS TIPEIUKATOB (BCsiKas BbIBOJUMast (hop-
MyJia ODIIE3HAYNMA) ¥ ero HOJIHOTY (BCsiKast obIe3HaunMast GopMyIia BbIBOJMMA).
OTUM MBI U 3aliMEMCS B CJIEIYIONTIX Pa3/iesiax.

§11. KoppeKTHOCTh UCUNCJIEHUS MPEANKATOB

TEOPEMA 22. Bceaxas 6b1600umas 6 uCHucienut npedukamos Gopmyia ac.im-
emcs 00uLe3naumot.

JIOKABATEJILCTBO. JIng mcunciaeHnsl BhICKA3bIBaHUI TPOBEpKa KOPPEKTHO-
cTh ObLJIa TPUBUAJILHON — HaJ 0 ObLJIO 1O TabJINIE TPOBEPUTH, UTO BCE aKCHOMBbI
(1)-(11) stBastiores raprosiorusivu. C 9ruMu akcuomaMu u cefidac ver npobsiem. Ho
B JIBYX CJIEJIYIONMMUX aKCHOMaX eCTh OrpaHndeHne Ha KOPPEKTHOCTH MOJACTAHOBKH,
6e3 KOTOpOro OHU MOT'YT HE ObITh O0Ie3HaYUMbIMK. KCTECTBEHHO, 9TO OI'paHryde-
HUE JIOJIXKHO ObITh HCIIOJIB30BAHO U B JIOKA3aTeJIbCTBE KOPPEKTHOCTH, M ITO II0-
TpedyeT JOBOJILHO CKYUHbBIX PACCYKJIeHUI — Tem 6ojiee CKyUHbIX, 4TO caM (pakT
Ka)KeTcs sICHBIM U TaK; 9TO JOKA3aTeJHCTBO MbI TPOIYCTHUM.

]

§12. IlosmHOTA MCYUCJEHNUd ITPEANKATOB

B sroM pasjiesie Mbl JIOKaXKeM, UTO BCsiKasi oDIe3HadnMasi (popmyJsia BbIBOJMMa, B
NUCYNCTIEHNN TTPEJINKATOB. BBeIEM MOHATHSA HeTPOTUBOPETUBON W MOJTHOW TEOPUN.

Qukcupyem HekoTopyio curnarypy o. Ilycrs I' — Teopusi B curnarype o, 1o
€CThb 1IPOU3BOJILHOE MHOYKECTBO 3aMKHYTbIX (POPMYJI 3TOH curHarypbi. ['oBopsT,
qT0 Teopud ' npomusopeuuesa, eciiv B Hell BLIBOAUTCA HEKOTOpast (hopMyIIa p u eé
orpunianue . B arom cityuae uz [ BoiBojiuTCs Jitobast popmyJia, Tak Kak UMeeTcs
akcromMa 1A — (A — B). Eciu teopust [' He siBjisieTcst MpOTUBOPEYMBOM, TO OHA
Ha3bIBACTCS HENPOMuUoPewueod.

SATTAYA 70. Jokasicume, wmo meopus npomusopedusa mozda u moivbko mo-
2da, Ko02da 6 net suieodumcea gopmyaa e A (3decv ¢ — npoussosvnas dopmyaa
cunamypot).
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HemnocpecTBenHo u3 omnpeieseHus CaelyeT, YTO BCIKOe IIOJIMHOXKECTBO HEIIpO-
TUBOPEINBOIO MHOXKECTBA, HEITPOTHBOPEUINBO. Kpome Toro, ecyin 6eCKOHETHOE MHO-
YKECTBO IIPOTUBOPEUNBO, TO HEKOTOPOE €r0 KOHETHOE TOIMHOXKECTBO TOXKE MPOTH-
BOPEYMBO (MOCKOJIbKY B BBIBOJIE YUACTBYET JIUIITh KOHETHOE YUCIO (HOPMYJI).

CuHTaKCHMIEeCKOE MOHSTUE HEINPOTHBOPEIMBOCTH Mbl OyjieM CpaBHUBATH C Ce-
MaHTHYECKUM IOHATHEM coBMecTHOCTH. IlycTh mMeercsi HeKOTOpasi MHTEPIIpeTa-
st M curaarypsl 0. Hanomaum, 91o ona HazbiBaeTcs: modeavto Teopun ') ecin
Bce bopmysibl 3 [' uctunnbl B M. Muoxkecrso [ HazbiBaeTcs cosmecmmvim, €cian
OHO WMeEeT MOJIEJNIb, TO €CTh eCJii Bee ero (hOPMYJIbl HCTUHHBI B HEKOTOPO# MHTEP-
IIpEeTAINH.

TEOPEMA 23 (o koppekrHocru; nepedopmynupoBka). Joboe cosmecmuoe
MHOHCECTNBO 3AMKEHYMBLL HOPMYA HENPOMUBOPEUUBO.

JIOKA3ATEJILCTBO. Ilycth Bce ¢opmynbl u3 I' MCTUHHBI B HEKOTOPOIl MH-
tepriperanuun M. Moxer qm okasatbes, ato I' H o u ' = —p mast HekoTopoit
3aMKHYTOH (opMyInl 7 Jlerko moHsiTh, 4To HeT. B camowm jese, B 3ToM ciydae
hopMyIBI (0 ¥ W JOJKHBI OBITH OJHOBPEMEHHO WCTUHHBLI B M, 9TO, OUeBWIHO,
HEBO3MOKHO. [

JL1st fokazaTesbeTBa 0OPATHOTO YTBEPXK/IeHUsT (0 COBMECTHOCTH HEIPOTHBOPE-
qUBON TeOpI/II/I) HaM TOHA/I00UTCs TIOHATHUE TIOJIHON TEOPUU.

Henporupopedausoe muoxecrso I', cocrosiiee n3 3aMKHYTbIX (DOPMYJI CUIHATY-
Pbl 0, Ha3bIBACTCS NOAMDILM B ITOI CUTHATYPE, €CJIH JIjis JIF0O0i 3aMKHYTO# (hop-
MYyJIbl (0 TON CUTrHATYPbl JIOO dopmyJia p, JIMOO €€ OTpullaHue —Y BbIBOJISTCS
u3 I

Jpyrumu cjioBaMu, Teopust TIOJHA, eCId U3 JII0ObIX JABYX GopMyst ¢ 1 ¢ (co-
OTBETCTBYIOIEI CI/IFHaTypr) POBHO OJIHA ABJISIETCA TCOPEMOIl 3TOU TEOPUHU.

[ToHOE MHOXKECTBO MOYKHO TOJIYYUTh, B3SB KaKyl0-JIMOO WHTEPIPETAINIO 1
PacCMOTPEB BCe 3aMKyThie (bOPMYJIBI, UCTHHHBIE B 9TO# mHTeprperanuu. (Bmo-
CJIEJICTBUU Mbl YBHWJIMM, UTO JIIOOOE MOJIHOE MHOYKECTBO MOXKET OBITH IOJYy9IeHO
TAKUM CII0OCOOOM — 9TO JIEIKO CJIeJlyeT u3 reopeMbl 24.)

B omnpejenenny MOJHOTHI CYyIIECTBEHHO, YTO Mbl OI'PAaHUIUBAEMCS 3aMKHYThI-
Mu popmysiamMmu To# »Ke curnarypbl. Hanpumep, ecjii Mbl BO3bMEM OJITHOMECTHBIi
peIUKaTHBIN cuMBOJ S, He Bxojsdmuit B I', To dopmynsr w3 I' mpo Hero mude-
ro He yTBEPXKJAIOT, U 10TOMY, cKaxkeM, Hu dopmyia Vo S(z), Hu eé orpunaHue
He BBIBOJMMBI U3 I'. 3aMKHYTOCTH (hOpMYJIBbI ¢ TOXKe BakHa. Hampumep, MHO-
»KECTBO BCEX MCTMHHBIX B HATYPaJbHOM psijty (GOpMYJI CHIHATYPbI (=, <) HOJIHO,
HO HU dopMmysia r = Yy, HU (opMmysia T F Y U3 HEro He BbIBOJATCS, MHAYE IO
npaBuy 0600IIeHrs Mbl T0JyYrIn Obl oKHyI0 B N dbopmyny VoVy (z = y) uiu

VaVy (z # y).
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[TosHOE MHOXKECTBO 1IOJ00HO MHPOBO33PEHUIO UesIOBeKa, JOCTUTIIETo Ipejiesia,
YMCTBEHHOI'O Da3BUTHs: Ha BCE, YTO BXOJUT B KPYI €ro MOHSATHI (BbIparkaercs
dbOpMyIoil CUTHATYDBI 0), OH HUMeeT TOUKY 3peHus. Ho 310 He oTHOCHTCS HU K
dbopmystam GosbIeli curHaTyphbl (COEpyKaIUM HOBBIE JIjist HErO MOHSITHsT), HUA K
dbopmysiaM ¢ napamerpaMu (IOCKOJIbKY 3HAYCHUS [IapAMETPOB He (DUKCUPOBAHbI ).

Tenepb Mbl rOTOBBI K (DOPMYJILPOBKE OCHOBHOI'O PE3yJIbTaTa TOI'0 Pasjieia.

TEOPEMA 24 (noJiHOTa MCYUCIEHUsT MPEJUKATOB, cuibHas Qopma). Jobas
HENPOMUBOPEUUBLA TEOPUA COBMECTIHA.

JlokazaTeibCTBO CBOJIUTCA K IIPOBEpKe (pOPMYJ U 3JleCh He IpuBojuTcs. Bos-
BpaTUMCs Terepb K (POPMYJIMPOBKE TEOPEMbI O MOJIHOTE.

TEOPEMA 25 (mosiHOTa HCIUCTeHHsT TTPEIUKATOB, ciabas dopma). Beakas 06-
ULLBHANUMAA POPMYNG BBLEOJUME 6 UCHUCAEHUU NPEIUKAMOE.

JOKABATEJILCTBO. Ilycrs dpopmyiia ¢ 3amkayTa. Eciin oHa HEBbIBOUMa, TO
MHOXKeCTBO {1} HEIPOTUBOPEUNBO U MOTOMY COBMeCTHO. B ero mosenu dhopmy-
J1a  OyJIeT JIOXKHOM, 4TO MPOTUBOPEUUT TPEJIITOJIOKEHUIO.

Yro KacaeTcsd HEBAMKHYTBIX (POPMYJI, TO UX OOIE3HAYUMOCTb U BBIBOJUMOCTD
pPaBHOCHUJIbHA ODINE3HAYMMOCTU U BBIBOJMMOCTH UX 3aMbIKAHUSI. 0

§13. O BBIBOJAX M J0Ka3aTEJILCTBAX

[lenTpaJibHas ujiesi MATeMaTHIECKO JIOTUKH BOCXOJIUT eInié K JIeHOHUILy 1 cOCTOUT
B TOM, 4TOObBI 3aIIMCHIBATH MaTEMaTUICCKUE YTBEPXKJICHUS B BUJIE MTOCJIEIOBATE b=
HOCTeil CIMBOJIOB U OIIEPUPOBATH ¢ HUMH 10 (pOpMaJIbHBIM IpaBuiaM. [Ipu srom
PaBUJILHOCTH PACCYXKJIEHUI MOYKHO TMPOBEPSThH MEXaHWUYECKU, HE BHUKas B UX
CMBICI.

Yeunusmu O0JIbIIOTO YHC/Ia MAaTEMaTHKOB U JIOTUKOB BTOPO# mojioBuHbl XIX
u niepsoit nosioBunbl XX Beka (Byiib, Kanrop, ®@pere, [Teano, Pacces, Yaiirxen,
Lepmeno, Openkenb, ['nnbbept, dbon Heiiman, [énens u npyrue) sra mporpam-
Ma ObljIa B OCHOBHOM BbITNOJIHEHA. [IpuHATO cunTaTh, 4TO BCAKOE TOYHO CHOPMY-
JIMPOBaHHOE MaTeMaTHIYEeCKOe YTBEPXKJIEHHE MOXKHO 3alrcaTh (POpMYJIOi Teopun
MHOXKeCTB (0jiHOM 13 Hambosiee 061X (HOPMAIBHBIX TEOPHii), a BCSIKOE CTPOToe
MaTeMaTHIecKoe JI0Ka3aTeJLCTBO Ipeobpa3oBarh B (POpMAaJIbHBI BBIBOJ B 9TOM
Teopud (TOCTE0BATETIBHOCT (DOPMYJT TEOPUU MHOXKECTB, MOIIHHSIONTYIOCS HEKO-
TOPBIM [IPOCTBIM IIPaBuIaM). B KAKOM- TO cMbICJIE 9TO J1azKe CTaJIo OlPEJICICHUEM:
MaTeMaTHIeCKH CTPOI'UM CUMTAETCs TaKoe PacCyKJieHne, KOTOpoe MOXKHO IIepeBe-
CTU Ha si3bIK TEOPUU MHOXKECTB.
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Tax 4To 2Ke, Ternepb MAaTEMATUKKA MOI'YT JIPYXKHO YHTH Ha MEHCHUIO, TOCKOJIb-
Ky MOXXHO OTKPbIBATH MaTeMaTHYECKUEe TEOPEMbI C ITOMOIIbI0 KOMITLIOTEPORB, 3a-
IIPOTPAMMHUPOBAHHBIX B COOTBETCTBUHU ¢ (POPMAJbHLIMU MpPaBUJIAMUA TEOPUKN MHO-
xectB? Koneuno, #Her, mpudém cpasy 1O HECKOJIHKUM TTPUINHAM.

Hauném ¢ roro, uro maliunha, Bbijialoiiast ¢ 60JIbII0H CKOPOCTHIO MaTreMaTuie-
CKFEe TeOpEeMbl (M UX JIOKA3aTeJIbCTBA), XOTs U BO3MOXKHaA, HO Oecrosesna. Jleso
B TOM, YTO CPEJIM ITUX BEPHbIX yTBEPKJECHUIN 110YTH BCe OY/yT HEUMHTEPECHBIMU.
dopmaJibHas JOTUKA FOBOPHUT, KaKKe IPaBU/Ia HaJg0 COOIIOAAThH, YTOObI IOJIyYaTh
BEpHbIE PE3YJILTAThI, HO HE TOBOPUT, B KAKOM IOPSIJIKE UX HaJI0 TPUMEHSITH, YTOObI
HOJIVIUTh UTO-TO UHTEPECHOE.

KazaJjioch ObI, MBI MOYXEM 3allyCTUTh MAIWHY W KJATh, TOKa OHa HE JIOKa-
KET UHTepecytollee HaC yTBepxKienue (1poiyckasi Bee ocrajbhbie). [Ipobiema B
TOM, 4TO (pOpMaJIbHOE JIOKA3ATEJIbCTBO CKOJIbKO-HUOY/b COepKaTe/IbHOM Teope-
Mbl HACTOJILKO JIJIMHHO, YTO IIPOYECThb €0 4eJIoBeK He B cocTosinuu. llpejicraBbre
cebe JI0Ka3aTe/IbCTBO, KOTOPOE COCTOUT M3 MUJIJIMOHOB (POPMAJIBLHO MPABUIbLHBIX
11aroB, B KOTOPOM Mbl MOYKEM IPOBEPUTH KarK bl OTJIE/IbHBIH 11ar, HO TakK U He
IOHMMAEM, UTO IIPOUCXOJUT — MHOI'O JIK B HEM IIPOKY?

Ha camowm Jiejie mpok BCE-TaKM €CTh: Mbl Y3HAEM, UTO JIOKA3bIBAEMOE YTBEPK 16~
HUE BEPHO, XOTs TaK ¥ HE IIOHUMAEM, 11o4eMy. Tak 4To 1 Takas MalinHa Oblia Obl
I0JIE3HA. Y BBI, U 9TOI'0 CJeJaTh He yJIaéTcs, IOCKOJbKY Ha IIOMCK JIOKA3aTe/IbCTBa
CKOJIbKO-HUOY/Ib CJIOXKHOI'O YTBEPKJIEHUSI U3BECTHBIMU Cefiuac MeTojiaMu Tpedyer-
s ACTPOHOMUYECKH OOJIBINOE BpeMsi (JlaxKe eCyid MpeJICTaBUTh cebe, 9TO MallliHa
paboraer ¢ NpejieJbHO BO3MOXKHOI 110 3aKOHaM (PU3MKKM CKOPOCTHIO).

MoxkHO yMepuTh aMOUIIMK U IIOCTABUTDH OOJIee IIPOCTYIO 3a/1a9y: IIYCTh MaIluHA
TPOBEPSIET JI0OKA3ATEIHCTBA, 3alMCAHHBIC YEJIOBEKOM 110 TpaBujiamM (GpopMasbHO
JoTuKHU. Eciam MaIrmHa He MOXKeT MOMOYb HaM YTO-TO OTKPBITh, MYCTh OHA, XOTS
ObI IIPOBEPUT, HE IIPOIIYCTUJIH JIK Mbl KAKOI'O-TO Ilara PacCyK IeHUs.

N3 Bcex nepednciieHHbIX 3a/a4 9Ta BbIVIAUT Hanbosee peasuctudnoit. K co-
YKAJICHHIO, TI0Ka UTO PabOThI ¥ B 9TOM HallpaBJICHUH HE YIILIH JiaJieKo: (hopMaJibHasd
3allCh JIOKA3aTeJbCTBa B BUJIE, TPUTOJIHOM JIJISI MAIIIMHHON [TPOBEPKU, SABJIACTCSH
JIOJITUM ¥ CKYUYHBIM JI€JIOM, Ha KOTOpPOE y MaTEeMaTHUKOB He XBaTaeT dHTY3Ua3Ma,
Tepriennsi. A pa3paboTaTh ya00HbIE CPEJCTBa TAKON 3aIMCH TTOKa, He yIaJI0Ch.

Kopote ropopsi, peBoJiolinoHHas mporpaMma Jleitbnuia mocrpoenns: (popMaib-
HBIX OCHOBaHWI MaTeMaTWKWN OCYIIECTBUIACh, HO HE3aMETHO: T10J] 3JlaHNe MaTe-
MaTUKHU [0JIBEJIM HOBbBIH (K JIOBOJILHO MPOYHBIH) dyHaMeHT, HO OOJIBIIUHCTBO
YKIJIBIIOB IIPO 9TO JIO0 CUX IIOpP HE 3HAIOT.

Tak [ro ke, maremaTudeckas Jjoruka oOecrosiesna’ Hu B kKoem ciydae: ona
HEe TOJILKO VJOBJIETBOPsIET €CTeCTBEHHbLIH (puyiocodckuil nHTEpec K OCHOBAHUSIM
MaTeMaTUKK, HO U COJIEPXKUT MHOYXKECTBO KPACUBBIX PE3YJILTATOR, KOTOPbHIE BayKHbI
He TOJILKO JIJIsT MaTeMaTHKHU, HO U JJIsl computer science.
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Teopuga ajiroputmMon

§1. Beraucaumbie PyHKIUU

Oyuknus f ¢ HATYPAJTbHBIMEA aPIyMEHTAMU W 3HATCHUSIMI HA3BIBACTCS GOIYUCAU-
MOTl, €CJTA CYIIECTBYET AJTOPUTM, €6 BLIUUCIISIONIN, TO eCTh TaKoi ajroputm A,
4TO

e cciiu f(n) onpejiesieHo Jijisi HEKOTOPOTO HATYPAJILHOIO M, TO ajropurm A
OCTAHABJIMBAECTCS HA BXOJe N U nedataet f(n);
e cciiu f(n) He onpejiesieno, TO ajaroput™ A He OCTaHABIMBAETCS HA BXOJIE M.

Heckosibko 3amMedanuii 110 11OBO/JLy 3TOI0O OlPEJIe/ICHUs:

1. [ToHsiTHE BHIYUCIUMOCTH OTPEIEIISIETCS 3/1€Ch It YaCTUIHBIX QyHKITH (00-
JIACTHIO OIPEJIE/IEHNs] KOTOPbIX SIBJISIETCs HEKOTOPOE MOJMHOXKECTBO HATYPaJbHOIO
psina). Hampumep, nurye He onpesenéunast GyHKINs BeraucauMa (B Kadectse A
HAJI0 B3sITh TIPOrPAMMY, KOTOpasi BCerja 3alliKJInBaeTcs ).

2. Moxno 6110 661 M3MEHUTH Onpejesnenne, ckazas tak: "ecau f(n) ne onpe-
JieJIeHo, To b0 ajaroputM A He ocraHaBiIMBaeTCs, MO0 OCTAHABINBAETCS, HO HH-
gero He nevaraer". Ha camom jiesie or 910oro Hudero 0l He U3MEHUIIOCH (BMECTO
TOTO, 9YTOOBI OCTAHABIMBATHCS, HUUETO He HAlleYaTaB, aJJlOPUTM MOYKET 3aIliKJIH-
BATHCH ).

3. BxojilaMu 1 BBIXO/IaMU aJTOPUTMOB MOT'YT OBITH HE TOJIBKO HATYPAJIbHBIE YNC-
Jia, HO ¥ JIBOMUHbBIe cTPOKH (csioBa B asidasure {0, 1}), mapbl HATYpaJbHBIX YHCEI,
KOHEUYHBIE MTOCJIe0BATEILHOCTH CJIOB U BOOOINE JI00bIe, KaK TOBOPST, "KOHCTPYK-
TUBHBIE 00beKThI'" . [[09TOMY aHaJOrTIHBIM 0OPA30M MOXKHO OIPEJIC/IUTh OHATHE,
CKasKeM, BbIUYUCUMO (DYHKIUMHU ¢ JIByMsT HATYPaJbHBIMUA apr'yMEHTaM1, 3HATCHU-
MU KOTOPO# SABJISIOTCA paIlliOHAJbHbIE YHUCIIA.

Hnst dyakiuit, ckakem, ¢ JAefCTBATEJIHLHBIMA apryMEHTaMU W 3HAYCHUSIMU
MOHSTHE BBIYUCIUMOCTH TPeOyeT CHelUaJbHOIO ONpeJeJeHus. 3/eCh CUTyallnst
CJIOXKHee, ONpee/IeHnsT MOTYT ObITh Pa3HbIMU, W Mbl O BBIYUCJIUMOCTH TAKNUX
dbysKIMit roBOpuTh He Gynem. OTMETHM TOJNBKO, UTO, HAIPUMED, CUHYC (TIpH pa-
3yMHOM OIPEJIeJIeHUN BbIYUCIUMOCTH) BbIYUCIUM, a (dyHKIus sign(x), paBHas
—1,0ulupuz <0,z =0uz >0 coorsercreenno — Her. ToUHO Tak e Tpedy-
eT CIHeIuaJbHOTO OMpe/ie/IeHUs BEIYUCTUMOCTE (PYHKIINN, apryMeHTaMu KOTOPBIX
SIBJISTFOTCS OECKOHEUHbIE T10CJIe/IOBATE/ILHOCTU HYJICH U €JIUHUIL U T.I1.
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4. HecKoJIbKO JleCATHJIETHI HA3a/ [ MOHSTHE AJTOPUTMa TPeOOBAJIO CIICINAJb-
Horo paszbsichenust. Ceituac ("KoMIboTepHast paMOTHOCTH"?) Takue 00bsiCHeHUsT
BCE paBHO HUKTO UYWTATh HE OyJET, MOCKOJBbKY U TaK sICHO, UYTO TaKOe ajTrOPHUTM.
Ho Bcé ke Hajio co0J110/IaTh OCTOPOXKHOCTh, YTOOBI HE MPUHSATH 34 aJI'OPUTM TO,
9TO UM HE sBJsIeTcsi. BoT IpuMep HEBEPHOIO PACCy K JICHMS:

" Jlokazkem 9TO BCsiKasi BhluncauMasi byHKIUs [ ¢ HATYpaJbHBIME apryMeHTa-
MU M 3HAQYEHUsIMU MOXKET ObITh MPOJIOJIKEHA, JIO BCIOJLY ONPEICIEHHON BbITHCIIV-
moit dyukiuu g: N — N. B camom jsene, ecan f Buramcasgercs aaropurmom A,
TO CJIEYIONNi aJroputM B Bbrunciasier GyHKIUIO ¢, Tpogoskaomyo f: "ecan
A ocranaBimBaeTcs Ha N, To B maét ToT XKe pesynbrart, uto n A; ecnin A He ocra-
HaBJMBaeTcs Ha n, 10 B paér pesynbrar (ckaxkem) 0". (B 4ém omubka B 910OM
paccyxjieHuu?)

§2. PaspemmumMble MHOXKECTBA

MHOXKECTBO HATYpaAJIbHBIX YKces X HA3bIBACTCS PA3PEUUMBIM, €CIIU CYIIECTBYET
AJITOPUTM, KOTOPBIi 110 JIIOOOMY HATYPAJILHOMY 7 OMPEJETISAET, TPUHAJJICKUT JIN
OHO MHOXKeCTBY X.

Hpyrumu cioBamu, X pPasperniuMo, eClu ero Tapakmepucmuiecka Gynrkuus
x(n) = (if n € X then 1 else 0 fi) soruucinma.

OueBu/iHo, nEpecedeHne, 00bEJMHEHUE U PASHOCTH PAa3PELIMMbIX MHOXKECTB
pazperuMbl. JI1000e KOHETHOE MHOYKECTBO PA3PEIIMO.

AHAJIOTMYHO OLPEJIEIISIIOT PA3PEITMMOCTh MHOXKECTB AP HATYPAJIbHbIX YUCeJ,
MHOXKECTB PAIMOHAJIBHBIX TUCENT U T.1I.

SAIOAYA 71. Joxastcume, 4mo MHOHCECTNEO BCEXT PAUUOHANOHOLL YUCEN, MEHD-
WUT Yucaa e (0CHOBANUA HATNYPAALHHLT A024PUPMOE ), PA3PEUUMO.

SATAYA 72. Jokasicume, wmo Henycmoe MHONCECTNEO HAMYPAALHBLT YUCEN
PA3PEWUMO 0206 U MOALKO M020a, K0204 0H0 ECMb MHOACECTNEO 3HAUEHUT BCIO-
dy onpedesérnnoti Heyobveaou,ets ulUCAUMOT PYHKUUL ¢ HAMYPLADHBLMU ADP2Y-
MEHMAMU U 3HAYEHUAMU.

CymecTByloT Ju HepazpermuMbie MHOX)KecTBa! CyIecTByIOT — IIPOCTO TOTO-
My, 9TO AJATOPUTMOB (¥ TIO9TOMY PA3PEITUMbIX TIOJMHOKECTB HATYPaJbHOTO Psijia.)
CIETHOE YUCJTIO0, & BCEX MOJMHOXKECTB HATYPAJTBHOTO Psijia HeCIETHOE YnCI0. Bosee
KOHKPETHBIE IIPUMEPBI Mbl €MI¢ MOCTPOUM.

§3. llepeumcimmMbie MHOXKECTBA

MuokecTBO HATYPAJILHBIX UNCEST HA3bIBAETCS NEPeUUCAUMbLM, ECITA OHO TTEPEUnC-
JIAETCA HEKOTOPBIM aJ'OPUTMOM, TO €CTh €CJM CYIIECTBYET aJIOPUTM, KOTOPDLIH
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nedaraer (B HPOU3BOJILHOM HOPsIJIKE U C IPOU3BOJILHBIMU [IPOMEXKYTKAMU BPEMe-
HI) BCE 9JIEMEHTBI 9TOr0 MHOXKECTBA U TOJHKO UX.

Taxkoit ajiropuTM He UMeeT BXO/Jla; HalleuyaTaB HECKOJIbKO YUCEs, OH MOXKeT Ha-
JIOJITO 33[yMaThCA U CJIEYIONee YUC/I0 HaledaTaTh Mocje OOJIBIIOro MepepbhiBa
(a MoxkeT BOOOIIE GOJIbIIIE HUKOT/A HUYEro He HaledaraTh — TOrga MHOXKECTBO
Oy/1eT KOHEUHBIM ).

CymiecTByeT MHOTO 3KBUBAJIEHTHBIX OMPEICTCHIH ePeTruCIMMOr0 MHOYKECTBA.
Bor HeKoTropbie U3 HUX:

(1) MHO)eCTBO MEPEINCIUMO, €CJIH OHO €CTh 00JIACTh OTPEJIEJICHUST BHITUCITH-
MO (DYyHKIINH.

(2) MHO)KeCTBO MEPEUNCTUMO, €CJH OHO €CTh O0JIACTh 3HAYEHWH BBHIYUCTUMOIL
yHKIMN.

(3) Muoxecrso X nepedncianmo, eciiu ero (Kak uHorjia ropopst) "mosyxapak-
repuctudeckas" Gyuknus, papaas 0 Ha sjemenTax X U He OIpeeleHHas]
BHE X, BbIUMC/IUMA.

Y1o0BI JI0Ka3aTh 3KBUBAJEHTHOCTb STHX OIPEJEJEHUil, BOCIOIL3YEMCs BO3-
MOXKHOCTBIO IIOIIAroBOr0 MCIIOJHEHUA aJrOPUTMA.

[Tycrs X nepeuncisiercss nHekoropbiM ajropurmoM A. TTokarkem, 4ro mosyxa-
paKTepucTrieckas (pyHKIKMA MHOXKecTBa X BblUKMCIKMAa. B camoMm jiesie, ajaropurm
€€ BBIYMCJICHWS] TAKOB: MOJIYUYWB Ha BXOJ YHCJIO M, MOIIArOBO BHIMOJHATEH AJIT0-
put™m A, okmmas, moKa OH HamedaTaeT 9ucjo n. Kak TOJILKO OH 9TO Celiaer,
BbIJIATH Ha BHIXOJ 0 M 3aKOHIUTH PabOTY.

HaoGopor, mycts X ecth obsactb ompejesierust (Buraucaumoii) dyuximn f,
BbIUKCJIAEMON HeKOTOpbIM ajiropuTMoM B. Torma X mepeducisercsd TaKuM aJiro-
purmom A: Bllapasuienbro 3anyckars B Ha Bxojax 0,1,2, ..., gejnas Bcé OoJibiie
maroB paboTer ajgropurMa B (cHadasa onuH mar paborsl Ha Bxogax 0 u 1; motom
1o JiBa 1ara paborsl Ha Bxojax 0, 1,2, morom 1no tpu Ha Bxojax 0,1,2,3 u Tak
nagiee). Bee apryMenTs, Ha KOTOPBIX ajiropuTM B 3akaHduBaeT paboTy, medaTarh
10 Mepe 0OHAPYKEHUSI.

VTak, Mbl yCTAaHOBUIN SKBUBAJEHTHOCTD MCXOIHOTO OIIPEIeeHUs OIIpeaeeH -
ssm 1 3. Ecam B TOJILKO 9TO MPUBEIEHHOM ONMMCAHNN aJaropuTMa A nedararh He
apryMEeHTbI, Ha KOTOPbIX B 3akanduBaer paboTy, a pe3yabTaThl 3TONH paboThl, TO
IOJIyIaeTCsI AITOPUTM, IIEPEUnCIsIONuil odacTs 3HadeHuit pyakmun f. Ocransoch
eré yoeIMThCsl, ITO BCSIKOE TIEPEIUCIMMOE MHOXKECTBO €CTh 00J1aCTh 3HAUCHUH BbI-
YUCIAUMOR (PYHKIUN. DTO MOXKHO CJeIaTh, HAIpUMEP, TaK: MycTh X ecTb 00/1acTh
orpeJie/IeHUs BLIYUCAUMON (DYHKIMU, BLIYUCISEMOH HEKOTOPBLIM aJropuTMoM A.
Torma X ecth 0bJacTh 3HAUEHN (DYHKIUN

b(z) x, ecam A 3akanunmBaeT paboTy Ha X,
€Tr) =

HE OolIpeJieJIEHO B IIPOTUBHOM CJIy4ae.
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Boraucsioniuii 91y (DyHKIHUIO aJrOPpUTM JIEHCTBYET Tak »Ke, KaK 1 A, HO TOJBKO
BMECTO pe3yJsibrara paboThl aJroputMa A BbIIa8T KOMUIO BXO/IA.

Emé oano sKBUBAJIEHTHOE OIpeJiesienne MepedancJnMOro MHOXKECTBA: MHOXKe-
CTBO HATyPaJbHBIX YUCEJ TIEPEUNCINMO, €CJU OHO JTMOO TTYCTO, JINOO eCcTh MHOYKe-
CTBO 3HAYEHUN BCIOJLy OlIPEJIEJIEHHON BbIYUCJAUMMOMN (DyHKIUM (,szyFI/IMM cJloBaMu,
ero HIEMEHTBI MOXKHO PACIOJIOKUTH B BHITUCIUMYTO MOCJET0BATEIbHOCTD ).

B camowm Jiesie, mycTh MepeuncjimMoe MHOXKECTBO X, MEPEUUCIIeMOe aJilOPUT-
MoM A, Herycro. BozbMéM B HEM KaKOii-TO 371eMeHT (. Ternepb pacCcMOTPHUM TaKy O
BCIOJLy ONPEJICIEHHYI0 (DYHKIMIO G: €CJIM Ha N-M 1mare paborsl ajaropurma A mmo-
SBJISIETCS YUCJIO T, TO TONOXKUM a(n) = t; ecu Ke HUYero He TOSIBJISAETCS, TO
nosoxkuM a(n) = xo. (Mbr npejmosaraem, 9T0 Ha JAHHOM Iare paboThl aJropuT-
Ma MOXKET HOSIBUTHCS TOJILKO OJIHO YUCJIO — B IPOTUBHOM cJiydae pabory HaJio
pa3obuTh Ha OosIee MeJIKUe IIar. )

3aMeTuM, 4TO 3TO PACCyKJAEHNE HEKOHCTPYKTHUBHO — HMMesi aJrOpuTM A, Mbl
MOXKEM He 3HATh, MyCTO JIW MEePEeUnCIsieMOe UM MHOXKECTBO WJIW HeT.

TEOPEMA 26. Ilepecenvenue u 005edunenue nepesuciuMvls MHoACECTE nepe-
YUCAUMDL.

JTOKABATEJILCTBO. Ecim X u Y nepeunciasiiorcest anropurmamu A u B, 1o
X 00beJINHEHNE TTEPEUUCTACTCA aJTOPUTMOM, KOTOPBIi MapasieTbHO BBITOJTHSIET
o maram A n B n neuaraer BcE, uro nedaraior A u B. C nepecedenneM HEMHOTO
CJIOXKHEe — pesyJsibraTbl paborbl A U B HaJlo HAKAILIMBATHL U CBEPSITb JAPYL C
JIDYIOM; 4TO IIOSIBUTCsA OOIEro — IevaraTh. [

SBAIOAYA 73. Ilposedume smo paccyotcdenue, ucnoavays kakoe-isubo dpyzoe k-
BUBAAECHIMHOE ONPEIEACHUE NEPEUUCIUMOCTIL.

Kak Mbl yBuiuM, JIOIOJHEHUE [IEPEYUCIUMOIO MHOXKECTBa, HEe 00s13aHO ObIThH
ePEINCTIUMBIM.

SBAJIAYA T4. Hoxaoscume, wmo ecau mmosncecmea A C N u B C N nepevuc-
AUMDL, Mo ux dexapmoso npoussedenue A X B C N x N maxoice nepevucaumo.

§4. Ilepeuncimmbie U pa3penimMbie MHOXKECTBA

TEOPEMA 27. Bcakoe paspewiumoe MHOHCECTNEO HAMYPAALHLT YUCEA TEPE-
yucaumo. Ecau mmoocecmeo A u e2o donoanenue (do mmosicecmea ecex namy-
PAALHULT wucen) nepenuciumo,, mo A pazpewiumo.

JOKA3ATEJIbCTBO. Eciin npuHaIeKHOCTh YUCIa K MHOXKECTBY A MOXKHO
IPOBEPUTH HEKOTOPBIM aJIFOPUTMOM, TO A ¥ ero JIonoJiHeHne NepednucauMbl: HaJl0
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10 OYepeId MMPOBEPATH TpUHA IeKHOCTE yucesa 0, 1,2, ... u medaTaTb Te U3 HUX,
KoTOpble puHayiexkar A (uam e, KoTopbie He mpuHajgexar A).

B npyryio cTopomy: ecim y Hac €CTh aJTOPUTM, IMEPEUnCIoNui A, a Takxke
JIPYTOii aJrOpUTM, MEPEInCIsIONINA T0oMoJIHeHne K A, To st BRISICHEHUsT TPUHA/T-
JIEXKHOCTH 33JIaHHOIO YncIa 1 K A Hajo 3a1ycTuTh 00a 9T aJropuT™Ma U XK J1aTh,
TOKA OJIMH U3 HUX HAIEYIATaeT N (MbI 3HACM, UTO PAHO UJIU MO3/THO POBHO OJIMH W3
HUX 910 cienaer). [locMoTpeB, Kakoil ajJropuTm 910 Ciesia, Mbl y3HAEM, JIEXKHUT

gu n B A. ]

Dtor dakT HaszbIBAOT meopemots I[locma.

OHa roBopuT, YTO pa3peruMble MHOXKECTBA, — 9TO TePEeUnCJUMble MHOXKECTBA
C TIePEeInCJANMBIME JOTTOTHeHUIMU. HanmpoTus, nmepedncanmMbie MHOXKECTBa, MOYKHO
OIPEJIESIUTH Yepe3 pa3pernMble:

TEOPEMA 28. Mmnoosicecmeo P namypasvnvlx wuces nepevuciumo mozda u
MoAbKko moz2da, K020a 0HO AGAACMCA NPOEKUUET HEKOMOPO2O PA3PEUUMOZ0 MHO-
oicecmea () nap wamypasvnur wuces. (IIpoexyus noayuaemca, ecau om nap
ocmasums ux nepsue Komnonenmor: r € P < Jy((z,y) € Q).)

JIOKA3BATEJILCTBO. IIpoexiiusi jitoOOTo 1mepeuncjuMoro MHOXKECTBa, [IePeUnC-
JuMa (MepedrcIIstioniii aaropuT™ JIOJKEH JIMIb YIaJsiTh BTOPbIE YeHbl Hap),
TaK UTO TTPOEKITUS Pa3perninMoro MHOYXKECTBa TeM 0oJiee MepedncanMa.

Hanporus, eciim P — nepedyncimMoe MHOXKECTBO, TepedrcsieMoe ajaropuT-
MOM A, TO OHO €CTh HPOEKIMs PA3PEIIUMOro MHOXKeCTBa (), COCTOSIIIErO U3 BCEX
Takux nap (r,n), 4To T IOsIBJSIETCsl B TEUEHUH IEPBbIX 7 IIAroB paboThI ajro-
purMa A. (D10 CBOHECTBO, 0Y4EBUIHO, PA3PEIINMO. ) ]

§5. IlepeuncanMoCTh ¥ BBIYUCJIAMOCTD

MBI BUJIeIM, Y4TO HEPEYUCINMOE MHOXKECTBO MOXKHO ONPEJICJUTh B TePMUHAX Bbl-
aucauMbIxX GyHKIHE (HATpUMep, Kak 00JacTh OMPEIeIeHNsT BEITUCIUMOil (yHK-
nnn). MoxHO ¢jiearh U HaobopoT:

TEOPEMA 29. Qyukuus f ¢ namypasvHolmu apeymesmamis U 3Ha4eHUAMU
BUHUUCAUMA 0200 U MOoAbKo mozda, ko20a e€ epadur

F ={{z,y) | f(x) onpedeaeno u pasno y}

ABNAAEINCA NEPEHUCAUMBIM MHOHCECTIIEOM NAP HATNYPAAOHOIL YUCEN.

JOKABATEJIbCTBO. Ilycts f Borumciaunma. Torma cymecTByer ajaropurM, Ie-
PEUUC/ILIONINiA € 00J1aCTh OlPeJIeJIeHNs, TO €CTh levaTalolnuil Bce T, Ha KOTOPbIX
f omnpenenena. Eciu Tenepb s KaxXKI0T0 U3 TAKUX T BBIYUC/ATH €Ié U 3HAUe-
aue f(x), HoJyduM ajropuTM, IEepeInucsionuii MuoxKecTBO F.
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HamnpoTus, ecium umeercss ajaropuT™, nepeduciasionuii £, To dyaknus f BbI-
YUCJISIETCS TaKUM aJI'OPUTMOM: MMesl Ha BXOJE M, YKJIEM MOosiBJeHus B F' mapsbl,
MEePBBIN 1JIeH KOTOPO paBeH Nn; KaK TOJHKO TaKas TMapa MOSBUIACh, MedaTaeM eé
BTOPOIl 4JjieH ¥ KOHYaeM paboTy. [

I[Iycrs f — wactuanas GyHKINS ¢ HATYPAJbLHBIMA APTyMEHTAMHA U 3HAYCHUSIMU.
O6pas muoxecrBa A nipu f onpesiensteTcss Kak MHOXKECTBO Beex unces f(n), s
koropuix 1 € A u f(n) oupeneneno. Ilpoobpas muoxecrsa A npu f onpeuensiercs
KaK MHOXKECTBO BCEX TeX M, U KOTOPbIX f(n) onpejesieHo u npuHajiexur A.

TEOPEMA 30. IIpoobpas u 06pa3 nepevuciumozo MHOACECNEA NPU SbLUUCAU-
MOT PYHKUUU NEPENUCAUMDL.

JTOKABATEJIbCTBO. B camowMm Jiesie, mpoobpas mepeducamMoro MHOXKeCcTBa, A
LPU BbIYUCAUMOM (DYHKIMU [ MOXKHO HOJYYUTh TaK: B3sTh I'paduk f, nepecedb
€ro ¢ MepPeIrCTUMBIM MHOKeCcTBOM N X A M CIpoeKTHpoBaTh Ha MEPBYIO KOOP-
nuHaTy. Paccyxjienue Jijisi 00pa30B aHAJIOIMYHO, TOJHKO KOOPJAMHATHI MEHSIOTCS
MEeCTaMU. [

SAIOAYA 75. ITycmo F' — nepevucaumoe MHoACECNBO NAD HAMYPAALHOLL HU-
cea. Jlokaotcume. wmo cywecmsyem swuuciuman Gynkyus f, onpedesénman na
Mex u MoAbko Mer T, Oad Komopux natidémea y, npu xomopom {(x,y) € F,
npuuém snavenue f(x) asasemea oonum usz maxuz y. (dmo ymeepoicdenue Ha-
3u16a10m uHo2da TeopeMoit 06 yHrudOopMHU3aIUN.

SAIAYA T6. lanve 064 Nepecekaouurcs nepesuciumvly muoocecmea X
u Y. Jlokascume, wmo Hatidymca HEenepecexaouuecs nepesuciumMvle MHOHCe-

cmea X' C X uwY' CY, daa xomopwxr X' UY' = X UY.

SAJIAYA 77. JlnodaHTOBBIM HA3BIBAEMCA YPABHEHUE, KOMOPOE UMEEM 6UJd
P(xy,...,x,) = 0, ede P — mmozounen ¢ yeavimu rospguvuenmamu. Jo-
Kancume, 4mo MHOMCECmeo Juopanmosus ypasHenuti, UMEOUUT UeAbe Peule-
nua, nepeuucaumo. (Ono Hepaspetumo: 6 Mom COCMOUM U3BECTNHOIT PE3YAb-
mam FO. B. Mamusacesuuva, asuswuiica pewenuem 3uamenumots "10-t npobae-
mvie Luavbepma.)

SAIAYA 78. He ccoviraacy na dokazamenvemeo meopemovr Depma, nokarcu-
me, %Mo MHONCECTNBO GCET NOKA3AMENET T, OAL KOMOPLIT CYULLCTNEYEM PEULEHUE
ypasuenua " +y" = 2" 6 yeavir nososcumesvHbT ucaar, nepevuciumo. (Kax
menepb U36eCmmno, IMO MHONCECMB0 codeporcum avws yucia 1 u 2.)
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§6. YuuBepcaJabHble (DYHKINN

Ceitgac MbI HOCTPOUM IIPUMEP MEPETUCTUMOTIO MHOYKECTBA, He SIBJISIOIMIEIOCH Pas-
permuMbIM. [Ipu 3TOM OyjieT HCIOJIb30BaThCSd TaK Ha3biBaeMas yHUBEpCaJbHAasi
dyHKIHS.

['oBopsT, uro dyHKIWMs U AByX HATypaJbHBIX apIyMEHTOB SIBJISIETCS YHUGED-
CaNbHOT JIJIS KJIACCA, BBITUCIUMBIX (DYHKI[UH OJHOTO ApPTYMEHTa, €CJIM JJIsT KarK-
JI0ro 1 (PYHKITUST

Up: — U(n,x)

("ceuenne" Gynkipu U npu HUKCHPOBAHHOM 1) sIBJISIETCSE BBIYUCIMMOl U €CJIH BCE
BhIauCUMbIe DyHKIMH (0HOTO apryMenTa) Berpedatorces cpeaun Uy,. (Hamomunm,
yro HU pyHKusa U, HU BblunucjuMble (DYHKIMKU OJIHOIO apryMeHTa He 00si3aHbl
OBITH BCIOJY ONpPE/ICJEHHBIMI. )

AHajiornaHoe ornpejiesieHne MOKHO JIaTh W Jijist JIPYTUX KJIACCOB byHKIuUi (0j1-
HOT'O apryMeHTa): Hanpumep, hyukiws U JByX apryMeHToB OyIeT YHUBEPCATbHOI
JIUTST KJTACCa BCeX BCIOJTY OTPEJIeJIEHHBIX BBITUCIUMBIX (DYHKITUI OJTHOIO apryMeHTa,
ecsin €€ cedenust U, siBISTIOTCST BCIOJLY OIPEICJIEHHBIMU BBIUNCIUMbBIMU (DYHKIHSIMA
OJTHOTO apTyMeHTa, W UCUYEPIBLIBAIOT Bce Takue pyHKIuH. OUIeBUHO, YHIBEPCAJIb-
Hble (DYHKIMK CYIIECTBYIOT JIJIst JIOObIX CUYETHBIX KJIACCOB (M TOJBKO JIJIst HUX).

KitioueByio poJsib B 3TOM pasjielie UTpaeT Takoi (hakr:

TEOPEMA 31. Cywecmeyem 6viuuciumas Gynkuus 06Ys apymenmos, A6-
AANOULAACA YHUBEPCANLHOT, PYNKUUET OAA KAGCCA BOIMUCAUMBLT HYHKUUT 001020
apeymernma.

JJOKABATEJILCTBO. 3amnuiiemM Bce MPOrPaMMbl, BRITHUCIAONINE (DYHKITUT O/I-
HOIO apryMeHTa, B BBIYUCJIMMYIO OCJIEJI0BATEJIbLHOCTD Do, P1, - .. (HAIDUMED, B
MOPSAJTKE BO3PACTAHWS UX JITHHBI (U B JIEKCHKOTPADUICCKOM TOPSJIKE CPEJIU MPO-
rpaMm ojiuHakoBoit jurnbl) ). Tlosoxkum U (4, ) paBHbIM pedysbrary paboTbl i-0if
nporpamMMmbl Ha Bxojie . Torna dyukius U u OyjaeT nckoMoil BHIYUCTUMON YHU-
BepcaJsibaoit dpynknumeit. Cedenne U; OyeT BbIIuCIUMO (DyHKITHEH, BEITUCISTEMO
porpaMMoii p;. AaropuT™, BeIMuUCASOMUA camy ¢yukmuio U, ecThb 1Mo CymecTBy
WHTEPIPETATOD JIJIsi UCIOJIb3YEMOTO sI3bIKa MPOrpaMMUPOBaHust (OH TpUMEHseT
LIEPBbIH aAPI'yMEHT KO BTOPOMY, €CJIM OTOXKJIECTBUTH 1pOrpamMmy u eé Homep). [

SAJIAYA T79. Bcee ceuenusa U, nexomopot ¢dynwuyuu U deyr apeymenmos 6oi-
yucaumo,. Caedyem au omeroda, wmo pyrurxuyus U svivucruma?

BAIAYA 80. Jatme (ecmecmeennoe) onpedesenue NOMAMUAL GHUUCAUMOT
DyHKUUY MPET APLYMEHNOE, YHUBEPCANOHOT OAA KAACCA BOIYUCAUMBLL PYHKUUT
d8Yx apeymenmos, u Jdokaxcume €€ Cyu,ecmeosame.
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JIJ1sT MHOXKECTB MCIIOJIb3YeTCsl aHAJOIUUHas TepMUHOJIOrUs: MHOXKecTBO W C
N X N Ha3bIBalOT yHUBEPCANLHBIM JIJIsi HEKOTOPOI'O KJIACCa MHOYXKECTB HATypaJib-
HBIX YMCEJI, €CJIU BCEe CeUeHUs

W, =Ax]| (n,x) e W}
MHOXKeCTBa W IIpnHaIe)KaT 5TOMY KJIACCY W APYTUX MHOXKECTB B KJIACCE HET.

TEOPEMA 32. Cywecmsyem nepeduciumoe MHONCECMBO NaAp HAMYPaNLHOLT
YUCEN, YHUBEPCANDHOE ONA KAGCCH BCET NEPEYUCAUMBLET MHONCECTNE HAMYPANOHHLT
YUCEN.

JTOKABATEJIbCTBO. PaccmorpuMm  00J1acTh — OlpeJieJieHUsI  YHUBEPCAJbHOI
dbynkiun U. Ona Oyjier yHUBEPCAJIbHBIM HEPETUCIUMBIM MHOXKECTBOM, TTOCKOJIb-
KY BCSAKOE [IePEeUNCINMOE MHOXKECTBO sIBJISIeTCsI 00JIACThIO Olpe/ieJIeHIs HEKOTOPOi
Bbluncyumoit pyukiuu U,. O

SBAIAYA 81. Kax nocmpoums YHUBEPCANDHOE MHONCECTNEO, UCTOOA U3 MO20,
YIMO BCAKOE NEPEYUCAUMOE MHONACECTNEO ECTMD MHONACECTNEO 3HAYECHUT HEKOMOPOT
dynxuyuu Uy, ?

SBAIAYA 82. Cywecmsyem Au pa3petsumoe MHOACECMEO NAP HAMYPAALHHLL
wucen, YHUGEPCANOHOE ONA KAACCA GCET PA3PEULUMDLT MHONCECME HATYPANLHLT
yucen?

§7. luaroHajibHasg KOHCTPYKIIUAS

B npejbliyieM pasjiesie Mbl OCTPOUJIN YHUBEPCAJIbHYIO (DYHKIUIO JIJIsi KJIAcca,
BCEX BbIUMCJAUMbBIX PYHKIMA OJIHOIO apryMenTa. MoXKHO Jii ¢e/1aTh TO 2Ke caMoe
JIUIS KJIACCa, BCIOJLY OIPEJIEIEHHBIX BhIUNCIAUMBIX PYHKIUIA? OKa3bIBACTCS, UTO HET.

TEOPEMA 33. He cywecmeyem svuucasumots 6c1ody onpedesénmnots Gynkuun
d6YLT AP2YMEHMOB, YHUBEPCANLHOT OAA KAACCA BCET GOIUUCAUMDBLL 6C10Y onpede-
AEHHDLT PYHKUUT 001020 apeyMenma.

JJOKABATEJILCTBO. Bocnosb3dyemest " nnaronayibHONM KOHCTPYKIUEH— TOTHO
TaK K€ JOKa3bIBACTCA HECUYETHOCTH MHOXKECTBA BCEX OCCKOHEUHBIX JECATHIHBIX
Jpobeii. Ilycrs U — npousBojibHasi BbIUKUCIUMAs BCIOJLY ONpejeacHHas (PyHK-
nust JIByX aprymenToB. Paccmorpum guaronanbayto dbyakmmio u(n) = U(n,n).
OueBujiHO, Ha aprymeHTe n (yHKIUdA U couajaer ¢ dynknuein U,, a (yHK-
nust d(n) = u(n) + 1 ormuaercs or U,. Takum 00pasoM, BbluuCIMMast BCIOLY
onpejienénnas ynkiws d(n) ornuuaercs or Beex cedennit U, u noromy ¢GyHK-
st U He sBjisiercst yHUBEpCaJbHOM. O
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[Tovuemy 31O paccykjaenne He TPOXOJUT JJTs KJIACCA BCEX BBITUCIUMBIX QYyHK-
nuii (B ToM umcsie qacruuanbix)? eso B rom, uro sunadenue d(n) = U(n,n) + 1
Tenepb He 00s13aHO oTyHdaThest oT 3uHadenus U,(n) = U(n,n), tak kak oba oHH
MOT'YT OBITh He ONMpPEeJIesIeHbI.

Tem He MeHee, 9acTh PACCYKJICHUsT OCTAETC B CHJIE.

TEOPEMA 34. Cywecmesyem sviwuciuman Gynkyusa d (¢ namypasonvmu ap-
2YMEHMAMU U 3HAYEHUAMU), OM KOMOPOT HUKAKAA GUNUCAUMAA Pynkyus [ 1e
MOIACEM, CI0AY OMAUMAMBCA: OAA N1000T 8VIUCAUMOT Gynkyuy f Hatidémes ma-
koe wucao n, wmo f(n) = d(n) (nocieduee pasencmeo nonuMaemes 6 mMom CMviC-
ae, wmo aubo oba snavernus f(n) u d(n) ne onpedesenv, aubo oba onpedesehi u
pasHoL).

JOKABATEJILCTBO. Ilo cyiecrBy BCE y»Ke cKa3aHO: TakKOBa JiMaroHajbHasi
byukrust d(n) = U(n,n) (3mece U — BbruncauMast GYHKIUS JIBYX apryMeHTOB,
yHUBEpCAJbHAsT JIJTsI KJIACCa BRIYUCIUMBIX (DYHKIMH OJHOTO aprymenta). JIobast
Bhruucsumas dyukiust f ecrs Uy, upu wekoropom n u noromy f(n) = Uy(n) =

U(n,n) =d(n). O

TEOPEMA 35. Cyuwecmeyem 6uuucasumas Gyukyus, e umerouas 6ctody
ONPedeNEHH020 GHIMUCAUMOZO NPOJOAINCEHUA.

JTOKA3ATEJIbCTBO. Takosa, nanpumep, Gyukiusa d'(n) = d(n) + 1, rue d —
byHKIMs U3 pejbLLyiei reopeMbl. B camom jiesie, J1100oe e€ BCIoJLy orpejiesieHHOe
IPOJIOJIXKEHIE BCIOMLY OTindaercs ot d (B Tex Mectax, rie dhyHKIwms d onpejiesieHa,
bynkuus d na egunniy 6oabie d 1 noromy J0boe npogoskenne Gpynknun d’
OTJINYAETC OT d; TaM, rje d He oIpejiesieHa, Jiio0as BCIOLY OolpeiesiéHHast (DYHKITNAA
oTsIaeTcst or d). O

SBAIOAYA 83. [oxastcume, wmo u cama Pynruyus d ud dokaszamervbecmaea npedoi-
dywieti meopemuvl He UMEEN, BLUUCAUMO20 6CH00Y 0NPedeséHno20 NpodosHCeHUA.

§8. Ilepeunmcianmoe Hepa3permrmMoe MHOXKECTBO

Terepb Mbl MOXKEM JIOKa3aTh OOEIAHHOE YTBEPXK ICHHE.

TEOPEMA 36. Cywecmeyem nepewucaumoe nepazpewumoe mnosicecmeo. (Ile-
PEPOPMYAUPOBKA: CYULLCMBYEM NEPEVUCAUMOE MHONCECTNEO € HENEPEHUCAUMBLM
donoanenuem.)

JOKABATEJILCTBO. Paccmorpum Bbruncsnmyio dyunkiuio f(x), ne umero-
YO BCIOJIy OIPEJICJIEHHOIO BBIYUCIUMOIO MIpojo/Kenns. Eé obacTh omnpejeie-
Hust F' Gyjier nckoMbIM MHOXKeCTBOM. B camom jiesie, F' iepeduncnmo (1o ojHoMy
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u3 oupejesieruii nepeuncaumoctu). Ecju 661 F Ob110 pazpeiinmo, 1o dbyHKIust

f(x), eciu x € F,

9() = 0, ectu x ¢ F

ObLTa OBl BBIYUCTUMBIM BCIOJIY OTIPEICTCHHBIM TPOIoJKenneM dbyaknun f (mpn
BhIUMCIeHUN () MBI CHadYaja TpOBepsieM, JIeKuT Jin « B I eciu jexur, 10
Bbrancisiem f(x)). O]

[Tonrezno mpocae uTh, KaKoe MMEHHO MHOXKECTBO B MTOTe OKA3aJoCh ITepevnc-
JIUMBIM U Hepa3pemnMbIiM. JIerko MOHATH, 9TO 9TO MHOXKECTBO TeX 7, IPU KOTOPBIX
U(n,n) oupejeseno. Eciu BecioMuurb KOHCTPY KMo GyHkiuu U, 70 370 MHOXKE-
CTBO T€X 1, TPU KOTOPBIX N-5 ITpOrpaMMa ocTaHaBJIMBaeTcs Ha n. [losromy wHOT 1A
roBopsit, 4ro "1pobsiemMa camonpuMeHuMocTi' (IPUMEHUMOCTH TPOIPAMMBbI K CBO-
eMy HOMEpY) Hepa3perinMa.

3amMeTnm, 9TO OTCIO/Ia CIEJyeT, ITO U 00JIACTh ONPEJIEJeHNUsT BCeil YHUBEPCAh-
Hoit bynkmuu U sIBIISIETCS MEPEUNCTUMBIM HEPa3penmMbiM MHOKeCTBOM miap. (Ec-
7 OB TTPOOJIEMa BHISICHEHWsT TPUMEHMMOCTH TTPOTPAMMBI K TPOU3BOJIHHOMY apry-
MeHTY Oblyia Obl pasperiuma, TO 1 €€ 9acTHbIH Caydail — IPUMEHUMOCTD TPOIPaM-
MbI K cebe — ObLT ObI pasperinm. )

BAIAYA 84. ITyemo U — nepevuciumoe MHOMCECTNEO NAP HATNYPAALHOLT -
cen, YHUBEPCAALHOE OAA KAACCA BCET NMEPEYUCAUMBLT MHONCECTE HATNYPAALHOLT
yucen. Joxaotcume, wmo ez2o "duazonanrvrnoe cevenue” K = {x | (x,z) € U}
AGNACTCA NEPEUUCAUMLM HEPAZPEULUMM MHOACECTEOM.

SAIAYA 85. Hexomopoe mmooicecmso S HamMypasvHoll “Uces paspeusumo.
Paspootcum 6ce wucaa us S na npocmovie MHOHCUMEAU U COCTMABUM MHOINHCE-
cmeo D ecex npocmulx wucens, 6CmMpPeuaouurcs 6 Imur passosncenuar. Moowcro
AU ymeepotcdamnb, wmo Mmuoscecmeo D paspewumo?

SBAIAYA 86. Mnoowcecmeo U C N XN paspewumo. Mootcro au ymeeporcdamn,
ymo muoxncecmeo "nusicnur movex” mmoncecmea U, mo ecmv muoncecmeo

V= {{e.) | (o) €U)u (fe.2) ¢ U dan acer = <))

asasemcs paspewsumvim? Mootcno au ymeepotcdamv, wmo V' nepevuciumo, ecau
U nepevuciumo?

§9. I'taBHBIE yHUBeEpCaJbHbIE (DYHKIIUN

OueBnIHO, KOMIIO3UITUS JIBYX BBIYUCIUMBIX (PYHKINI BhraucauMa. [Ipu aTom 310
yTBepKieHne Kaxkercs "adpdekTuBabiM" B TOM CMBIC/IE, ITO 110 TTPOIPAMMAM JIBYX
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byHKIMIA MOXKHO aJITOPUTMUIECKN TOJYIUTh MPOrpaMMy X KoMmosunuu. B pa-
3yMHOM S$I3bIKE TTPOIPaMMHUPOBAHUsT OHa Oy/IeT COCTOSTH M3 JIBYX MOJNPOTPAMM,
COOTBETCTBYIOIIUX JBYM BBITUCIUMBIM (DYHKIIMAM, U TJIABHON TPOTPaMMBI C €I1H-
crBennoii crpokoit "return (f(g(x)))".

OJ1HaKO Mbl XOTUM I'OBOPUTH HE O Hporpammax (4robbl He BJABATLCS B jleTa-
J sI3bIKa MPOTPAMMHUpOBaHusA), a 0 HoMepax dyuknuit. s sToro y Hac ectb
cpejsictBa. Vmenno, Bestkast yauBepcasibiast pyHkimst U jist Kjracca BIYACIAMbBIX
(byHKIMI OJTHOTO apryMeHTa 3a/1aéT HyMEpaIlnio 9TOTO KJIACCa: TUCT0 N SIBJSETCs
nomepom (yukiuu U, : x+— U(n, x).

Boobie nymepayuet (6omee TOIHO, Hamypasvrol HyMepayueti) TPOU3BOIb-
HOIO MHOXKeCTBa J Ha3bIBAIOT BCIOJy olpejiesicHHoe oTobpaxenue v: N — F.
00J1aCTh 3HaYEHUH KOTOPOro ectb BeE muoxkecTso F. Eciu v(n) = f, 1o uucsio n
HA3bIBAIOT Homepom obbekTa f. Takum obpasom, Beskas (DYHKIHS JIBYX apry-
MEHTOB 3aJIaéT HyMepaIUIo HEKOTOPOro KJacca (byHKIUHA OJHOro aprymenta (u
SIBJISIETCST YHUBEPCAJIBHOM JIJIsT 9TOTO KJIAcca).

Hamra niesib — cdopMympoBarh U JIOKa3aTh Takoe yrepx/jiexue: (IIpu HeKo-
TOPBIX YCJIOBUSIX HA HYMEPAITMIO BHIYUCTUMBIX (DYHKITHIA) CYIIECTBYET AJTOPUTM,
KOTOPBI# 10 JIFOOBIM JIBYM HOMEpPaM BHIUUCIUMBIX (DYHKIWH 1aéT HEKOTOPHIA HO-
Mep UX KOMITO3UIIMU.

IIpexjie Bcero Mbl morpebyem, 4ToObl YHHUBEPCAJbHAA (PYHKIHS, 3a/1a0Mast
HyMepaluio, obuia BeraucaumMoii. (Takue HyMepalun Ha3bIBAIOT GUYUCAUMBLMU. )
OJiHaKO 3TOro yCJIOBHSI MaJjo: HaM IOTpedyeTcs, 4ToObI HyMepalus OblLia, Kak
roBOPST, 246101 (2¢denesotr).

[Tycts U — naByMecTHas BBIYUCTUMAas yHUBEpcaJbHas (DYHKIUS JJIsT KJiacca
OJIHOMECTHBIX BblUMCIUMbIX (byHKImi (Tepmun "k-mecrrnast Gynkips" o3navaer
"dbyukius k aprymentos"). E€ HasbBAOT 2466100 yHUBEPCATBHON (DYHKIHEIH,
ecyT JIJTst JTI000# JIByMECTHON BBIYUCUMON (pyHKIUU V' CyTiecTByeT BCIOLy OIpe-
JesiéHHas BhluucuMast pyHkiust $(1m), Jyisi KoTopoit

V(m,z) =U(s(m),x)

npu Beex M U T (PABEHCTBO TOHMMAETCsI, KaK OOBIYHO, B TOM CMbIC/E, YTO JIKOO
0ba 3HAUYEHWsI He OMpPeIeIeHbI, JTUOO OTPEJIeJICHbl U DABHBI ).

Hpyrumu cnosamu, Vi, = Uy, TO €CThb GyHKIMA S JaéT 10 V-HOMEpY HEKO-
TOpo#t (byHKIMKU HEKOTOPbIH U-HOMED TO 2Ke (PYyHKIINH.

TEOPEMA 37. Cywecmsyem 2aa6na.4 YHUBEPCANOHAA HYHKUUA.

JOKA3ATEJIBCTBO. ([lepsoiit criocob.) [lokaxkem, 9To onucanuoe B J0OKa3a-
TesberBe TeopeMbl 31 (c. 79) nocrpoenne yHuBepCasbHOR (DyHKIUM JAET TU1aB-
HYIO YHUBepCcaJbHYIO (PyHKIN0. HamoMHIUM, UTO MbI IIEPEUHUCIISIN BCE IIPOIPaM-
MbI P, P1, P2, - - - KAKOT'O-TO €CTECTBEHHOT'O SI3bIKa IIPOIPAMMUPOBAHKS B HOPSIIKE
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BO3pACTaHusi UX JIMH (K B JIEKCUKOIDADUUECKOM HOPsiJIKE CPEJIU IPOrPAMM 011~
HAKOBOU jiyttbl) 1 nostaraynu U(n, T) paBHbIM Pe3yJIbTaTy IPUMEHEHHsI TIPOrpaM-
MbI P, K Bxosy . Ilycrsb Tenepnb ectb Kakasi-To Jipyrast BbiaucjnMas pyHKIust V.
JIBYyX apryMmeHnToB. Ham Hajo 1mo jiob60My HATYpPaJbHOMY 1 MOJYIUTh ITPOrPAMMY
dyuknyuu V,, 1o ecth PYHKIMU, KOTOPas MOJyInuTCs, ecjiv B V' 3aduKcupoBarh
MePBbIi APIyMEHT paBHbIM M. ZIcHO, 9TO Takyto porpammy (B OOJIBIIUHCTBE S3bI-
KOB MPOrpaMMHUPOBAHMUS) MOJYIUTh JIEMKO — HaJIO TOJHKO B mporpamme st V'
3aMEHUTH 1EPBbIA aPIyMEHT Ha OLPEJIEJCHUE KOHCTAHThI (MJIM UCIIOJIB30BATH 1PO-
rpaMMy Jijist V' B KadecTBe MOJIIpOrpaMMbl, a B OCHOBHO ITPOrpaMMe BBI3BIBATEL V'
¢ GUKCUPOBAHHBIM [IEPBbIM aPI'yMEHTOM ).

(Bropoii crioco6.) Ho MoxkHO U HE BIaBATHCS B JETAJN MOCTPOCHWS YHUBEP-
caJIbHON (DYHKITMH, a BOCIOJIH30BATHCS JIUITH (DAKTOM €€ CyIeCTBOBAHMS.

3aMeTuM CcHavaja, 9TO CYIIECTBYET BBIUMCIUMAs (DYHKIUS TPEX apryMeH-
TOB, YHUBEpCAJIbHAS JIJI KJIACCA BBIYUCANMBIX (DYHKIWH ABYX apryMeHTOB, TO
ecTb Takas PyHkius 1, 910 1npu pukcauuu 1epBoro apryMmesra cpejn yHKIuit
T, (u,v) = T(n,u,v) BCTPEYAIOTCs BCEe BBIYUCIUMbIE (DYHKIIUK JIBYX apryMEHTOB.

Takyro QyHKIMIO MOXKHO 1OCTpOoUTh Tak. DUKCUPYeM HEKOTOPYIO BbIUUC/IN-
MYIO HYMEpAaInIio Map, TO €CTh BBIYUCINMOE B3aUMHO OJTHO3HATHOE COOTBETCTBUE
(u,v) <> [u,v] Mexay N x N u N; qucso [u,v], coorBercrpyiomiee nape (u,v),
MBI OyJieM Ha3bIBATh HOMEPOM 39TOil mapbl. Ecim Teneps R — nByMecTHasi BbI-
qUCIMMasi YHUBepcaabHast (DYHKINWS JJIsT BRITUCIANMBIX OJHOMECTHBIX (DYHKITHIA,
To BRIUKCAUMast dbyukiwa 1, onpegenénnas dopmynoit T'(n,u,v) = R(n, [u,v]),
Oy/leT yHUBEpCAJIbHON JIJIsT BBIYUCIUMBIX JIByMECTHBIX (pyHKIui. B camom je-
Jje, nycrb F' — npousBosibHas BblYMC/UMas (QYHKIMS JIBYyX aprymeHTon. Pac-
CMOTPUM BBIYHCIUMYIO OJIHOMECTHYIO (DYHKIUIO [, ONpeIeIEHHYI0 COOTHOIICHM-
em f([u,v]) = F(u,v). Ilockonbky R yHuBepcaibHa, HAWJETCA 9UCIO M, JIJIs
koroporo R(n,z) = f(x) upn Beex x. st 5TOro n BbHINOJHEHBI PaBEHCTBA
T(n,u,v) = R(n,[u,v]) = f([u,v]) = F(u,v), u noromy n- oe ceuenue QpyHK-
mun ' copnajaer ¢ F'. tax, yuuBepcajbHas (PyHKIINSA TPEX apryMeHTOB IMOCTPO-
eHa.

Tenepsb ucnosb3yem e€ Jijisi Olpeie/ieHns 1JIaBHO# yHuBepcaabHoit pyukunn U
JIBYX aprymenToB. HedopmaabHo roBopsi, Mbl BCTpouM BHYTpb U Bce Jpyrue BbI-
qucjnMbie (PYHKIUMU JIBYX apryMeHToB, u TeMm cambiM U craner riiaBuoit. @op-
MaJbHO ToBOpPs, nooxkuM U ([n,u|,v) = T'(n, u,v) u nposepum, uro dbynkuusa U
oyzner riapHoii. Jltobasi Beluncinmas QyHKIUs V' JBYyX apryMeHTOB BCTpeJaeT-
cst cpeqi cedennit Gynkmmn T: MoxkHO HaiTH Takoe n, uro V(u,v) = T'(n,u,v)
agist Beex u u v. Torpa V(u,v) = U([n,ul,v) pis Becex w u v u noromy QyHK-
uust S, oupejesénnast popmysioit s(u) = [n,u], yjposiersopsier TpeboBaHusiM 13
olpejiesieHus TJIABHON YHUBEPCAJIbHON (DYHKIINMH, [
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Hywmeparuu, coorBeTcTBYIOINIME IMIABHBIM YHUBEPCAJbHBIM (DYHKIUSIM, Ha3bI-
BAIOT 2446HbLMU, NI 2E60€AE6VLMU.

Tenepnb y>Ke MOXKHO JIOKa3aTh TOUHBIM BAPUAHT yTBEP:KICHUS, ¢ KOTOPOTO MBI
HavdaJIn.

TEOPEMA 38. Ilycmv U — deymecmuan 2aa6HaA YHUBEPCANOHAA PYHKUUA
ONA KAGCCA BUYUCAUMDLT GYHKUUT 001020 apeymenma. Tozda cywecmeyem 6crody
onpederénnai GYHKUUA C, KOMOpas no womepam P u q deyr Gynruyut 00Hozo
apeymenma daém nomep c(p, q) ux Komnosuyuu: Uy, q) ecmo xomnozuyus U,oUy,
mo ecmo

Ulce(p,q),z) =U(p,Ulq, x))

0As 6cexr p, q U T.

JOKABATEJILCTBO. PaccMOTpuUM JBYMECTHYIO BBIUYHCIUMYIO (DYHKIHIO V|
auist koropoii V ([p, g, z) = U(p,U(q, x)). 1o oupejiesenuto riasHoil yHUBEPCaA/Ib-
HOM (DYHKIUM, HAMIETCS TaKas BCIOAY OIPEICICHHAA OJHOMECTHAS BLIYUCIUMAA
byukuus s, aro V(m,z) = U(s(m),x) ausa seex m u x. Torma V([p, q], x)
U(s([p,q]),z) u noromy byHKIMs ¢, onpeenéHnas cooTHomenneM c(p,q) =
s([p, q]), Gyner uckomoi. O

[ToBTOprM 310 jOKasaTesbCTBO HedopMmaabao. Oupejenenne rjiaBHOR yHUBED-
caJIbHOM (PyHKIMH TpedyeT, 4TOOBI JJisl JIFOOOIO JIPYTOro sI3bIKa IPOTrPaMMUPO-
BaHUsI, JJIsI KOTOPOTO MMEETCsI BLIUUCJIUMBIA wHTEpIpeTarop V, cymecrBoBas Obl
BBITUCIUMBIH TPAHCJISITOP S TPOTPAMM ITOTO sI3bIKa B TIporpaMmbl sisbika U. (st
KPATKOCTH MBI HEe pa3InvdaeM TPOrpaMMbl 1 UX HOMEPa U PACCMaTPUBAEM TUCTIO 1M
kak U- nporpammy dyukimu Up,.)

Tenepp paccMOTPUM HOBBIA CIIOCOO IIPOrpPAMMHUPOBAHKS, IPU KOTOPOM IIa-
pa (p,q) oObsiBisiercs nporpammoii koMmnosunuu gyukiuit ¢ U-nporpaMmamu p
u q. Ilo ycioBuio, Takue nMporpamMMbl MOXKHO aJITOPUTMUYECKH TPAHCIUPOBATDL B
U-niporpaMmbl, 94T0 1 TpebOBAJIOCH JI0KA3ATh.

JIF0OOIBITHO, UYTO BEPHO U 0OpaTHOE K TeopeMe 38 yTBep:KJICHHE:

SAIAYA 87. I[Tycmv U — dsymecmnas oi4ucsumas Ynusepcarvnas Gynru
0AA KAGCCA BVNUCIUMBLT Gynkyut odnozo apeymenma. Ecau cywecmeyem ecio-
dy onpedesénnas GyYHKUUA, KOMOPas no Homepam P u q 06yr dynkuut 0dHnoz0
apeymenma 0aém kaxol-aubo nomep ur Komnosuuuu, mo Gyukyua U aessemcs
eaaenol. (Yrasanue: nokasicume, wmo no k MOANCHO aA20PUMMUNECKU NOAYUATNY
U-nomep dynryuu x — [k, x].)

EcrecTBeHHBIN BOIMPOC: CYIMIECTBYIOT JIM BBIUUCJUMbBIE YHUBEPCAJIbHBIE (DYHK-
UK, HE SIBJISIIONUECs TyiaBHbIMUA? Mbl yBUIMM J1ajIbIle, 9TO CYHIECTBYIOT.
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§10. I''taBHBIE YyHUBepcCaJbHbIE MHOXKECTBA

[To anamoruum ¢ dynknusimu, nepeuncianmoe muoxkecrso W C N x N nasniBa-
eTCS 2AA6HHM YHUBEPCANDHOM NEPEUUCAUMBLM MHONCECMEOM (JIJTS KIIACCa BCEX
nepedrcanMbix nogMuokecTs N), eciin jiist J1000r0 JIPYroro nepedrcjanMoro MHO-
kectBa V' C N x N Haifjiércs Takas BCIOAY OIpeeeHHasd BbIUUCIUMAS (PYHK-
mus s: N — N, aro

(n,xy € V&< (s(n),z) e W

agist Beex nu . (O4eBuIHO, 9TO W3 9TOTO CBOMCTBA CJIEYeT YHUBEPCAJTHLHOCTD. )

Kak wu juist pyHKImit, MOXKHO TepeiTu K HymepalusaMm. Karkjioe MHOXKeCTBO
U C N x N zagaér nHymepanuio HEKOTOPOTO ceMeiicTBa TOJIMHOXKECTB HATYPaJTh-
HOIO Psijia: YUCIO N ABJsETCs HOMepoM n-ro ceuenuns U, = {x | (n,x) € U}.
[Tepeauncimmoe nojmuokecTBo Muoxkectsa N X N 3a1aé1 HyMepaluio HEKOTOPOTo
ceMelicTBa MepedrCJUMbIX MMOJIMHOXKECTB HATYpPAJbHOIO Psjia; TaKue HyMepaluu
Ha3bIBAIOT 6uiuucsumvimu. Tlepeancimmoe muoxkecrso W C N X N ynuBepcaJib-
HO, €CJTU ¥ TOJTBKO €CJTU BCAKOE TIepeurnC/InMOe TIOMHOYKECTBO HATYPaJbHOTO Psijia
umeer W-HoMep; OHO sSIBJISIETCS TVIABHBIM TOIJIA U TOJIBLKO TOTJ1a, KOIJIa JII00as Bbi-
aucyuMast Hymepaiusi Vo (J11060ro ceMeicTBa nepedncauMbiX MHOXKECTB) BBIUHC-
JmMo ceosuTest K W-nymepanmu B Tom cmbicne, uto Vy, = W) st HekoTopoit
BBIYUCTUMOM (DYHKIIUK S U JIJI BCEX N.

TEOPEMA 39. Cyuecmeyem 2aa610€e YHUBEPCAALHOE NEPEUUCAUMOE MHOIICE-

cmeo W C N x N.

JIOKABATEJIbCTBO. DTa TeopeMa SBJIAETCA OUYEBUIHBIM CJIEJCTBUEM TAaKOTO
YTBEPIK IEHUST:

Jlemma. ObJsiacThb onpejie/ieHns rJIaBHOM YHUBEPCaJIbHOM (DYHKITUN JJIsT KJIACCa,
BBITUCIUMBIX (DYHKIMI OJIHOTO apryMeHTa SIBJSIETCS TJIABHBIM yYHUBEPCAJIHHBIM
MHOKECTBOM JIJIsI KJIACCA, EPEIUCTUMBbIX 1TOIMHO)KeCTB N.

HokazaresnbeTBo jieMMbl. [lycts U — riaBHas yHupepcaJibHas GyHKIus, a W
— obsactb eé onpejenenns. [lycrs V- C N X N — npousBosibHOE nepeducammoe
MHOKecTBO. PacemorpuM Boraucaumyto ¢pyuknmo G ¢ 0bacTbio onpenenerus V .
[Tockonbky dyuknust U sBisercs rjaBHOM, HaJETCS BCIOJY ONpPeeEHHas Bbl-
uncnuman pynkmua s: N — N, nua xoropoit G, = Uy, npu seex n. Torpa
paBHbl 1 obsacTn onpejenenns pyukuuit Gy, u Uy, To ectb Vi, = W), [

SAIAYA 88. Ilocmpotime 2ia6H0€ YHUBEPCAALHOE MHOACECTNEO HENOCPED-
CMBENNHO, UCTLOABIYA YHUBEPCANLHOE N0OMHOHCECNE0 N3 (no ananoeuu c evlue
NPUGEIEHHHLM TOCMPOEHUEM 2A46HOT YHUBEPCAALHOT PYHKUUL).



§11. MmuoxkecTBa HOMEPOB 87

Kak u juist pyHKIME, MBI Teepb MOXKeM JI0Ka3bIBaTh, UTO Pa3JIUUHbIM Ollepa-
I[MsIM HaJI MHOXKECTBAMHU COOTBETCTBYIOT BbIUMCJIMMBbIE TTPE0OPaA30BaHNsT HOMEDOB.
Bor suimb oguH npuMep Takoro poja:

TEOPEMA 40. IIycmv W C N X N — zaaenoe ynusepcasvroe nepevuciumoe
mmoorcecmeo. Tozda no W- nomepam 06Yyr nepevucAuMvL MHOACECTNE MOHCHO
AN20DUMMUMECKY NOAYUUMD HOMED UL NEPECEUEHUA: CYULLCTNEYEM MAKAA Gbi-
YUCAUMAA BCIOAY ONPEIeAEHHaA PYHKUUA DBYT APLYMEHMOE S, YN0

Ws(m,n) =W, "W,
ors mobvr deyxr m u n.

JOKABATEJIBCTBO. Paccmorpum muoxkectBo V' C N X N ornpejiesiénnoe Tak:
(fm,nl,z) e Veoaxe(W,NnW,)

(31ech KBajpaTHbIE CKOOKH 0DO3HAUAIOT HOMED Tapbl) U IPUMEHUM K HEMY OIpe-
JleJIeHre TJIaBHOT'O YHUBEPCAJbHOI'O MHOYKECTBA. O

Kak u st GyHKIMM, TOHITHE BLIYACIUMOCTH IIOCIEI0BATEILHOCTH IEPEUnC-
JIMMBIX MHOXKECTB MOXKET OBITH ONPEJICJICHO JBOSKO: MOXKHO CYMTATH BbIUYUCIUMOI
IOCIEIOBATEILHOCTE Vy, V1, ... CedeHuil mpou3BOILHOTO IEPEIUCIIMOrO MHOKE-
crBa V', a MOXKHO TPebOBAThH, 9TOOLI TI0 § MOYKHO OBLIO aJrOPUTMHUUYECKH yKA3aTh
OJMH M3 HOMEPOB I-I'0 4JjIeHa 1I0CJIEJI0BATEJILHOCTH B IJIABHOH HyMepaluu. DTH
OIpEJICJICHUsT PABHOCUJIBHBL (JIOKA3ATEBCTBO MOJTHOCTHIO aHAJOTHIHO PACCY K JIe-
HUTO Jigtst DY HKIWMT).

§11. MHo>kecTBa HOMEPOB

Hauaném ¢ takoro mpumepa. PaccMoTprM MHOXKECTBO HOMEPOB HUTJIE HE OINpejie-
JEHHON (DyHKIIMK 1711 KaKOoi-1100 IJIaBHOM HyMepalnuu. ByaeT jiu oHO pa3perin-
Mo? Jlpyrumu cjoBamMu, MOXKHO JiM IO HOMepY (DYHKIMH B IJIABHON HyMepaluu
OIIPEJICJIUTD, ABJISIETCsI JIM 3Ta, (PYHKIMS HUTJIE HE OLPEIeJIEHHOM 7

[Ipexxie gem orBedarh HA ITOT BOIPOC, 3aMETHUM, UTO OTBET HE 3aBUCHT OT
TOro, KakKasl rjiaBHasi Hymepalinst BbiOpana. B camom jiesie, eciin ecrh JBe pasHbie
rJIaBHLIE HYMEpallii, TO OHU, KaK FOBOpsT, 'cBomsaTcsa" npyr K JApyry: MO HOMEpY
GyHKIMKM B OJHON HyMEpaIuu MOXKHO aJI'OPUTMUUIECKN TOJIYIUTH HOMED TOi »Ke
¢byuknum B jnpyroit nymepaiuu. Ecim ObI B OHON HyMepaluu MOMXKHO OBLIO Obl
IPOBEPSITH ' HUIJIE- HEe-ONPeIeEHHOCTD " PYHKIINN, TO 9TO MOXKHO OBLIO ObI JeIaTh
u B jipyroit (npumenus "dynkiuu nepexoga).

Cnenyiomas TeopeMa MOKA3bIBAET, 9TO OTBET Ha MCXOJHBIA BOIPOC OyIeT OT-
PHUIATETbHBIM.
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TEOPEMA 41. IIycmo U — npousdeosvran esa6HaA YHUBEPCAALHAA PYHKUUA.
Tozda mmootcecmeo mex n, npu komopux ynwkuus U, asisemcs nuzde ne onpe-
0eNENHOTI, HEPAPEUWUMO.

JOKABATEJTLCTBO. Ucnosb3yeMm MeToj, Ha3biBaeMblil ' cBEJIEHUEM— ITOKa-
YKeM, 9TO eCJid Obl 3TO MHOXKECTBO OBLIO Pa3pelnMbIM, TO U BOODIIE JI000e 1Iepe-
GUCMMOE MHOXKECTBO Ob1JI0 Obl pasperuMbiM. (HTo, KaK Mbl 3HaEM, HEBEPHO. )

[Iyctb K — npousBoJIbHOE HEpeunucauMoe HepaspelinMoe MHOXKecTBo. Pac-
CMOTPUM TaKyI0 BHITUCIUMYIO (DYHKINIO V' JIBYX apryMeHTOR:

0, ectu n € K,
Vin,z) = He onpejeneno, eciu n ¢ K.
Kak BujHO, BTOpO#t apryMmenT 3Toit (pyHKIMN GUKTUBEH, U OHA IO CYIIECTBY COB-
HAJIAET ¢ HOJyXapaKTepUCTUIeCKoi PyHKIMel MHOXKecTBa K 0T 1mepBoro apry-
MmeHTa. QueBUIHO, Ta (PYHKIUS UMEET CeYeHUus JIBYX THUIOB: Ipu n € K cede-
nue V, sipasercss nynesoit dpynknueit, npu n ¢ K — uurge He onpeueséHHoi
dyHKIIHEIH.

Tak kak pynknus U siBjisiercsi 11aBHOM, CYIIECTBYET BIYUCIUMast BCIOJLy Ollpe-
nenénnas GyHkums S, st koropoit V(n,x) = U(s(n),x) npu Bcex n u x, —
e Vi = Uy(yy- Hosromy npu n € K sunadenue s(n) ssiadercs U-HoMepoM HyJIeBO#
dbynknuu, a npu n ¢ K snauenue s(n) apiasiercst U-HOMEPOM HUTIE HE OlPEIesIEH-
Hoit dpyukiuu. [Tosromy eciim 661 MHOXKecTBO U-HOMEpPOB HULJIE HE OIpE/IeJICHHON
(byHKIMK paspernajgoch Obl HEKOTOPHIM aJITOPUTMOM, TO MbI Obl MOTJIN IPUMEHUTH
STOT AJTOPUTM K S$(n) W y3HATH, NMPUHAJJIEKUT JIK IUCTO N MHOKecTBY K wim
Hetr. Takum obpazom, MHOXKeCTBO K ObLI0 Obl pa3peniuMbiM B ITPOTUBOPEYUN C
HAIIAM IIPEIIOJIOXKEHIEM. O

B 9acTHOCTH, MBI MOXKEM 3aKJIIOUUTDh, YTO HUTJE HE ONpe/le/EHHAsA (DYHKITUS
nMeeT 6ECKOHEYHO MHOTO HOMEPOB B JIF0OOI T1aBHO# HyMepaiuu ([TOCKOJIbKY JIFO-
60e KOHETHOE MHOYKECTBO PA3PEITMO ).

Kpowme Toro, MOoyKHO 3aMETHTDb, YTO MHOYXKECTBO HOMEPOB HUTJIEe He OIpe Ie/EH-
HOW (DYHKIMU HE TOJILKO HE Pa3perinMo, HO W He Hepeducjumo. B camom jele,
€ro JIOTMOJTHEHNEe — MHOXKEeCTBO BCeX HOMEPOB BceX (PYHKIINI ¢ HEMYCTON 00J1aCTHIO
onpejieJIeHud — IepedIncimMo. (9To BEPHO JIJIsi JII00O BHIYUCIUMON HyMepaluu,
a He TOJIBKO Jiisl TJIaBHOM: TapaJuie/bHo Bhiaucsas U(n, x) s Bcex m u T, Mbl
MOYKEM TI€UATATH T€ N, JIJIs KOTOPBIX 00OHAPYKUJIOCH T, 1pu KoTopoMm U (n, ) onpe-
JesieHo.) A ecin IOMOJTHEHTE HEPA3PEITUMOTO MHOYKECTBA TIEPEIUCTUMO, TO CAMO
MHOXKeCTBO Herepeuuncumo (o teopeme [locra, c. 76).

Cupase o u 6oJjiee o0Iee yTBEPXK IeHIe, Ha3bIBAEMOE HHOI/IA, TEOPEMOit Ye-
nerckoro-Paiica. Ob03HAYNM KJIACC BCEX BBIYUCIUMBIX (DYHKIMi (07HOrO apry-
MeHTa) depes F.
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TEOPEMA 42. IIycmv A C F — npous6osvnoe HemMpucuaivHoe c60tcmeo
BUIUUCAUMBLE PYHKEUUT (HEMPUBUAALHOCTID 03HANAEM, YMO ECb Kak PYHKUUU,
emy Y00BACMEOPAIOULUE, Ak U PYNKUUL, eMYy He YOOSACMEOPAIOULUE, MO eCTD
umo mmuoorcecmeo A nenyemo u ne cosnadaem co eécem F ). Ilyemv U — 2nasnasn
ynueepcarvnas Gynkyua. Tozda ne cywecmeyem anzopumma, xomopwit no U-
Homepy 6uMUCAUMOT Gyrnkyuy nposepans 6w, obaadaem au ona ceoticmeom A.
Apyeumu caosamu, muoscecmeo {n | U, € A} nepaspewumo.

JTOKABATEJILCTBO. [locmoTpuMm, NpuHAJJIEXKUT JIM HUTJIE HE ONpEJIe/ICHHAs
byukrust (obosnaunm eé () kiraccy A, 1 Bo3bMEM mpou3BosIbHYIO dyHKIHIO £ "¢
apyroii cropounsl" (ecsin ¢ € A, mo £ ¢ A u naobopor).

HaJgiee jieficTByeM Kak paHbIie, HO TOJbKO BMECTO HYJIEBOW (PYHKIUKU BO3bMEM
byHKIMIO £ TOJI0KUM

£(x), ecomn € K|
Vin,z) =
He omnpejesiero, ecim n & K.
Kak u panbiie, Gynkius V' Oyjer BbluncaumMoil (JJist JaHHBIX 7 U T Mbl OXKMU-
JaeM nosiierns n B Muoxkecrse K, nocse dero soraucisem £(x)). Ilpu n € K
byukiust V,, cosnagaer ¢ &, upu n ¢ K — ¢ . Takum 0bpazom, 1posepsisi CBOIi-
creo V,, € A (ecim 6bI 5TO MOXKHO OBLIO CJIeIATH BOMPEKH YTBEPKJICHUIO TEO-
PEMbI), MOXKHO ObLJIO Obl y3HATH, MPUHAJJIEKHUT JIK YUCIO 1 MHOKeCTBY K wiiu
HeT. [

HekoTopbIM HEZ0CTATKOM 3TOrO JI0KA3aTE/LCTBA SIBISIETCS €r0 HECUMMETPHUU-
HOCTH (C OJIHON cTOPOHBI 0T A MbI GepéM HUTJE He ONPEJeJEHHY0 (DYHKIHUIO, C
Jpyroit cToporbl — J00y10). Bor 6osee cummerpudnbiii Bapuant. [lokaxem, aTo
ecsm ¢BoiticTBo A MOXKHO pacnosnasaTh 110 U-HoMepam, To JI00bIe J[Ba HellepeceKa-
OIUXCS TEPEUUCTUMBIX MHOXKECTBa P 11 () OTIeINMBI PA3pPEITIMbIM MHOKECTBOM.
Bribepem kaxue-unOyap e GyHKIun £ U 1), HAXOIAUECs 110 pa3Hble CTOPOHBI'
or A. Paccmorpum dynkiuio

£(x), eciu n € P,
Vin,z) =< n(x), ecn n € Q,

He ornpejiesiero, ecim n ¢ P U Q.

Dra GyHKIUS BEIYUCUMA: JIJIs 33JJAHHBIX 7 U T 0XKKJIAeM, 110K 1 OSIBUTCST JIMOO
B P, 1160 B (), IOCJIE Tero 3amyckaeM BhIUnCIeHne cooTBeTcTBerHo & () wn 1(x).

Ecmun € P, to V,, coBmazaer ¢ &; ecmu n € (), To V,, copuagaer ¢ 7). [lostomy,
HPOBEpsist, IpUHaIeKuT Jjiu Vi, kiaccy A, Mbl MOrin Obl pasperumo orjejaurs P
ot Q. [losywaem mpoTuBopetre, KOTOPOE U 3aBEPIIAET ITOT OOJIee CUMMETPUIHBIH
BApUAHT JIOKA3ATEJIbCTRA.
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Bropoii BapuaHT Jl0Ka3aTeIbCTBa TI0KA3bIBAET, UTO BEPHO CJIEIYIOIIee YCUIeHIe
9TOM TEOPEMbI: JJIsT JIIOOBIX PA3IUIHBIX BBIUYUCIUMBIX (QDYHKINNA @ U Y u J11000i
ryIaBHOM yHuBepcaabHo# dynkiuun U MHOX)ecTBa Bcex U-HOMEpOB (DYHKIUU @ 1
byHKIUK 1) He OTJEJNMbI PAa3peruMbiM MHOXKECTBOM. (3amMerrM, 4To 9T MHO-
KECTBA HE [EPEUUCTUMbI, KAK Mbl BIIOCJICJCTBUY YBUJMM. )

Tenepsp Jierko ykazaTb IpUMeD BbIYUCIUMON YHUBEPCAJIbHON (DYHKIINU, HE SB-
Jistonneiicst rapHoit. locrarodno cjesiath Tak, 4ToObl HUIJIE HE OlpejeseHHasd
byHKIMSA UMesa eMHCTBeHHbI HOMep. DTo Hecyaoxuo. Ilyers U(n,z) — mpo-
M3BOJIbHAST BBITUC/IMMAsi yHUBEpCcaJbHasi (pyHKIWA. Paccmorpum MHOXKecTBO D
Bcex U-HOoMepoB Beex (DyHKITHUI ¢ HEMYCTON 001acThIO onpesiesieHnsa. Kak Mbl yxKe
TOBOPHJIN, 3TO MHOYKECTBO MEPEINCINMO. PaccMOTprM BCIOLY ONPEIEIEHHYIO Bhi-
yucsanmyio bynknuio d, ero nepeuncasiontyio: D = {d(0),d(1), ... }. Tenepn pac-
emorpum dyuknuio V (i, x), aist koropoit V (0, x) He onpejiesieHo HI IPpU KAKOM T,
aV(i+1,z2) =U(d(7),z). Apyrumu ciaosamu, dbyHkimst Vj HUDJE HE Olpe/iesieHa,
a dyuknua Vi1 copnagaer ¢ Ugyy). Jlerko monars, uro dpynknusa V' ppraumciu-
Ma; OHa YHWBEPCAJbHA 10 TOCTPOEHWIO, W €JINHCTBEHHBIM V -HOMEPOM HUTJE He
onpeeaeHHOl DYHKIUN sBJsgeTcs ducyo 0.

Ha camowm siesie cyrmecTByrOT n DoJiee IK30THUIECKHEe HyMepalnu: Kak MOKa3a.l
Opuyidepr, MOXKHO HOCTPOUTH YHUBEPCAJIbHYIO BbIYUCJIUMYIO (PYHKIMIO, JIJIsd KO-
TOPO#l KaxK/iasl BblUuKMCIUMas PyHKIHA OyJeT uMeTh PoBHO ojiuH HoMmep. CooTBer-
CTBYIOIIME HYMEPAIMU HA3bIBAIOT 00HO3HAYHbLMU; OUEBUJIHO, OHU HE MOTYT ObITh
rylaBHBIMU. 3abaBHas 1epedopMyJInpOBKa: MOXKHO pa3padoTaTh TaKOil sI3bIK IIPO-
IPAMMUPOBAHUST, B KOTOPOM KaXKJIyI0 MPOTPAMMUCTCKYIO 33/1a9y MOXKHO PENnTh
eJINHCTBEHHBIM 00PAa30M.

§12. HemoaBu>kHasi TOYKA M OTHOIIEHUsS YKBUBAJIEHTHOCTU

TEOPEMA 43. IIycmv U — 2aa68na4 8bMUCAUMAA YHUBEPCANADHAA PYHKUUA
ONA KAGCCA BOIUCAUMBLT GYHKEUUT 00H020 apeymenma, a h — npoussosvhas 6cio-
dy onpedesénnas suuucsuUMas GyuKruUL 00no2o apeymenma. Tozda cywecmeyem
makoe wucao n, 4mo Uy = Uy, mo ecmo n u h(n) — nomepa 0dnoti dynxyuu.

JpyruMu cjioBaMm, HeJib3si HAWTH aJIropuTMa, 1Ipeodpas3yloliero mporpaMmmbl,
KOTOPBIi Obl 110 KaxK/I0i IIporpaMMe JiaBaJjl APyryio (He SKBUBaJICHTHYIO eﬁ). Ty
TEOpeMy Has3bIBAIOT meopemoti Kiunu o nenodsuscrots movwke uam meopemot o
peRYpcuU.

JIOKABATEJILCTBO. Mbl Oyjiem JieiicTBOBaTH 110 QHAJOIUMHU € IIOCTPOECHUEM Bbl-
JUCAUMOR (DYHKIUU, HEe UMEIOIIeil BCIO/Iy OIpPEeJIeIEHHOIO BIYUCIUMOIO IIPOJI0JI-
YKEHUS.
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PaceMoTpum 1pousBoJIbHOE OTHOLIEHUE IKBUBAJIEHTHOCTH (KOTOPOE Mbl Byjiem
0003HAYATD & = ) HA MHOYXKECTBE HATYDAJbHBIX ducesi. Mbl MOKaxeM, 4To cJie-
JIYIOIIKE JIBa CBOMCTBA 3TOI'O OTHOIIEHUS HE MOI'YT BbINOJHATHCH OJJHOBPEMEHHO:

e Jlyisi BCAKON Bbraucmmoi pyHKIMK f CyIecTByeT BCIO/y OlpejesCHHast
BBIYHCIUMAs (DYHKIHA ¢, SIBJISIIOIIAsICS €€ =-IPOJIOJIKEHAEM (9TO O3HAUA-
er, uro ecau f(x) onpejesieno npu HekoropoMm x, To g(z) = f(x)).

e CyImecTByeT BCIOJIy OIpeJie/éHHast BbIYUCTUMAaA (PYyHKIUS h, He nMero-
1asi =-HermoJBUKHOM ToUKY (TO ecTh DYHKIMS, Uit KOTOPOH nZh(n) st
BCEX N).

Ecin x = y — orHoinenune paBeHcTBa (£ = y), TO BTOPOE CBOHCTBO BBIIOJHEHO
(mostoxkuM, Hanpumep, h(n) = n + 1), nosromy He BbinosHeHo nepsoe. Teopema
O HEHOJBUKHON ToUKe mostyunres, ecin © =y +— U, = U, (v u y — Homepa
OJTHOI 1 TOW Ke (byHKImH). B sToM ciiydae BBIIIOJIHEHO TIEPBOE CBOWCTBO, KAK MBI
ceifuac yOeaMMes, U II0TOMY HE BBIIOJHEHO BTOPOE.

[Touemy BoImoJHEHO TEepBoe cBoicTBO? IlyeTh f — IMpOM3BONbHAS BBIYUCIMASL
dbyukiust oHoro aprymenta. Pacemorpum dyukiuio V(n,z) = U(f(n), x). To-
cKobKy U sgBJIsieTcs NIaBHON YHUBEPCAJIbHON (DYHKITMEH, HAIETCa BCIOJY OTpe-
nenénnast Gyukiyst s, s koropoit V(n,x) = U(s(n),x) nupu Becex n u z. dra
byukiust u 6yjileT KCKOMbIM =-11pojloJkeHreM. B camom Jiedie, eciu f(n) oupeje-
siero, 1o s(n) Gyger apyrum HoMepoM Toit xke dyukinuu, aro u f(n). (Ormeruwm,
aro ecsin f(n) He onpejeseHo, To $(n) Oyjger OJHUM U3 HOMEPOB HUIJIE HE Olpe-
TeJEHHON (hyHKIIIH. )

st 3aBepIienust J0Ka3aTeabLCTBA TEOPEMbl O HEMOABUXKHON TOUKE OCTAJIOChH
IPOBEPUTD, 9TO YKA3AHHLIC JBA CBOHCTBA OTHONICHWS 3KBUBAJCHTHOCTH HECOB-
MECTHBI. DTO JICJIACTCS TaK Ke, Kak B Teopeme 34 (pasmen 7). Bospmém Bbramc-
AUMYI0 PYHKIMIO f, OT KOTOPO#l HUKaKas BbIYMCJUMAas (PYHKIMs HE MOXKET OT-
JIMIAThCsI BCIOMy (Hampumep, Juaronaibuyto dyuknuio « — U(z, x) 1is Hekoro-
poit BhrancauMoii yauBepcasbhoii Gynkipn U). Tlo npejnonoxenuio cyiecrpyer
BCIOJLy OIPEJEICHHOE BBIYUCINMOE =-Tipoposzkenne ¢ dyukmuu f. Pacemorpum
byukiuio t(x) = h(g(x)), rae h — BoraucanMasi BCOjLy onpejieaéHuast (pyHKIusl,
He IMeoIas =-HenoasuxKnoil rouku. Torma ¢ Oyger Bcrogy oramuarhesa ot f. B
camom Jjiesie, ecau f(x) onpeneneno, o f(x) = g(x)Zh(g(z)) = t(z), u noro-
my f(x) # t(x). Ecim xke f(x) ve oupejesieno, o sror ¢gakr cam 10 cebe yxe
ormnuaer f(z) u t(x). O

TeopeMmy 0 HENOJBUKHON TOUKE MOXKHO IepedopMyImpoBaTh U TaK:

TEOPEMA 44. ITyemv U(n,x) — 2406104 SUHUCAUMEL YHUBEPCANLHAA PYHK-
Wi ONA KAGCCA BOUUCAUMBLL Pynryut 00nozo apeymenma. Iyems V(n, x)
nPou3sosvHas euuuciuMas Gynukuyus. Tozda dynxuyuu U uw V' cosnadarom wa
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HeKOmopom ceuenuu: natidémea maxoe p, wmo U, = V,, mo ecmv U(p,n) =
V(p,n) das aobozo n.

JJOKABATEJIBLCTBO. Tak kak ¢yukius U siBjisieTcs raBHOM, Hail1éM TaKyiO
BCIOJIy ONpejiesieHHyt0 Boraucaumyio dyukiuio h, aro V(n,z) = U(h(n),z) npu
Beex n u x. Ocraoch B3siTh B Ka4eCTBE P HENOJABUKHYIO TOUKY (yHKiuu h. [

(ITpumep ciejicTBUst U3 ITOI TEOPEMbl: KaK Obl HU CTapajiuch pa3paboTIuKH,
JJist JIFOOBIX JIBYX BEpCHii KOMIMJISTOpA CYIIECTBYeT MpOTrpaMMa, KOTOpas OJH-
HAKOBO paboraeT B 00eMX Bepcusix — HalpUMEP, 3alUKJIUBACTCA W TaM, U TaM.
Brpouewm, 910 BCé ke He HaBEpHSIKA, & TOJBKO €CJIH KOMITUISATOP 331a6T TJIABHYO
VHUBEPCAJbHYIO (DYHKIMIO — HO HAJ0 OYEHb MOCTAPAThCs, YTOOBI ITO ObLIO HE
Tak!)

[ToyuuresnbHO pasBepHyTh MENOUKY MPUBEIEHHBIX PACCYKICHUIT U TIPOCJIEIUT,
KaK CTPOUTCs HEeNojBuxKHast Touka. st narssiocru sMmecro U(n, z) mbl Gyjem
nucarhb [n](r) u anrarh 970 "pe3yabTaT IPUMEHEHUs IPOrpaMMbl 1 K Bxoy &'

Paccyxienue Hauunaercsi ¢ pacemorpenus " puaronanbnoi" ynkuuu Uz, x),
KOTOPYIO Telepb MOXKHO 3alucaTh Kak [z](z) (pesynbrar NpuMeHeHUs TporpaM-
MbI z K cebe). Jlasiee Mbl CTPOMM €€ BCIOJLY OIPEJICSIEHHOE =-TTPOJI0JIKEHIE. DTO Jie-
gaercst Tak. Boipaxkenue [[x](2)](y) BoraucauMo 3aBucut or iByX aprymMmeHToB. Mbl
BeromuHaeM, 9ro U ecTh TViaBHasi yHUBEpCabHast (DYHKIMSI, U HAXOJUM TAKYIO
uporpansty g, 110 [[g)(z))(y) = [[z](x))(y) npn neex 2 n y. Hipn srom [g)(x) ope-
JesieHo jist Beex &. [LyeTb Mbl XOTHM HAiTH HEMOJIBUZKHYIO TOUKY MPOIPaMMbI A.
Msbi pacemarpuaem komnosuiuio [h]([g](z)). D10 BeIpazkeHne BHIYUCIUMO 3aBHU-
CHT OT X, U TIOTOMY CyliecTByeT nporpamma t, s koropoit [t](x) = [h([g](z))
P BCEX T. DTa NPorpaMMa IPUMEHUMa KO BCEM X, TIOCKOJILKY TakoBbl h u g. Te-
mepb HEMOJBIKHON TOUKO# Oymer [g](t). UroObl yoeuThest B 9TOM, MbI JIOJKHbI
nposeputh, uto [[g](t)](x) = [[h]([g](t))](z) miga Becex x. B camom jseste, 1o cBoii-
crBy g umeewm [[g](t)](x) = [[t](t)](x). Becnomunas onpejesnenne t, 910 BbhipaxKeHue
MoxkHO nepenucarsb kak [[h]([g](t))](z) — uro kak pas u TpebOBAIOCH.

§13. 3adeM HYKHBI TPOCTHIE€ BBIYUCIINTEIHbHBIE MOJAEN?

o cux 1nop Ham ObLIO y/I00HO CChLIATHCS Ha MPOIPAMMUCTCKUI OIbIT, TOBOPst 00
aJICOPUTMAaX, IPOrpaMMax, MHTEPIPETaTOPax, MOIIarOBOM BBIIIOJHEHUN U T.JI. DTO
I03BOJISIJIO HAM UTHOPUPOBATH JIeTaJIM TTOCTPOEHU S T€X UJIM UHBIX aJITOPUTMOB T10/]
TEM MPEJJIONOM, UTO YUTATETHh WX JIETKO BOCCTAHOBHUT (WJIM XOTsI ObI MOBEPUT —
BCE-TaKM HE KaXKJIblil YUTaTe/Ib B CBOCH »KU3HU KcaJ nHTepHperaTop si3bika C Ha
Q).

Ho B HEeKOTOpPLIX cilydasx 3TOro Hejocrarodno. IlycTs, Hanpumep, Mbl XOTHM
JIOKa3aTh aJI'OPUTMUYECKYIO HEPa3pelnmMOCTh KaKON-TO 3a/a4u, B OlpejleJieHun
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KOTOPO# HUYEro He TOBOPUTCA O MPOTpaMMax. IDTO OOBITHO JesjaeTcd Tak. Mb
MOKa3bIBAEM, UTO MPOOJIEMa OCTAHOBKM CBOJUTCS K 3TO# 3aja4de. Jljis 9Toro Mbl
MoJIeJTUpyeM paboOTy MPOM3BOJBLHOIO aJrOpUTMa B TEPMUHAX PACCMATPUBAEMO
3aJa49u (9T0 9TO 3HAYWUT, OyJeT BUJHO W3 MPUBOIMMOrO HUXKe npumepa). [lpu
9TOM HaM BaxKHO, 4TOObI OlIpPeJle/IeHre aJIrOPUTMa ObLIO KaK MOXKHO IIPOIIIE.

Takum oOpazoM, HaIl TJIaH TaKoB. MbI ONUIIEM JIOBOJBLHO IIPOCTO OIpejiesise-
MBIl KJIACC MAIMH (€r0 MOXHO BBIOMPATH 110-PA3HOMY, Mbl OYJIEM HCIIOJIb30BATD
TaK Ha3bIBaeMble Maluibl ThOpUHTA), 3aTeM O0bABUM, UTO BCSIKAS BHITUCIUMAST
byHKIMS MOXKET ObITh BbIUYKMC/ICHA HA TAKOW MalllnHe.

Jpyras mpudanHa, M0 KOTOPOil BAYKHBI MPOCTHIE BHIYUCTUTEIbHBIE MOJIEH (Ta-
KUX MoOJiesieii MHOTO — pa3Hble BUJIbI MalllMH ThIOPUHTA, aJIpeCHbIe MallluHbI 1
T.11.), CBsI3aHA C TEOPUEH CJIOKHOCTU BbIUUCJICHUI, KOIJIA HAC HAYMHAECT UHTEPECO-
BaTh BPeMs BBITOJIHEHN TTporpaMM. Ho 3TOT BOmpoc BBIXOIUT 3a paMKU KJIACCH-
YeCKOU TeOpUuu aJiIrOPUTMOB.

§14. Mammubsl ThOpUHTa: onpejesieHne

Mawuna Toropunea vmeer OeCKOHEUHYIO B 00€ CTOPOHbBI AE€HMY, PA3JIEJIEHHYTO
Ha KBaJpaTuku (Auvedru). B Kaxkoil sueiike MOXKeT OBbITh 3aIlMCaH HEKOTODBIil
CUMBOJI U3 (PUKCUPOBAHHOIO (JJIs1 JTAHHOW MAIlMHbI) KOHEYHOIO MHOXKECTBA, Ha-
3BIBAEMOTO a.Apasumom JAHHON MamuHbl. OJMH U3 CUMBOJIOB aJihaBUTa BbIJIeJI€H
W HA3bIBAETCs "'TIPOOETIOM— MPEIIOJIaraeTcs, 9To N3HAYAJIHHO BCsT JIEHTA MTYyCTa, TO
€CThb 3aIoJIHeHa TPoOeIaMu.

Mammna Triopunra MOXKeT MEHSITH COAEPKNUMOE JIEHTHI ¢ TTOMOIITHIO CIENNab-
HO YuTaloIIel 1 HUIIYLIEH 204068KU, KOTOPast JBUKETCs BJOJIb JICHTHI. B KaxK Jiblii
MOMEHT TOJIOBKA HAXOMWUTCS B OJiHON n3 gdeek. Mamuna Thiopunara mosydaer oT
I'0JIOBKM MH(DOPMAIIMIO O TOM, KAaKOW CUMBOJI Ta BUJIUT, U B 3aBUCUMOCTHU OT 3TOI'O
(M OT CBOErO BHYTPEHHErO COCTOSIHNUST) PEIIAET, UTO JEJIaTh, TO €CTh KAKOH CHMBOJI
3alncaTh B TEKYIEl s9eiike M KyJa CHABUHYTLCA IOCJIE 3TOrO (HaﬂeBo, HalpaBo
WM OCTaThCsl Ha MecTe). [Ipn 9TOM TakKe MEHSIeTCsT BHYyTPEHHEee COCTOSTHUEe Ma-
MMHB (MBI TPETIOIATaeM, 9TO MAIINHA — HE CANUTasd JICHTHl — MMEeT KOHETHYIO
AMSTh, TO €CTh KOHETHOE YUCJIO BHY TPEHHUX cocTosinuit). Emg najio joroopurn-
Cs, C Yero Mbl HAUMHAEM U KOTJla KOHYaeM paboTy.

Takum obpazom, 4Tobbl 3a/1aTh MAIIMHY ThIOPUHIa, HAJ0 YKA3aTh CJIE/IYIOIe
OO'bEKTHI:

® [IPOU3BOJIbHOE KOHEIHOE MHOXKECTBO A (aagasum); ero sjeMeHThl Ha3bl-
BaIOTCH CUMEBONAMU;

® HEKOTODBI BBIJIEICHHBINH CUMBOJ ag € A (npobes, Wi nycmot cumeon);

® KOHEYHOE MHOXKECTBO S, HA3bIBAEMOE MHOXKECTBOM COCMOAHUTL;
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® HEKOTOPOE BBIJICJICHHOE COCTOSTHUE S) € .S, HA3BIBAEMOE HAUAADHIM;

o mabauyy nepexodos, KOTOPast ONPEJIE/IACT MOBEJCHNE MAITHHBI B 3aBUCH-
MOCTH OT COCTOSIHWSI M TEKYTIEro CHMBOJIA (CM. HIXKe);

® HEKOTOPOE MOAMHOXKECTBO F' C S, 9j1eMEeHTBI KOTOPOTO HA3BIBAIOTCS 30-
KANOUUMENLHOLMU COCTNOANUAMYU (TTOIIAB B TAKOE COCTOSTHIE, MAIIIMHA OCTa-
HABJIMBACTCS ).

Tabsuna 1nepexoJioB yCTpoeHa CJIe/ Iy oM 06pa3oM: Jijist Kax ol napbi (Te-
KyIllee COCTOSTHUE, TeKYINUi CUMBOJI) yKa3aHa TpOiiKa (HOBOE COCTOSIHHUE, HO-
BBIfi CHMBOJI, caBur). 3jech ¢iaBur — opHo u3 unces —1 (Baewo), 0 (Ha me-
cre) u 1 (nmanpaso). Takum obpasom, Tabiuia 1epexojoB ecTb (DYHKIMS TH-
na SXA — SxAx{—1,0,1}, onpejenénnas Ha Tex napax, B KOTOPbIX COCTOSHEE
HE sIBJISIETCST 3aKJII0INTE/IbHBIM.

Ocraéres onucaTh 1nopejieHre Mannibl Thiopunra. B KaXK iblii MOMEHT UMEeTCsI
HEKOTOPast KonPu2ypayus, CKIaJbIBAIOIIAsICS U3 COAEPKUMOTO JIeHThI (popmalib-
HO TOBODSI, COJIEPXKUMOE JIEHTBI €CTh MPOU3BOJIbHOE OTOOpaykerue Z, — A), Teky-
el TO3UIMK rOJIOBKK (HEKOTOPOE TIEJI0e YUCII0) W TEKYIIEro COCTOSTHUST MalliHbI
(ssiement S). [IpeobpazoBanue KOHGUIYpAIUK B CJEYIOILYIO TPOUCXOJUT 110 €CTe-
CTBEHHBIM IIPAaBUJIAM: Mbl CMOTPHM B TaOJIUIE, IYTO HAJO0 JIEIATh JIJisd JAHHOI'O CO-
CTOSIHUSI W JIJIsi JJAHHOTO CHUMBOJIA, TO €CTh BBISICHSEM HOBOE COCTOSIHUE MAINHBI,
MEHsIeM CHMBOJI Ha YKa3aHHBIA U IIOCJE 3TOTO CJBHUIAEM T'OJIOBKY BJIEBO, BIIpa-
BO WJIM OCTaBJisieM Ha, MecTe. [Ipu 9TOM, eciim HOBOE COCTOSTHWE SIBJISIETCS OHUM
13 3aKJII0UNTEIbHBIX, paboTa MAaIluHbl 3akaHunBaeTcsa. OcTaérest TOroBOPUTHCS,
KaK MBI 1MogaéM WHMOPMAIINIO HA BXOJ[ MAITUHBI W UTO CIUTAETCS PE3YJIHTaTOM
eé paborbl. Byjiem cuurarh, 4To ajipaBUT MallMHbI, HIOMUMO 11po0eJia, COJIEPKUT
cumBouibt O 1 1 (a Takzke, BOSMOXKHO, €I1¢ KaKUe-TO CUMBOJIBI ). BXOIOM 1 BBIXO/IOM
MaIlMHbL OYJ[yT KOHEUHbIE MOCIE0BATEIbHOCTY HYJI€H 1 eJMHNUIL (JIBOUIHbIE CJIO-
Ba). BXoHOE CJI0BO 3aMMCHIBACTCS HA MYCTOM JIEHTE, TOJIOBKA MAIINHBI CTABUTCS B
€ro MepBYI0 KJETKY, MaIluHa TTPUBOINTCS B HAYaJbHOE COCTOSTHUE W 3aITyCKaeTCs.
Ecian MalmHa ocTaHABINBAETCsI, PE3YJIbTATOM CUHTACTCSA JBOMYIHOE CJIOBO, KOTO-
poe MOXKHO TPOYECTh, HAUMHAST ¢ TIO3UIMU TOJOBKH U JIBUTAsICh HAPABO (TTOKa He
HOSBUTCS CUMBOJL, OTJMaHblif o1 0 u 1).

Takum obpaszom, jtobas MamnuHa ThlOpHHIa 3aJa6T HEKOTOPYIO YaCTHUIHYIO
(GyHKIMIO Ha JIBOMYHBIX cjioBax. Bce Ttakue (PyHKIMU €CTECTBEHHO HAa3BaTh 60i-
YUCAUMBMY Ha Mawunexr Toropunza.

§15. Mammubl ThropuHra: obcy>kaeHue

Pazywmeercs, maie onpejiesienne COAEpKUT MHOTO KOHKPETHBIX JleTaJieil, KOTOpble
MOXKHO ObLJI0 Obl U3MeHUThL. Harnpumep, jieHTa MoxkeT ObITh OECKOHEUHON TOJILKO
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B OJIHy CTOpPOHY. MOXKHO TpUIaTh MallnHe jBe JeHTbl. MOXXHO CIYUTaTh, YTO Ma-
MIHA, MOXKET JTMOO0 HANMCATH HOBBI CUMBOJI, JINOO CABUHYTHCS, HO HE TO U JIPYyTO€
BMecTe. MOXKHO OrpaHUuInTh aipaBUT, CINTAsT, CKayKeM, YTO B HEM JIOJI?KHO OBITH
posro 10 cumBosioB. MoxkHO 110TpebOBaThH, YTOOBI B KOHIIE Ha, JIEHTE HUYEro He
ObLJI0, KPOME pesyJibrata PaboThl (OCTANbHBIE KJIETKH J0JKHBI ObIThb 11ycThi). Bee
nepedrcJennble 1 MHOTHE JIPYTHe W3MEeHEeHNs He MEHSIOT KJIacca BBIYUCJUMbBIX Ha
mariax Teiopunra dynkiumii. Koneuno, ecrb u nebe300ujiHble namenenus. Ha-
IPUMEP, €CJTH 3aPETUTD MAITUHE JBUTATHCA HAJEBO, TO 3TO PAJIUKAJbHO TOMEHSI-
eT JIeJIO — 110 CYIIECTBY JIEHTa, CTaHeT OecloJIe3HOM, TaK KaK K CTapbiM 3alliCsIM
y2Ke HeJTb3s OyJeT BEPHYThCS.

Kax monsiTh, Kakne nuamMeHenust 6e300mHbI, a Kakne Her? Buanmo, TyT Heob-
XOJIUM HEKOTOPBIA OIBIT MPAKTUICCKOIO MPOIPAMMUPOBAHUS HA MalMHAX T bIO-
puHra, xorsa 0Obl HeOosbIoi. [loce 3Toro yke MOXKHO IpeJICTaBIAThL cede BO3-
MOYKHOCTH MAIIIMHbI, HE BBIIUCHIBAs TPOIPAMMBI TOJTHOCTHIO, 8 PYKOBOJICTBYSICH
JIUITH TPUOJIN3UTEBHBIM ONUcanneM. B KadecTBe TpuMepa OMUIIEeM MAIIuHy, KO-
TOpast yJBaMBAET BXOJHOE CJIOBO (M3roTaBiuBaer ¢jioBo X X, ecyin Ha BXOJe ObLIO
cioBo X).

Ecin marmmua BugnT npobest (BXOJHOE CJI0BO MycTo), OHa KoHuaeT pabory. Ec-
JIM HET, OHA 3AII0MUHAET TEKY U CUMBOJI U CTaBUT HOMETKY (B ajdaBure HOMUMO
cumposios 0 1 1 6yayr em@ ux "momevennbie BapuanTbl-0 u 1). 3aTeM oHa JIBU-
YKETCsT HAITPABO JIO IYCTOH KJIETKH, TOC/Ie Yero MUIIeT TaM KOIHUIO 3allOMHEHHOI'O
CUMBOJIA. 3aTeM OHa, JBUKETCS HAJIEBO JIO MOMETKHU; YTKHYBIIUCH B TOMETKY, OT-
XOJIUT Ha3aJl U 3allOMUHAET CJIe/YIONUI CUMBOJI U TaK JlaJjee, 10Ka He CKOIUpPYyeT
BCE CJIOBO.

mest HeKOTOPBIi OTTHIT, MOXKHO 38 BCEMH STUMU (ppa3aMu BUIAETH KOHKPETHDIE
KYCKH TIPOrpaMMBbI 15T MarmuHabl Thiopunra. Hanpumep, ciosa "3amoMunaer cum-
BOJI ¥ JIBUXKETCs HAIPaBo' 03HAYAIOT, UTO €CTh J[BE I'PYIIIIhl COCTOSHUI, OJIHA, JIJIsi
CUTYyalM1, KOIJIa 3aIllOMHEH HYJIib, Jpyrast — KOIjla 3allOMHEHa, €JIMHUIA, U BHYT-
P KazKJI0M T'PYIIIBI 3alpOrpaMMUPOBAHO JIBHXKEHUE HAITPABO JI0 MEPBOi MyCTOl
KJIETKH.

Wwmes emé 9yTh OOJIbIIIE OMBITa, MOYKHO MOHSATH, UTO B 9TOM OINUCAHUH €CTh
ormmnOKa — He MPeJIlyCMOTPEH MEXaHU3M OCTAHOBKH, KOTJla BCE CJIOBO OyJieT CKOIIH-
POBAHO, TMMOCKOJBKY KOIUN CUMBOJIOB HUYEM HE OTJIMYAIOTCS OT CUMBOJIOB MCXO/I-
HOTO cJIOBa. YICHO U TO, Kak OMMOKY UCITPABUTh — HAJ0 B KAUECTBE KO MHUCATH
crenuaibble cuMBOJIbL 0 1 1, & Ha HOC/ICAHEM TAle BCE IOMETKU Y/AAIUTD.

SBAIOAYA 89. Ilokancume, wmo dynryus "obpawernue nepesopanusarou,as cao-
60 3a0doM Hanepéd, sviuuciuma Ha mawune Tvropunza.

Hpyroit npumMep HeOPMATLHOTO PAcCy:KJIeHUsT: OObIACHUM, MOYEeMY MOXKHO He
UCIIOJIL30BATH JIONOJHUTEILHBIX CuMBOJIOB, Kpome 0, 1 u niycroro cumpodia. Ilycrs
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ecThb MalluHa ¢ OoJsbiuM ajidpapuToM u3 N cumpBoJioB. IlocTporm HOBYIO MallInHYy,
KoTOpas OyIerT MojennpoBaTh paboOTy cTapoil, HO KaxkJ0# KJeTKe cTapoii Oyer
COOTBETCTBOBATL OJOK n3 k KyieTok HOBOM. Pasmep 6Gioka (wmcno k) Oymer dbuk-
CUpPOBaH TakK, 4TOObI BHYTPH OJIOKA MOXKHO OBLIO Obl 3aKOIWPOBATH HYJISIMU U
eJIMHUIIAMU BCE CUMBOJIBLI 60J1bIOI0 ajidpasura. Vexopanbie cumpodibl 0, 1 u ycroii
OysieM KojmpoBaTh Kak 0, 3a koropbiM uiayT (k — 1) mycrbix cumBosios, 1, 3a Ko-
TopbiM uayT (k — 1) 1mycrbix cUMBOJIOB, U Ipyliily u3 Kk 1ycTbix cumBoJioB. Jljisi
HavaJja HaJ0 Pa3/IBUHYTh OYKBbI BXOJIHOI'O CJIOBA Ha pPaCCTOAHME K, UTO MOXKHO
crenarhb 0e3 JIONOJHUTEILHBIX CHMBOJIOB (ﬂoﬁﬂﬂ JI0 KpaiiHeit OyKBbI, OTOJIBUTIA~
eM e€, 3aTeM JIONAd J0 CJIeAyIoNeil, OTOABUraeM €€ W KPaillHIiol U Tak ﬂaﬂee);
HAJI0 TOJILKO TMOHWUMATh, UTO MOXKHO HIACHTH(MUIIMPOBATH KOHEI[ CJI0Ba, KaK MO3M-
KO, 38 KOTOPO# ciiejyer 6ojiee k 1ycTbIX CUMBOJIOB. ZICHO, 4TO B 9TOM IIPOLECCe
MbI JIOJ2KHBI XPAHUTb B HaMsTH HEKOTOPbI KOHEUHBIH 00bEM HMHGOpPMaIUU, TaK
470 3T0 BO3MOKHO. [locsie 31oro yke MOXKHO MOJIe/IMPOBATh pabOTy MCXO/HOM Ma-
IMHBI [0 ITaraM, U JJjisi 9TOTO TOXKE JIOCTATOYHO KOHEUHOU MaMATH (KOHETHOTO
qUCIa COCTOSTHUM ), TaK KaK HAM BaskKHaA TOJHKO HEDOJIbINAs OKPECTHOCTH TOJOBKH
MoJiesInpyeMoit Mammuabl. HakoHer, HaJl0 c:KaTh pe3yJibTaT 00paTHO.

YTBep:KIeHre O TOM, UTO BCSIKasl BHIUMCANMAasi (PYHKIWS BLITUCIUMA Ha, Ma-
muHe Thiopunra, HazpiBaloT meaucom Toropunza. KoOHEUHO, €ro CMbIC/ 3aBUCUT OT
TOr'0, UYTO MOHUMATD IIOJI cIoBaMu "Boluucaumas pyakius". Ecim nonnMars ux B
PACILIBIBUATO-UHTYUTUBHOM CMbIcse ("dYHKIMS BBIUUCIACTCH aJlOPUTMUYECKH,
TO €CTDb 110 YETKUM, HEJIBYCMBICJICHHBIM, OJHO3HAUHLIM MpaBuaaM' MM 9TO-TO B
TAKOM PO/I€), KOHETHO, HU O KAKOM JIOKa3aTebeTBe Te3uca ThIopUHIa He MOXKeT
ObITh peurt. MOXKHO JIMIIb FOBOPUTH, UTO MHOIOBEKOBas MPAKTHKA UEIOBEUECTBA
or Esksinia 1o Knyra ( HbIHE XKUBYIIHHA KPYITHEH T CIIEIIMAIUCT B TEOPUU AJITO-
PUTMUYIECKUX SI3BIKOB) HE BCTPETHJIACH ¢ IPUMEPOM AJTOPUTMa, KOTOPbIN HEJTb3sI
ObLI0 ObI 3amKcaTh KaK mporpaMmy Maiiuibl Thiopunra u T.11. Bripouewm, erné ojiun
(He camiKoM yOe uTesibHbI) apryMeHT IPUBEIEH HUXKE.

Ho ecinn monmmars cioBo "Boeramenumasi" B Tesuce Tohopuara Kax "Boulanciin-
Masl ¢ romMoInbio nporpaMmmbl Ha C'" n pejgcraBuTh cebe Ha MUHYTY, 9TO CHHTAK-
cuc u cemanTuka C-mporpaMM TOYHO OIpeJesieHbl, TO Te3ucC ThIOpUHIa CTAHET
yXKe IETKUM YTBEPIKJIEHHEM, KOTOPOEe MOXKET ObITh UCTUHHBIM WJINA JIOXKHBIM, 1
KOTOpPOe MOXKHO JIOKa3bIBaTh. KoHETHO, TaKoe JI0KA3aTeILCTBO 110 HEOOXOTMMOCTI
JIOJIXKHO MCTTO30BAThH (hOPMAJIbHOE ONMCaHne CHHTaKCcHca n ceMaunTuku C, u 1mo-
TOMY HMKEM HE MPOBOJIUJIOCH, HO Jijist 00Jiee MPOCTHIX BBIUUCANTE/IBHBIX MOJIe/Iei
9TO JIEHCTBUTEIHLHO MOXKHO (DOPMAJIBLHO JIoKa3aTh. BripoueM, Takoro pojia JloKas3a-
TEJIbCTBA CPOJIHU JI0KA3ATE/ILCTBY KOPPEKTHOCTH JJTMHHON MPOrPAMMbI, ¥ TTOTOMY
YKeJIAoIUX UX IMUCATh U TeM 0oJiee YUTAaTh HEMHOIO.

B sakirouernn mpuBeéM ODEImaHHbIii apryMeHT B TT0JIb3y TOTO, UTO JI0bast
BBIUKMCINMAs (DYHKINS BbIUMCANMA Ha Mamnae Twiopunra. [Iyers ecth hyHKINMS,
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KOTOPYIO 4YeJIOBEK YMEeT BLIYMCIATL. IIpu 3TOM, OH, €CTEeCTBEHHO, JOJIZKEeH
MCIIOJIL30BAaTh KapaHJIall u Oymary, Tak Kak KOJM4ecTBO MH(OPMAINU, KOTOPOEe
OH MOXKET XpaHuTh "B yMe OrpaHudeHo. ByneM cyuTaTh, 9TO OH INHAIIET Ha
OTJICNIBLHBIX JucTax Oymaru. [ToMrnMo TekyIiero Jmcra, ecrhb CTONKa OyMar crpasa
¥ CTOIIKa CJIeBa; B JIOOYI0 M3 HUX MOXKHO IOJIOXKUTh TEKYIIUil JIMCT, 3aBEPIUIUB C
HUM PaboTy, a U3 JPYroil CTOIKU B3ATh CJCAYIONMA. Y YeJ0BeKa eCTh KapaH alll
v JacTuk. [TOCKOIBLKY OYeHb Mesikne OYKBbI Ha JINCTE HepasJMduMbl, YUCJIO
OTYETIMBO PA3IMUHLIX COCTOSHUN JIMCTa KOHEYHO, TAK YTO MOXKHO CUMTAThL, YTO
B Ka’K/blil MOMEHT Ha JIMCTE 3allucaHa OJIHa OyKBa U3 HEKOTOPOro KOHEYHOI'O
(xorst u BechbMa Oouibiioro) asdasura. HegoBek TOXKe HMeeT KOHEUHYIO MaMsITh,
TaK 4TO €ro COCTOSTHWE eCTh 3JIEMEHT HEKOTOPOro KOHEYHOrO0 MHOXKeCTBa. Ilpn
9TOM MOXKHO COCTABUTL HEKOTOPYIO TabJIUILy, B KOTOPOIl 3allMCaHO, YeM KOHYUTCS
ero pabora HaJ| JUCTOM C JAHHBIM COJEPXKUMbBIM, HadaTas B JAHHOM COCTOSHHUN
(aro Oymer Ha JKCTE, B KAKOM COCTOSTHUM OyJeT 4eJOBEK M M3 KaKOH HadKu
Oyner B34T caeytonmii jmcr). Tenepb yxKe BUIHO, UTO JIEHCTBUS Y€JOBEKA Kak
paz cooTBercTBYOT pabore MaluHbl ThopuHra ¢ 0OJIbIIUM (HO KOHEYHBIM)
asipaBUTOM ¥ OOJIBIUM (HO KOHEUHBIM) UHCJIOM BHYTPEHHUX COCTOSTHHIA.

§16. IIporpamMMbl ¢ KOHEYHBIM YHCJIOM MEePEMEHHBIX

MbI XOoTHM MOKa3aTh, YTO IT'PpapUK BCIKON BBIYUCIUMOMN (DYHKITUHN SABJIIETCS apud-
METHUYECKUM MHOXKECTBOM, TO €CTh BbIpasuM (opmyJioit apudpmeruku. st 31oro
yJI00HO TIepeiiTn oT MaIuH ThIopuHTa K JIPYTOil MOJIETN, KOTOPYIO MOXKHO YCJIOBHO
Ha3BaTh MallTUHAMU C KOHEYHBIM YUCJIOM PErUCTPOB.

[Tporpamma JijisT TakKoif MAaIlUHBI HCIOJIB3YET KOHEYHOE YHCJIO MepEeMEHHBIX,
3HAUCHUSAMU KOTOPBIX SIBJIAIOTCS HATypaJbHbIE YUCIA. dKCIa 3TU MOIYT ObITh
POU3BOJILHOI'O Pa3Mepa, TaK 4TO MallliHa PeabHO UMEET MaMsTh HEOIDAHWYeH-
HOro 0ObéMa. [IporpamMma cOCTOUT M3 HyMEpPOBaHHBIX MO MOPSIKY KoMaH . Kax-
Jlasi KOMaH/[a UMEeEeT OJIUH U3 CJIEYTIONNUX BUJIOB!

e a=0;
® a=b;
® a=b+1;
e a=b-1;
e goto met;
e if (a==0) goto metl; else goto met2;
e exit(0);

[TocKosIbKY MbI CUMTAEM, YTO 3HAYCHUSI [IEPEMEHHBIX — HATypaJibHbIe (IeJible
HEOTPUIATEIBHBIC) TUCIIA, YCJIOBUMCS canTaTh pasnoctb 0—1 pasnoit 0 (Brpodewm,
9TO HE TaK BAXKHO — MOXKHO ObLIO Obl CYMTATH 9TO aBapueil).
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Hoiiis 10 KOMaHIbl €Xit, IporpaMMa 3aKaHIuBaeT padoTy.

Kak u jurst mamun Thiopunra, 1moje3na HeKOTopasi IpakTHKa IPOrpaMMUPOBa-
Husi. JIJ1si TpeHUPOBKM HAIUIIEM IPOrpaMMYy CJIOXKeHUsi JAByX unces. OHa mome-
aeT B C CyMMY YKCeJ, KOTOPbIe ObLIN B IepeMeHHbIX a u b. Takasi nporpaMmma
Ha C nmesa Obl BrJj,

c=a;

/* VHBApHAHT: OTBET = CyMMa TEKyULUX 3HA4YeHU## ¢ u b */

while (b!=0)

{

ct++;
b--;
}
VmuTupyst 1UKJI ¢ HOMOIIBIO OIEPATOPOB 11€PEX0/ia, 10JydaeM [IPOrpaMMy JLjisi
HalIeil MallruHbI:
1: c=a;
if (b==0) goto 6; else goto 3;
ct+;
b--;
goto 2;
exit (0);

o O > W N

Tenepb J1erKO HOHATH, KAK HAIIMCATD IIPOIPAMMbI JIJIsI BBIYUTAHKS, YMHOYKEHUSI
(koTOpOE peasu3yeTcst Kak IMUKJI ¢ MOBTOPHBIM CJIOYKEHUEM ), JCJCHHs ¢ OCTATKOM
(kak yumit em@é Durejbe B 3abbitoil HbiHe KHure "JlnasekTuka 1npupojibl jedie-
HIE €CTh COKPAIEHHOE BBITUTAHNE), BO3BEJICHUS B CTENEHD, TPOBEPKHU MTPOCTOTHI,
OTBICKaHUsI N-T'0 IIPOCTOIr0 Yucjia u T.11. Boobiie 1o cpaBHEHUIO ¢ MallnHaMU 1 bio-
PHUHTa 3TOT SI3bIK OOJIee IIPUBBIUYEH U IIOTOMY Jierde MOBEPUTh, UTO Ha HEM MOXKHO
3aIPOTPAMMUPOBATH BCE AJITOPUTMBI.

EnnncTBeHHOE, Uero B HEM peasibHO He XBaTaeT — 3T0 MaccuBoB. Ho 310 jer-
KO O0DOMTHU, IIOCKOJIbKY €CTh UMCJia IIPOU3BOJILHOIO pa3Mepa U Hac He MHTEepecyeT
qUCI0 onepaniuii (Kak 910 MpuHATO B 001el Teopun ajgropurmon). Bmecro macceu-
Ba OMTOB MbI MOXKEM XPAHHUTb YHUCJIO, JIBOUTHON 3aIIMCHI0O KOTOPOI'O OH SIBJISI€TCH,
a JIJIsT MAaCCUBOB YMCE BOCIOJIB30BATHCsI, CKayKeM, OCHOBHOI Teopemoit apudme-
TUKYM ¥ XPaHUTDb HOCIeI0BATENBHOCTD (a,b, ¢, d, e) Kax umciao 2°3°5°7711¢. Ipu
sroMm otnepannu alil=b u b=ali] zamensiorcss Ha HeOOJIbININE TPOrPAMMBI, KO-
TOpBIE COJIEP’KAT MEepeMeHHbIe a, b, 1 U emé HeCKOJbKO TepeMeHHbIX. (HacTbio
TUX IIPOIPAMM SIBJISIETCH HAXOXKJIEHUE IIPOCTOr0 YUC/Ia C 3a/laHHbIM IIOPSIKOBBIM
HOMEPOM. )

Jlerko ompesesuTh MOHATHE BBHIYUCTUMON (B 9T0# Mozenn) dyuknuu. [lycts
ecTh porpaMMa ¢ JiByMst nepementbivi x Uy (u, " .&-., apyrumu). Ilomecrum
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B X HEKOTOpOE YHCJIO 7, & B OCTaJbHbIE TIepeMEeHHbIe TIOMECTUM HYJIU. 3aIlyCTUM
nporpaMmy. Eciin oHa He OCTAHOBUTCS, TO BblUMCsieMas eil (PYyHKIUs B TOUKE 7
He ompejiesiera. Keam ocTaHOBUTCA, TO COIEPKUMOE TIepEMEHHOM y TIOCIe OCTaHOB-
KU 1 OyJieT 3HaueHneM (pyHKIUU, BHIUUCIsIEMOil Hallleil TporpaMMoit (B TOYKE n)
DyHKIMs HABBIBACTCS BBIYUCIUMON (B 9TOH MOJICJIN), €CIIM CyIIECTBYET BbIUUC/Isi-
1o111as e€ IIporpamMma.

Kak Bcerjia, nipu onpejiejieHun Mbl (PUKCUPOBAJIM pa3J/iMyHble JleTaln, 00Jib-
IMITHCTBO U3 KOTOPBIX HE SBJSIOTCA CyIHIeCTBEHHBIMU. MOYKHO OBLIO OBbI JT06aBUTH
HEKOTOPbIE KOMaHJIb! (CJIOKEHNe, HAIIPUMED ) — WJIH JIazKe UCKIIOYUTh (HarnpuMep,
6e3 KOMUPOBAHKST MOXKHO ODOHTHCH ¢ TOMOITBIO HEOOJIBINON XUTPOCTH ).

SATAYA 90. Ilokascume, wmo KAGCC SHYUCAUMBLE YHKEUULT He USMEHUMCA,
ecAU UCKAOUUMD U3 onpedeeHus Komandy Konuposanus a=b.

Heckonbko 6ojiee yauBUTEILHO, YTO YUCIO MMEPEMEHHBIX MOYKHO OMPpaHUYNTh,
CKaxXeM, COTHEI — HO U 9TO HE TaK YK CTPAHHO, €CJIM BCIOMHUTH, YTO Mbl MOXKEM
XPaHUTDL B OHON MEPEMEHHON IMeJblii MaCCUB.

SAIAYA 91. IIposepvme amo.

§17. Mammuubl ThOpuHTa U TIPOTrPaMMbI

[TocTpoennas BeIIUCAUTETbHAS MOJIETb He cjiabee Mamui ThiopuHTa B TOM CMbBIC-
Jie, 9TO JIIOOYIO BHIYUCJIUMYIO Ha MallinHax ThIOpUHTA (PYHKIMIO MOYXKHO BbIUKC-
JIMTH U TIPOrPaMMOil ¢ KOHEYHBbIM YUCJIOM [IePEeMEHHbIX.

TEOPEMA 45. Beakaa pynruus, 8vluuciumaed na mawunar Tovropunea, mo-
oHCEM OVIMD BUYUCAEHA € NOMOULDLIO NPOPAMMDL ONUCAHHO20 UM € KOHEUHBILM
YUCAOM NEPEMEHHDIT.

Citejtyer yTOdHUTH, OJJHAKO, 9TO Mbl KIMEEM B BHJLY, TaK KaK JiJisi MaliuH Thio-
PUHTa UCXOTHOE JJAHHOE W Pe3yJIbTaT ObLIN JIBOUYHBIMU CJIOBAMHU, a JJIs TPOTrPaMM
— HaTypaJibHbIMU dncjiaMu. Mbl 0TOXKJI€CTBIIsSIEM T€ U JIPYT'HE 110 €CTECTBEHHOMY
npaBmity, ipu Koropom cioBa A (mycroe), 0, 1, 00, 01,...coorBeTcTByfOT dncjiam
0, 1, 2, 3, 4... (4T00bl MOSYYUTH U3 YUCIA CJIOBO, NPUOABUM K HEMY €JIMHHUILY,
MepeBe/IEM B JIBOUTHYIO CHCTEMY W OTOPOCHM €JIMHHUITY B CTApIIeM paspsije).

JOKABATEJILCTBO. Kak 1 paHbiiie, Mbl NPUBEJEM JIMIIb PUOJIU3UTETHHOE
ONMMCAaHWe TOTO, KaK MO MalinHe ThIOpWHTa CTPOUTCS MPOTpaMMa ¢ KOHEUHbBIM
JUCJIOM MepEeMEHHBIX, BRITUCIAIONasd Ty e hynknuio. [Ipex e Bcero kondury-
paiuu Mallnibl ThIOpUHIA HaJI0 3aKOJUPOBaAThH vducjiamu. MoxKHO c¢jenarh 9710,
HaAIllpUMep, MMOCTAaBUB B COOTBETCTBUE KayK I0¥ KOHMUTYPAIUU YeThbIpe JUCja: HO-
Mep TEKYIIEro COCTOsIHIsI, HOMEp TeKYIIero CuMBoJIa (B sideiike, rje CTOUT ToJI0BKa
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MaIlUHbI ), KOJL COJAEPKUMOIO JIEHTbI CJIEBA OT MOJIOBKU U KOJI COJIEPAKUMOIO JIEHTbI
CIIpaBa OT TOJIOBKH.

Yro0bl peruTh, KaK yj00Hee KOJIMPOBaTh COJIEPKUMOE JICHTHI CJIeBa U ClIpaBa,
OT T'OJIOBKHM, 3aMETHM, UYTO MallnHa ThIOpUHTa 0OpaliaeTcsd ¢ JABYyMs TOJOBUHAMA
JIEHTAMU CJI€Ba U CIIpaBa OT MOJIOBKM Kak co crekaMu. (CTeKOM Ha3bIBaeTCsl CTPYK-
Typa JaHHbIX, HATOMUAHAIONAS CTONKY JIMCTOB. B HEeE MOKHO MOJOXKUTDH JIUCT Ha-
BEPX, B35Th BEPXHMUIT JIUCT, a TaK)Ke MPOBEPUThH, €CTh JIM emlé JucThl.) B camom
JleJie, 11PU JIBUPKEHUU I'OJIOBKM HAllpaBO U3 11PABOIo cTeka Oepércsi BepXHUil sJie-
MEHT, a B JIEBBIH CTEK KJaJIETCs; IPU JIBMKEHNN HaJieBO — HaobopoT. CTeKn JIerko
MOJIEJINPOBATH € TIOMOIIBIO YUCEJ: HAIIPUMED, €CJIU B CTEKe XPaHATCH CUMBOJIbI ()
u 1, To nobaByieHne HYJIsT COOTBETCTBYET ONEpaluu © — 2, J00aBJIeHUE €JINHU-
bl — onepanuu T — 2x + 1, BepxHuuii 3jileMeHT ecTh OCTATOK MPU JIeJICHUN Ha, 2,
a yIaJeHre BEPXHETo 3JIEMEHTa eCTh JiejeHrne Ha 2 (¢ 0TOpachlBaHWEM OCTATKA).
Jpyrumu cjioBaMu, Mbl BOCIHPUHUMAEM JIBOMYHYIO 3alTUCh YUCIA KaK CTEK, Bep-
HIMHA KOTOPOI'O HAXOJUTCs ClipaBa, y MJiajliero paspsja. TouHo Tak Ke MOXKHO
HCIOJIb30BATD N-MIHYIO CUCTEMY CUUCTIEHUS U TPEJCTABUTH CTEK C 12 BO3MOXKHBIMU
CUMBOJIAMHU B KaXKJI0W 1O3UIIUY.

Teneps ocHOBHO# TTUKJT MAIUHBI THIOPUHTA MOXKHO 3aMUCATDL KaK MPOTPaMMYy,
ONEPUPYIOILYI0 € YKA3aHHBIMU YETHIPbMs YMCJIaMK (CHMBOJI, COCTOSIHHE, JIEBBIil
CTEK U TpaBbIil CTeK) — 0e3 ocobbix xurpocteit. Ho HeckosbKo Berneit Bcé-Takn
HaJIO0 UMETh B BUJLY.

Bo-1epBbIX, CTEKW KOHEUHBI, a JICHTa OECKOHEYHA, — MBI JIOJIXKHBI JIOTOBOPUTHCS,
YTO €CJIM CTEK OIyCTOIIAeTCsd, TO B HEro aBTOMATHYECKU JI00aBJISAETCS CUMBOJI
pobeJsia. Tem caMbiM OECKOHEUHBI 11yCTOW XBOCT JIEHTHI MOYKET HPUCYTCTBOBATH
B CTeKe, KaK Terepb TOBOPST, BUPTYAJbHO.

Bo-BTOpbIX, HAIIOMHUM, YTO MbI JIOT'OBOPUJIUCH OTOXKJIECTBJISATH JIBOUUHbBIE CJIO-
Ba, (KOTOpBIE MOJAIOTCS HA BXOJ MAIUHBL ThIOpUHTA) U KX KOJIbI (KOTOPbIE XPAHSIT-
csl B MIEPEMEHHbBIX Hareil mporpammbl). [Toaromy, Mody9IuB KoOji BXOJHOIO CJIOBA,
HAJI0 ero paszodpaTh MO CUMBOJIAM U MOJIOXKHUTH 3TU CUMBOJIBI OJINH 33 JIPYTUM B
cTeK (OCHOBAHWS CHCTEM CUMCICHWST PA3HbIe, TaK UTO MPOCTO TaK MEPErMrcaTh 9TO
HeJb3s1). AHAJIOrMUYHbIE TPOOJIEMbl BO3HUKAIOT U [IPU TIPEBPAIEHNM BbIXOja (da-
CTH COJIEPYKUMOTO MPABOTO CTEKA) B COOTBETCTBYIOIIEE UUCJIO, HO BCE OHU JIETKO
IPEOJIOJIMMBI, U Mbl He OyJieM BjlaBaThCs B 1OJPOOHOCTH. 0

Bepno u obparHOoe yTBepXKeHHUE:

TEOPEMA 46. Beakaa gynkuyus, 6oi4uciumas npozpammots ¢ KOHewHbLM 4uc-
AOM MEPEMEHHBIT, BVIUUCAUMG Ha Mawure Tvropunea.

JOKABATEJILCTBO. Ham HaJio Mojie/inpoBaTh 1OBEJICHUE 1TPOIPAMMbI C 110~
MOIIbIO MammuHbl ThiopuHra. By/eM cuntaTh, YTO 3HAUEHUS TEPEMEHHBIX 3aInca-
HbI Ha JieHTe (B JIBOMYHOM CHCTEME) U PA3JIesIeHbl CHIEIUATbHBIM PA3JIeIUTebHbBIM
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cuMBosioM. Torga Marmmumna MOXKeT HalTH JOOYI0 MepeMeHHyio, Wasd OT Hadasa
JIEHTBI U CUUTasi pa3JeJuTesbHbIe CUMBOJIBI, CJIEJaTh YTO-TO € ITOM MepeMeHHOl
1 3aTeM BEpHYThCsA obparHo B Hadaso. (Her neobxommmocTn 3amuceiBaTh Ha JI€H-
Te HOMEP MCIOJHAEMOI KOMaH Ibl, TOCKOJhKY KOMaHJI KOHETHOE YMCI0 U MalliHa
MOXKET MOMHUTH HOMED TEKYIeil KOMaH/ibl KaK 4acTh ¢BOero cocrosinust.) Onepa-
Uy TpUOABICHNS W BHIUUTANMS €JUHUIBI TAKXKE JIETKO BBITOJHUMBL B JIBOMTHOI
samcn (ecsin uru cripasa HaJsieo). HaJio Tosibko uMeTh B BUjLy, 4TO pasMep 4uc-
JTa MOYKET YBEJMIUTLCsA, U TOTJA HYXKHO JIJIS HEro OCBOOOIUTL MECTO, CIBUHYB
BCE CHMBOJIBI CIIPAaBa OT T'OJIOBKM Ha OjiHy 1o3uipio. (IIpu yMenbieHun Hy»KHO
CABUHYTH BJEBO.) $ICHO, 9TO 9TO TakXkKe JIETKO BBHIMOJHUTL C MOMOITBIO MATITH-
Hbl ThlOpUHTA.

Eciin Mbl 3a1ucbiBaeM 4ucsia B JIBOMYHON CUCTEME, TO HPODOJIEMbI ¢ 1EPEKO-
JIMPOBAHKEM [PH BBOJIE-BBIBOJIE MUHUMAJLHBI (HA/I0 JIUIIb JIONMACATD HYJIH I
3HAYECHUH OCTAJbHBIX MEPEMEHHbIX B Hadajie PabOThl U BCTATh B HYXKHOE MECTO
JIEHTBI B KOHIIE). O

§18. ApudMeTUYHOCTh BBIYUCIUMBIX (DYyHKITUI

Ceituac MbI JloOKaxKeM, 9T0 (DYHKIMH, BBIYUCIUMbIE TPOIPAMMAMEU C KOHEIHBIM
YUCJIOM II€PEMEHHBIX, apU(PMETUIHBI, TO €CTh UX I'padUKU SIBJISIOTCI apudme-
TUYECKUMU MHOYKECTBaMHU. B 9TOM pasjiesie Mbl BHOBH MpEJIoJjaraeM HEKOTOPOe
3HAKOMCTBO UNTATEJNS ¢ JIOTUIeCKUMH 0OO3HAUEHUsIMU, U OyJeM paccMaTpUBATD
apupmemuneckue Gopmyavl, COIEPIKaAIINe epeMeHHbIe TT0 HATYPAJIHHBIM TUCIaM,
paBeHcTBO, KOHCTaHTbl 0 W 1, omepaluu C/IOKEHUST U YMHOXKEHHUsI, JIOTMIECKNE
cesizku (U, WJIW, HE) u xBantopsr "mias Beex" u "cymecrsyer". ®opmasibHO
rOBOPSsI, MbI PACCMaTPUBAEM CHUTHATYPY, COACPXKAILYIO €IMHCTBEHHBIH JBYMECT-
HBIH TIPEIMKATHBIA CHMBOJI (paBeHCTBO), nBe KoHcTaHThl 0 m 1 u jBa jByMecT-
HBIX (DYHKIMOHAJIbHBIX CUMBOJIA (CJIOKeHne u ymHoxkenue). [oBopst 00 mcrn-
HOCTH TaKuX (POPMYJ, Mbl MMeeM B BHUJY HMX HCTUHHOCTb B CTAaHJAPTHONI WH-
TepIpeTan, HOCHTEJIEM KOTOPOW SBJSETCs MHOXKeCTBO N HaTypaJbHBIX HH-
ceul.

Muoxecrso A C N¥ naspiBaercs apugmemuuieckum, eciu cymecrsyer apud-

Merudeckasi (popMyJsia (v ¢ napamerpamu &, ..., Tk, KOTOPas ero mpeJcraBisier B
CJEJYIONEeM cMbIcae: (nq, ..., ng) € A Torja u TOJLKO TOrja, Korjua (GopMysia o
UCTUHHA 1IPU 3HAYEHUSX [MapaMeTpoB T = Nq,...,Tk = M.

TEOPEMA 47. I'pacdur 110000 dynkyuu, 6uiuucaiemots npoepammots ¢ KoHeY-
HOLM YUCAOM NEPEMEHHBLT, ABAACMCA APUPMEMUYECKUM MHOHCECTLEOM.

JOKABATEJILCTBO. Ilycts f: N — N — dbyuxnus, BpraucinMas HEKOTOPOIi
IporpaMMoii P ¢ KOHEIHBIM YHCJIOM [IEPpEMEHHbBIX k1, . . ., ky. Byaem cunrars, aro
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BXO/JIHOI IIlepeMeHHO sABJisieTcs ki, a BBIXOAHONI — ko. Ham Hy»kHO Hamucarhb op-
MYJIy C JIBYMsI [IEPEMEHHBIMU X, Y, KOTopasi Oblia Obl MCTHHHA TOLJA U TOJHKO
torja, Korya y = f(z). Cocrostaue MporpaMMbl ¢ KOHEUHBIM YHCIOM MEePEMEHHBIX
MOJITHOCTBIO ONMUCHIBAETCS] 3HAYEHUSIMI TIePEMEHHBIX 1 HOMEPOM TeKVIIEeil KOMaH-
Jibl (B IpoOIeccopax CoOTBETCTBYIONIMI PEIMCTD 4acTo HAa3bIBAIOT program counter,
IO-PYCCKH CIETINK KOMAH]T). JIerKO MOHATD, YTO COOTBETCTBUE MEXKJLy JIBYyMsI 110~
CJeJOBATEJIbHBIMU COCTOSIHUSIME ITPOTPAMMbBI ¢ KOHEUHBIM YHCJIOM EPEMEHHbBIX
apudMerndno. Mbl uMeeM B BHJIY, UYTO MOXKHO HAaIUCATh apudMeTHIECKyo (op-

MyJ1y
Step(s1, ..., SN, D, 3'1, - 3§V,p’),

¢ 2N + 2 mepeMeHHBIME, KOTOpas yTBEpXKJAeT, u4TO JaHHasd mporpamma P u3
COCTOSIHMSI, TJIe LEPEMEHHbBIE PABHbI Sq,...,Sy, & CYCTUMK KOMaH]| PaBeH P, 3a
OJIMH 1Al [EPEXOJUT B COCTOSIHUE, IJIe [epEeMEeHHbIE PABHBL SY, . . ., S, & CIYETIMK
koman/ paser p'. (JJoropopumcst, uro 3nadenue p’ = 0 cOOTBETCTBYET OCTAHOBKE
nporpammbt. ) Takas bopMmysia SBISETCS KOHBIOHKIINEH OT/IEIbHBIX YTBEPXK TCHHIi,
COOTBETCTBYIOIINX KaXKJ0i cTpoke nporpammbl. [IycTsh, nanpuMep, ¢rpoka 7 mpo-
rpaMMbl UMeeT BHJI ko=ks3. Torma B KOHBIOHKIMK OyeT UeH BUJA

(p=7)= ((s]=s1)A(s5=83)A(s5=53)A...A(sy =sn)A (P =8)).

Jljist CTPOKK € YCJIOBHBIMU [IEPEXOJIAMU THIIA
3: if (ks;==0) goto 17; else goto 33;
B bopmyJie OyJieT J[Ba KOHBIOHKTHBHBIX UjieHa (Ha JiBa cJydas Mepexoja)

(p=3)A(s5=0)=((s] =s1)A...A(sy =sn) A (p =17))

(p=3)A(s5£0)=((s] =s1)A...A(sy =sny) A (p' = 33)).

Hamo emé mo0aBuTh yTBep:KaeHue o ToMm, 9to npu p = 0 pabora mpekpariaercs,
TO €CTb YTO IepeMEHHbIe Ha CJICYIONIeM HIare COXpaHsioT CBOM 3HadeHus, u p’
octaércst paBHbiM (.

Taxum obpasom, apudMEeTHIHOCTE OJHOTO HIara padoThl IPOrpaMMbI JI0KA3aTh
HecstoxkHO. OcTaérest raaBHBI BOIPOC: KaK 3alncaTh B Bue (POPMYIIbl TOT (DAKT,
YTO CYIIECTBYET N0CACIOBAMENLHOCD TIATOB, KOTOPas HAUUHAECTCS C MCXOIHOTO
COCTOSTHMSI, 3aKAHIMBAETCS B JIAHHOM W B KOTOPO# KaykKIbIil mar nmpapuyieH. Tpy;i-
HOCTH B TOM, UTO 3JIeCh HY»KHO KaK Obl HAIIMCATDH IIepeMeHHOe YUCI0 KBAHTOPOB
CYIIECTBOBAHUSI — WJIK KBAHTOP "CyIeCcTByeT KOHETHAsI [I0C/IeI0BATEILHOCTD Ha-
TypaJbHbIX uncen'.

DTO Jenaercs ¢ MOMOIILI0 [puéMa, TPAJAIMOHHO HA3BIBAEMOro [3-

dyuknueit I'éyens. Bor uro umeercst B BujLy.
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Jlemma 1. Iy jitob0oro k MOXKHO HAWTH CKOJIb YIOJAHO OOJIBIIOE IIeJI0e II0-
JIOXKUTEJILHOE YKUCJIO b, 1IpU KOTOPOM IepBble k UJIEHOB IOCJIE0BATEILHOCTH
b+1,2b6+1,3b+ 1,... nmomapHo B3auMHO IPOCTEI.

HokazaresbeTro. JI1000# 00IMit TPOCTOI JIeJIUTENh JIBYX U3 3TUX Unces Oy1er
JIeJIUTeIeM X Pa3HOCTH, TO ecTh uncia (b npu 0 < [ < k; B3sp b kparubim k!, Mbr
rapaHTHPyeM, 9TO OH OyeT JeauTeseM ducia b, Ho Bce YIeHbl HaIlei moce10Ba-
TEJIbHOCTH B3aMMHO HPOCThI ¢ b. Jlemma jokaszana.

Jlemma 2. s y1t000it 1ocjieI0BaTeIbHOCTU X(, L1, - - - , Ty, HATYPAJIBHBIX Y-
ceJl MOXKHO HaiiTh Takue 4ucja a ¥ b, 4TOo X; €CThb OCTATOK OT JICJCHUs
Ha b(i + 1) + 1.

Hoxkazarenncrso. Corsiacuo npejibiyiieii jemme, jgesuresnun b(i+ 1) + 1 MoxHO
B3siTh B3AUMHO 1IPOCTHIMU (M CKOJIb YIOJHO OOJIbIIUMME ), OCTAETCS BOCIOJIb30BATb-
cs1 "KuTaiickoil Teopemoii 00 octarkax'. DTa TeopeMa yTBEPKIAET, UTO €CIIU TIeJIble
HOJIOXKUTEJIbHBIE YUCIR dy, . . ., dp B3AMMHO IIPOCTLI, TO LIPU JICJICHUN 1IEJIOI0 U Ha,
HUX MOXKET TOJIYINThCA JI000i 3aMaHHblil Habop ocTarkoB. B camom neje, TakKux
nabopos Oyser dids . . . dj, (MOCKOJIBKY IpH JleJieHnn Ha d; BOSMOXKHbI ocTaTki o1 0
no d; — 1). Ilpu genenun qucen u = 0,1,...,dids...d; — 1 nonydaiorcs pasubie
HabopbI OcTaTKOB (ecu JBa unciaa u' u v’ 1aloT OMHAKOBBIE OCTATKK, TO WX Pa3-
HOCTh JICJINTCsE HA BCE dj, 4TO HEBO3MOXKHO B CHJLY B3aUMHOM 11poctorsl ). [Tosromy
JHCeJI CTOJIBKO K€, CKOJIbKO HaDOPOB OCTATKOB, 1 JIOJI2KHBI IIOSIBUTHCS BCE HADOPHI.
Jlemma 2 Jloka3aHa.

DTa JIeMMa, TOKa3bIBAET, ITO MOCJIE0BATEILHOCTD IPOM3BOJILHON JIIMHBI MOK-
HO 3aKO/MPOBaTh TpeMsi duciaMu a, b u n (mocieHee YucI0 — JIMHA TOCIE0-
BATEJHHOCTH ). TakuM 06pa30oM, YCJIOBHO TOBOPS, MOXKHO 3aMeHUTh "dopmyiry"

Hxo, ..., xn) (Vi <n)...x;...]

(koTopast Ha caMOM JieJie He SIBJISeTCs apudMeTnIeckoii (hopMyIioi, Tak KakK Co-
JEPKUT KBAHTOD 110 KOHEUHBIM MOCJIE0BATEIBHOCTSIM) Ha (HhOPMYJLY

Ja3b3In (Vi < n)...(ocrarok or genenust a va b(i + 1) +1)...].

MpI Gyiem 3anmchiBaTh ocraTok ot jgesenns a Ha b(i+1)41 kak G(a, b, 1) (orciona
u Hazpanue "Gera~-pynkims').

Bozppaiasich K nporpamMe P ¢ KOHEUHBIM UUCJIOM IIePEeMeHHBIX ki, ...,ky H
BhIUMCIIsieMOi et hyHkinu f, MOXKHO 3amucaTh yrepK ienune suja f(r) = y rak:
CYIIECTBYIOT TaKOe YHUCJIO IIaroB M M TaKue 4ducjia ai,by,as,bs,...,an,by,a,b,
970

e B(ay, b1,0),...,8(an,by,0) ectb npaBuIbHBIE HAYAJBHBIEC 3HAYCHUST IE€PE-
MEHHBIX ([IepBoe paBHo x, ocrajbibie pasibl 0); 5(a, b, 0) ecTb npaBuIbLHOE
HavaJIbHOEe 3HAYCHUS CHETYMKA KOMaH]|, TO eCThb 1;
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e s Kaxkjioro ¢ or 0 10 n — 1 nuMeeT mecTo

Step(B(ay,b1,14), ..., B(an, by, 1), B(a,b, 1),
Blay, by, i+ 1),....B(an, by, i+ 1), 8(a,b,i+ 1)),

TO €CTh KaXKJIblil IEePEX0]] COOTBETCTBYET IIPOTPAMME;

o [((ag, by, n) = y (3HAUEHUE BHIXOHON MepeMeHHOl ko B KOHIIE BBITHCIICHUST
pasio y) u B(a,b,n) = 0 (3HaueHwe cUETYMKa KOMAH]| B KOHIIE BbIYWC-
aenust papno 0, 4TO 110 HalIEl JOrOBOPEHHOCTH COOTBETCTBYET OCTAHOBKE
MAIIHHbI ).

Urak, apudMeTHIHOCTD BBIYUCIUMBIX (HA MAIIXHAX ¢ KOHEYHBIM YHUCJIOM IEpEe-
MEeHHbIX) QYHKIMI JloKa3aHa. L]

Benomunas Teopemy 45, MBI 3aKJII0UaEM, 9TO BCIKasd BHITUCINMAas Ha MaIlHE
Triopunra dynknus apudgmernyana. [Ipuaumast Tesuc ThioprHTa, MOYKHO CKa3aTh,
410 Ipaduk JIFOOONH BbIYUCAUMON (DYHKIMU SBJIACTCS apudMETHIeCKUM MHOXKE-
CTBOM.

§19. Teopembr Tapckoro u I'é nens

[TockobKy TpadUKu BHITUCIUMBIX (DYHKIUI apudMETUIHbI, OYEBUJIHO, pPa3pe-
HIUMbIE U [IEPEUYUCJUMbIE MHOXKECTBA TOXKE OyJ1yT apudMeTUuiecK1uMu.

Paccmorpum Tenepnh MHOXKecTBO 1'; 3eMeHTaMU KOTOPOTO SABJISIIOTCS BCE UC-
TrHHbIE apudmerrdeckue hopMyIibl 6e3 mapaMeTpos (TouHee, uX HoMepa B KaKoii-
TO BBIYUCIUMOI HyMepanuu Beex Ghopmy..)

TEOPEMA 48. Muoocecmeo T ne apugpmemuno.

JTOKABATEJILCTBO. Ilpenmosoxknm, 9T0 MHOYKECTBO HOMEPORB BCEX UCTUHHBIX
apudumernueckux Gopmya (6e3 napamerpon) apudmernano. [lycrs T — 510 mHO-
KecTBo, a T(x) — coorBercrBytomas dpopmyda. [lepenymepyem takxke Bee Gpopmy-
JIbL C OJIHUM HapamMerpoM z; nycrb F,(z) — dopmyia, uMeroriast HoMep 1 B 3TOi
HyMmepaluu. PaceMorpum (popMysty ¢ eIMHCTBEHHBIM MTAPAMETPOM T, YTBEPHK TAl0-
Y0, 9YTO PE3YJIbTAT MOJICTAHOBKU KOHCTAHTHI T B T-yI0 (POPMYJIYy C IapamMeTpoM
JIOYKEeH. DTy (POPMYTy MOXKHO HAITUCATH TaK:

Jz(—7(2) A Subst(z, x, x)),

rie Subst(p, ¢, ) — dbopMya ¢ Tpems mapaMeTpaMi, BhIPasKaoIas TaKoe CBOi-
crBo: "p ectb HOMep (B HyMmeparmu Beex (opmyst 6e3 mapaMeTpoB) Toit (hopmy-
JIbl, KOTOpast 1OJIyUUTCs, €CJIM B ¢-10 (DOPMYJIy C OJJHUM IapPaMeTpPOM I0JICTaBUTD
KOHCTAHTY I BMECTO 3TOro mapamerpa'. 3ammcanHoe B KaBLIUKAxX CBOMCTBO OIK-
chIBaeT rpa@uK HEKOTOPON BHIYUCIUMON (DYyHKIIUN (COOTBGTCTBYIOLLLeﬁ IIPOCTHIM
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CHHTAKCUUECKUM JICHCTBUSIM U [IEPEXOJLY OT OJIHOM HyMepalluu K JIPYroi) u HoToMy
CYIIIECTBYET Bblparkatolas ero popmyJia.

Urak, Mbl Hamucaju HEKOTOPYIO (POPMYJIy € €JMHCTBEHHBIM IapaMeTpoM .
ITycTh ona umeer nekoropsiit HoMmep N . [TogcraBum sroT HOMEp N BMecTo e€ napa-
metrpa. [Tonyuanres vHekoropasi popmysia 6e3 napamerpon. M3 nocrpoenust BuHO,
4TO 3Ta POpMysa UCTUHHA TOIJA U TOJHLKO TOIJA, KOTJ/Ia PEe3yJabTaT M0JICTAaHOBKI
anciaa N B dopmyiy Homep N (10 ecth cama sra dhopmystal) JoxkeH.

DTO LPOTUBOPEUME 3aBEPIIAET JIOKA3aTEJIbCTBO TeopeMbl Tapckoro. Mbl Bu-
JIUM, YTO HaM [IOTpeOOBAJIACh BbIPA3UMOCTDb B apudMeTHKe He JIFOObIX BbITHCJIH-
MbIX (PYHKIME, & 0JiHOM BIIOJIHE KOHKpeTHO#. [Ipu jocrarounom repiieHun coor-
BETCTBYIOIIYIO (DOPMYJIy MOXKHO-TaK{ HAIUCATh, ¥ TEM CaMbIM JIOKA3aTeJIbCTBO
craner copceM "ocsizaembim'.

]

DTa TeopeMa HazbIBaeTcss meopemoti Tapcekozo. Eé MOXKHO mpoUuecTh Tak: MHO-
YKeCTBO apuMeTHIeCKUX UCTUH He apudmernyuno. Mnu: nousarue apudmermde-
CKOil MCTUHBI HEBBIPA3UMO B apud MeTHKe.

SAITAYA 92. Ioxasncume, wmo oaa awb020 N MHoxcecmeo 6cex UCMUHHBLEL
3AMEHYMOLT apudmemuveckur popmya, codepocawuxr ne boree N Kkeanmopos,
apupmemuHo.

SBAIOAYA 93. Chopmyrupytime u dokasncume anano2urHoe YmeepiHcoeHus Oil
dopmya ozpanumennot K6aHMOPHOT 2AYOUNBL (YUCAO BAONCEHHVT KEAHMOPOS)
U OAA POPMYA € 02DAHUMEHHDLM YUCAOM NEPEMEH, KEAHMOPOS 6 NpPedsapeénnot
HOPMaALHOT hopme.

TEOPEMA 49. Mnootcecmeo T apugpmemurieckus ucmum Heneperuciumo.

JTOKABATEJILCTBO. B camom jieite, Jjiroboe 1nmepedamncanMoe MHOYKECTBO apud-
METUYHO. [

DTO0 yTBep:KJieHHe Ha3blBaeTcs meopemots 1€deas o nenoanome. Ero MOKHO
nepeOpMyIMPOBaTh TaK: BCAKOE MCUUCICHHUE, TOPOXKpatomiee (hopMysibl apud-
METHKH ( —€ aJITOPUTM, MEPEIUCIAIONINA HEKOTOPOEe MHOYKECTBO TakuX (hopmyJ)
mbo neadexsammo (MOPOXKIAECT HEKOTOPYIO JIOKHYIO GopMyity), OO HENnoAHo
(He MOPOXKIAaeT HEKOTOPO UCTHHHON (HOPMYITDI).

Tenepb M3I0KUM JT0KA3aTEJILCTBO TeopeMbl [€1esst. Kak Mbl y»ke roBopuJiu,
WCIUCJICHIE — 9TO MEXaHU3M (aJITOPUTM ), KOTOPbIii TO3BOJISIET TOPOXKIATH HEKO-
TOpbIe (POPMYJIBI A3bIKa apUMMETHKH (7T TIPOCTOTHI OYJIEM CIUTATD, ITO MOPOK-
JIAI0TCs TOJIBKO (bopMyJibl 6e3 rapamerpon). Takum 0Opa3oM, BO3HUKAET HEKOTO-
poe IepevuncJIuMOe MHOXKECTBO, KOTOPOE OOBITHO 3aJIal0T KaK IIPOEKIUI0 paspe-
MIMMOT0 MHOYKecTBa. VIMEHHO, BBO/ISIT HEKOTOPOE MoHsITHE doka3amenvemea. 1lpn
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9TOM JIOKA3aTeJIbLCTBA, SBJISIIOTCS CJIOBAMU B HEKOTOpoM aJjipapure. MHOXKECTBO
JIOKa3aTeJILCTB Pa3PEIInMO, TO €CTh €CTh aJIFOPUTM, OTIMYAIOIINI HACTOSIIINE JI0-
Ka3aTebCTBa OT TEKCTOB, KOTOPBI TAKOBLIMU HE SIBJISIOTCA. Kpome TOro, ecrb
(Takyke paspermMoe) CBOHCTBO JIBYX CJIOB & W Y, KOTOPOE TJIACHT, 4TO I €CTh
JIoKasaTeabLeTBo (hopmyabl . [lepenymeposas Bee jokazarenbersa u (POPMYJIbL U
BBIPA3UB YKA3aHHbIE paspelliMble CBOHCTBA B sI3bIKE apU(DMETUKH, Mbl IIPUXO/IM
K opmysie Proof(z,y), koropast ucrunua, Korjia T €Crbh HOMEpP JIOKA3aTe/IbCTBA
dopMyIIBI ¢ HOMEPOM Y.

Teneps nanumem GopMysly ¢ OJHUM NAPAMETPOM T, KOTOPasg TOBOPUT, YTO
PE3YJILTAT MOJACTAHOBKY YKHCJIA T BMECTO MapaMeTpa B Z-yio (OpMYJy C OJHUM
MapaMeTpOM HE NMEET JOKA3ATEIhCTBA!

—3z3p[Subst(z, x, z) A Proof(p, z)]

DTa hopMmyna UMeeT eJMHCTBEHHbI mapaMeTp (); MycTh eé HOMep B HyMeparuu
takux (opmys paper N. [lojcraBum N BMmecto napamerpa. [lonyunrcs dpopmy-
Ja 6e3 napamerpoB . Ilo nocrpoenuto gopmysia ¢ ucTuHHA, KOTJIa PE3yJibrar
nojctanoBku N B N-10 GoOpMy/Iy ¢ OJHHM IIapaMeTpoM HeJIoKaszyeM. A 3ToT pe-
3yJBTAT €CTh caMma, (pOPMyJIa (¢, TaK 9TO OHA UCTUHHA TOTJIA W TOJHKO TOT/a, KOT/Ia
HeJJ0Ka3yeMa. SHAUUT, Hallle HCUKC/IeHre JIKOO TI03BOJIsIeT JIOKA3aTh JOXKHYI0 (Dop-
MyJTy @ (ecsin ¢ JIOXKHA; B TAKOM CJIydae ero Ha3bIBAIOT HEaJeKBATHBIM ), JHOO He
MIO3BOJIAET JIOKA3aTh UCTUHHYIO (POPMYIY L.

SamerumM, 4TO JlIoKazaTejabcTBa Teopem I'eyiesias u Tapckoro HalmoMuHAIOT Kak
IIOCTPOCHUE HEIIOBUXKHONU TOYKH, TaK U KJIACCUICCKUI 11apa/IOKC JIXKEIa:

YTBEPXJIEHUE B PAMKE HO}KHO‘
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