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ÂÂÅÄÅÍÈÅ

Ïîñîáèå ïðåäíàçíà÷åíî äëÿ ñòóäåíòîâ 1 êóðñà ñïåöèàëüíîñòè 080200. Â
ïîñîáèè ñîäåðæàòñÿ âàðèàíòû êîíòðîëüíûõ ðàáîò è îáðàçöû èõ ðåøåíèÿ.

Ñòóäåíòû çàî÷íîãî îòäåëåíèÿ ñïåöèàëüíîñòè 080200 èçó÷àþò ìàòåìà-
òèêó íà ïåðâîì è âòîðîì êóðñàõ.

Ðàñïðåäåëåíèå ÷àñîâ ïî âèäàì çàíÿòèé è ôîðìû êîíòðîëÿ

Ïåðèîä îáó÷åíèÿ
×àñû íà äèñöèïëèíó

Ôîðìà êîíòðîëÿ
îáùèå

ñàìîñò.
ëåêöèè

ïðàêò.
ðàáîòà çàíÿòèÿ

Êóðñ 1 Ñåìåñòð 2 216 192 12 12 ýêçàìåí
Êóðñ 2 216 192 12 12 ýêçàìåí

Âñåãî ÷àñîâ 432 384 24 24

Îäíî ëåêöèîííîå è ïðàêòè÷åñêîå çàíÿòèå äëèòñÿ 2 ÷àñà.
Êîíòðîëüíûå ðàáîòû

Âî âòîðîì ñåìåñòðå ñòóäåíòû äîëæíû âûïîëíèòü êîíòðîëüíóþ ðàáîòó
�1, êîíòðîëüíóþ ðàáîòó �2, êîíòðîëüíóþ ðàáîòó �3 è êîíòðîëüíóþ ðàáîòó
�4.

Êîíòðîëüíàÿ ðàáîòà �1 ñîäåðæèò ñëåäóþùèå òåìû. Ìàòðèöû. Îïðåäå-
ëèòåëè. Ñèñòåìû óðàâíåíèé.

Êîíòðîëüíàÿ ðàáîòà �2 ñîäåðæèò ñëåäóþùèå òåìû. Âåêòîðû. Àíàëè-
òè÷åñêàÿ ãåîìåòðèÿ.

Êîíòðîëüíàÿ ðàáîòà �3 ñîäåðæèò ñëåäóþùèå òåìû. Ïðåäåëû. Ïðîèç-
âîäíûå. ×àñòíûå ïðîèçâîäíûå.

Êîíòðîëüíàÿ ðàáîòà �4 ñîäåðæèò ñëåäóþùèå òåìû. Èññëåäîâàíèå
ôóíêöèé è ïîñòðîåíèå ãðàôèêîâ.

Â êîíöå êàæäîãî ñåìåñòðà ïåðåä ýêçàìåíîì ïðîèñõîäèò ñîáåñåäîâàíèå
ïî êîíòðîëüíûì ðàáîòàì.

Óêàçàíèÿ ïî âûïîëíåíèþ êîíòðîëüíûõ ðàáîò
Ïðè âûïîëíåíèè êîíòðîëüíûõ ðàáîò íåîáõîäèìî ñòðîãî ïðèäåðæèâàòü-

ñÿ óêàçàííûõ íèæå ïðàâèë. Ðàáîòû, âûïîëíåííûå áåç ñîáëþäåíèÿ ýòèõ ïðà-
âèë, íå çà÷èòûâàþòñÿ è âîçâðàùàþòñÿ ñòóäåíòó äëÿ ïåðåðàáîòêè.

1. Êàæäàÿ êîíòðîëüíàÿ ðàáîòà äîëæíà áûòü âûïîëíåíà â îòäåëüíîé òåò-
ðàäè â êëåòêó ÷åðíèëàìè ëþáîãî öâåòà, êðîìå êðàñíîãî. Íåîáõîäèìî
îñòàâëÿòü ïîëÿ äëÿ çàìå÷àíèé ðåöåíçåíòà.

2. Â çàãîëîâêå ðàáîòû íà îáëîæêå òåòðàäè ïå÷àòíûìè áóêâàìè äîëæ-
íû áûòü íàïèñàíû ôàìèëèÿ, èìÿ è îò÷åñòâî ñòóäåíòà, ó÷åáíûé íîìåð
(øèôð), íàçâàíèå äèñöèïëèíû, ñåìåñòð èëè êóðñ îáó÷åíèÿ, íîìåð êîí-
òðîëüíîé ðàáîòû è íîìåð âàðèàíòà.
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3. Â ðàáîòå íåîáõîäèìî ðåøèòü âñå çàäàíèÿ, óêàçàííûå â êîíòðîëüíîé ðà-
áîòå. Òåòðàäè, ñîäåðæàùèå íå âñå çàäàíèÿ êîíòðîëüíîé ðàáîòû, à òàêæå
çàäàíèÿ íå ñâîåãî âàðèàíòà, íå çà÷èòûâàþòñÿ.

4. Íîìåðà çàäàíèé, êîòîðûå ñòóäåíò äîëæåí âûïîëíèòü â êîíòðîëüíîé ðà-
áîòå, îïðåäåëÿþòñÿ ïî òàáëèöå âàðèàíòîâ (ñì. íèæå). Íîìåð âàðèàíòà
ñîâïàäàåò ñ ïîñëåäíåé öèôðîé ó÷åáíîãî íîìåðà (øèôðà) ñòóäåíòà, ïðè
ýòîì öèôðà 0 ñîîòâåòñòâóåò âàðèàíòó 10.

Íîìåðà çàäàíèé äëÿ âûïîëíåíèÿ êîíòðîëüíûõ ðàáîò
âî âòîðîì ñåìåñòðå

Âàðèàíò Êîíòðîëüíàÿ Êîíòðîëüíàÿ Êîíòðîëüíàÿ Êîíòðîëüíàÿ

ðàáîòà �1 ðàáîòà �2 ðàáîòà �3 ðàáîòà �4

1 1.1 2.1 3.1 4.1 5.1 6.1 7.1 8.1

2 1.2 2.2 3.2 4.2 5.2 6.2 7.2 8.2

3 1.3 2.3 3.3 4.3 5.3 6.3 7.3 8.3

4 1.4 2.4 3.4 4.4 5.4 6.4 7.4 8.4

5 1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5

6 1.6 2.6 3.6 4.6 5.6 6.6 7.6 8.6

7 1.7 2.7 3.7 4.7 5.7 6.7 7.7 8.7

8 1.8 2.8 3.8 4.8 5.8 6.8 7.8 8.8

9 1.9 2.9 3.9 4.9 5.9 6.9 7.9 8.9

10 1.10 2.10 3.10 4.10 5.10 6.10 7.10 8.10

5. Ïðîðåöåíçèðîâàííûå êîíòðîëüíûå ðàáîòû âìåñòå ñî âñåìè èñïðàâëåíè-
ÿìè è äîïîëíåíèÿìè, ñäåëàííûìè ïî òðåáîâàíèþ ðåöåíçåíòà, ñëåäóåò
ñîõðàíÿòü. Áåç ïðåäúÿâëåíèÿ ïðîðåöåíçèðîâàííûõ êîíòðîëüíûõ ðàáîò
ñòóäåíò íå äîïóñêàåòñÿ ê ñîáåñåäîâàíèþ ïî êîíòðîëüíîé ðàáîòå, ê ñäà÷å
çà÷¼òà èëè ýêçàìåíà.

6. Ðåøåíèÿ çàäàíèé íàäî ðàñïîëàãàòü â ïîðÿäêå âîçðàñòàíèÿ èõ íîìåðîâ.

7. Ïåðåä ðåøåíèåì êàæäîãî çàäàíèÿ íåîáõîäèìî íàïèñàòü å¼ íîìåð è ïîë-
íîñòüþ ïåðåïèñàòü óñëîâèå. Â ñëó÷àå, åñëè íåñêîëüêî çàäàíèé, èç êîòî-
ðûõ ñòóäåíò âûáèðàåò çàäàíèÿ ñâîåãî âàðèàíòà, èìåþò îáùóþ ôîðìó-
ëèðîâêó, ñëåäóåò, ïåðåïèñûâàÿ óñëîâèå çàäàíèÿ, çàìåíèòü îáùèå äàííûå
êîíêðåòíûìè, âçÿòûìè èç ñâîåãî âàðèàíòà.

8. Ðåøåíèÿ çàäàíèé ñëåäóåò èçëàãàòü ïîäðîáíî è àêêóðàòíî, îáúÿñíÿÿ è
ìîòèâèðóÿ âñå äåéñòâèÿ ïî õîäó ðåøåíèÿ è äåëàÿ íåîáõîäèìûå ÷åðòåæè.

9. Ïîñëå ïîëó÷åíèÿ ïðîðåöåíçèðîâàííîé ðàáîòû, êàê íåçà÷ò¼ííîé, òàê è çà-
÷ò¼ííîé, ñòóäåíò äîëæåí èñïðàâèòü âñå îòìå÷åííûå ðåöåíçåíòîì îøèáêè
è íåäî÷¼òû è âûïîëíèòü âñå ðåêîìåíäàöèè ðåöåíçåíòà. Åñëè ðåöåíçåíò
ïðåäëàãàåò âíåñòè â ðåøåíèÿ çàäàíèé òå èëè èíûå èñïðàâëåíèÿ èëè äî-
ïîëíåíèÿ è ïðèñëàòü èõ äëÿ ïîâòîðíîé ïðîâåðêè, òî ýòî ñëåäóåò ñäåëàòü
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â êîðîòêèé ñðîê. Ïðè âûñûëàåìûõ èñïðàâëåíèÿõ äîëæíà îáÿçàòåëüíî
íàõîäèòüñÿ ïðîðåöåíçèðîâàííàÿ ðàáîòà è ðåöåíçèÿ íà íå¼. Ïîýòîìó ïðè
âûïîëíåíèè êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ îñòàâëÿòü â êîíöå òåò-
ðàäè íåñêîëüêî ÷èñòûõ ëèñòîâ äëÿ âñåõ äîïîëíåíèé è èñïðàâëåíèé â ñî-
îòâåòñòâèè ñ óêàçàíèÿìè ðåöåíçåíòà. Âíîñèòü èñïðàâëåíèÿ â ñàì òåêñò
ðàáîòû ïîñëå å¼ ðåöåíçèðîâàíèÿ çàïðåùàåòñÿ.

ÊÎÍÒÐÎËÜÍÀß ÐÀÁÎÒÀ �1

Çàäàíèå 1. Äàíû ìàòðèöû A, B, C. Íàéòè 2A− 3B, A ·B, A · C.

1.1. A =

2 3 1
3 1 4
2 1 −1

 , B =

3 2 −1
1 3 2
2 1 −1

 , C =

1
2
3

 .

1.2. A =

 1 4 2
2 3 1
−4 −7 5

 , B =

3 1 4
1 2 3
1 −4 −7

 , C =

−1
2
3

 .

1.3. A =

−2 1 2
1 3 1
−7 −4 5

 , B =

1 −2 2
0 1 3
4 −7 −4

 , C =

 2
−1
3

 .

1.4. A =

 2 1 5
−4 3 −4
1 −1 4

 , B =

 3 −1 4
−4 −2 1
2 1 0

 , C =

 1
−2
3

 .

1.5. A =

 2 1 0
1 4 2
−4 1 7

 , B =

3 −1 4
1 3 −4
0 2 1

 , C =

−3
2
4

 .

1.6. A =

2 −4 3
1 −2 1
0 1 −1

 , B =

1 −4 2
0 3 1
4 −7 5

 , C =

−2
1
2

 .

1.7. A =

4 3 1
2 1 4
1 1 3

 , B =

2 3 0
1 1 2
0 0 1

 , C =

4
3
1

 .

1.8. A =

−1 2 −1
4 3 7
1 2 −4

 , B =

1 2 −4
3 1 1
1 3 −7

 , C =

 3
−1
2

 .

1.9. A =

 2 3 −4
3 2 −4
−1 −1 5

 , B =

4 2 1
3 1 −7
2 2 1

 , C =

−3
2
5

 .

1.10. A =

 5 2 4
5 2 4
−4 3 3

 , B =

 1 −7 1
15 3 −1
3 2 4

 , C =

3
4
5

 .
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Çàäàíèå 2. Äàíà ñèñòåìà ëèíåéíûõ óðàâíåíèé. Ðåøèòü åå äâóìÿ ñïî-
ñîáàìè: ìåòîäîì Êðàìåðà è ìåòîäîì Ãàóññà.

2.1.

 x+ 2y + 3z = 1
2x− 3y + 2z = 9
5x+ 8y − z = 7

2.6.

 x+ y − z = −2
4x− 3y + z = 1
2x+ y − z = 1

2.2.

 2x+ y − z = 2
3x+ 2y + 2z = −2
x+ y − 2z = 1

2.7.

 x+ 2y + 3z = 14
5x− y − z = 0
4x+ 3y + 2z = 16

2.3.

 x+ 2y + 3z = 5
2x− y − z = 1
x+ 3y + 4z = 6

2.8.

 x+ y + 2z = −1
2x− y + 2z = −4
4x+ y + 4z = −2

2.4.

 x+ 2y − z = 2
2x− 3y + 2z = 2
3x+ y + z = 8

2.9.

 2x+ y + 3z = 11
3x+ 2y + z = 5
x+ y + z = 3

2.5.

 x+ y − z = 0
3x+ 2y + z = 5
4x− y + 5z = 3

2.10.

 x+ y − z = 1
8x+ 3y − 6z = 2
4x+ y − 3z = 3

ÎÁÐÀÇÅÖ ÐÅØÅÍÈß ÊÎÍÒÐÎËÜÍÎÉ ÐÀÁÎÒÛ �1

Çàäà÷à 1. Ìàòðèöû
Ìàòðèöà � ýòî ïðÿìîóãîëüíàÿ òàáëèöà ÷èñåë, çàêëþ÷¼ííàÿ â êðóãëûå

ñêîáêè. Îñíîâíûå îïåðàöèè ñ ìàòðèöàìè:
� ïðîèçâåäåíèåì ÷èñëà k íà ìàòðèöó A íàçûâàåòñÿ ìàòðèöà, ýëåìåíòû

êîòîðîé ïîëó÷åíû èç ýëåìåíòîâ ìàòðèöû A óìíîæåíèåì èõ íà ÷èñëî k;
� ñóììîé (ðàçíîñòüþ) ìàòðèö A è B íàçûâàåòñÿ ìàòðèöà, êàæäûé

ýëåìåíò êîòîðîé ðàâåí ñóììå (ðàçíîñòè) ñîîòâåòñòâóþùèõ ýëåìåíòîâ ìàòðèö
A è B;

� ïðîèçâåäåíèåì ìàòðèöû A íà ìàòðèöó B íàçûâàåòñÿ ìàòðèöà, ýëå-
ìåíò êîòîðîé, ñòîÿùèé â i-îé ñòðîêå è j-îì ñòîëáöå, ðàâåí ñóììå ïðîèçâåäå-
íèé ñîîòâåòñòâóþùèõ ýëåìåíòîâ i-é ñòðîêè ìàòðèöû A è j-ãî ñòîëáöà ìàò-
ðèöû B.

Çàäàíèå 1. Äàíû ìàòðèöû

A =

 1 2 3
0 1 −2
−3 0 4

 , B =

2 3 −2
1 4 0
1 5 1

 , C =

 3
−1
7

 .

Íàéòè ìàòðèöû 4 · A, A+B, A−B, A ·B, A · C.
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Ðåøåíèå.

4 · A = 4 ·

 1 2 3
0 1 −2
−3 0 4

 =

 4 · 1 4 · 2 4 · 3
4 · 0 4 · 1 4 · (−2)

4 · (−3) 4 · 0 4 · 4

 =

 4 8 12
0 4 −8

−12 0 16

 ,

A+B =

 1 2 3
0 1 −2
−3 0 4

+

2 3 −2
1 4 0
1 5 1

 =

=

 1 + 2 2 + 3 3 + (−2)
0 + 1 1 + 4 −2 + 0
−3 + 1 0 + 5 4 + 1

 =

 3 5 1
1 5 −2
−2 5 5

 ,

A−B =

 1 2 3
0 1 −2
−3 0 4

−

2 3 −2
1 4 0
1 5 1

 =

=

 1− 2 2− 3 3− (−2)
0− 1 1− 4 −2− 0
−3− 1 0− 5 4− 1

 =

−1 −1 5
−1 −3 −2
−4 −5 3

 ,

A ·B =

 1 2 3
0 1 −2
−3 0 4

 ·

2 3 −2
1 4 0
1 5 1

 =

=

 1 · 2 + 2 · 1 + 3 · 1 1 · 3 + 2 · 4 + 3 · 5 1 · (−2) + 2 · 0 + 3 · 1
0 · 2 + 1 · 1 + (−2) · 1 0 · 3 + 1 · 4 + (−2) · 5 0 · (−2) + 1 · 0 + (−2) · 1
−3 · 2 + 0 · 1 + 4 · 1 (−3) · 3 + 0 · 4 + 4 · 5 (−3) · (−2) + 0 · 0 + 4 · 1

 =

=

 2 + 2 + 3 3 + 8 + 15 −2 + 0 + 3
0 + 1− 2 0 + 4− 10 0 + 0− 2
−6 + 0 + 4 −9 + 0 + 20 6 + 0 + 4

 =

 7 26 1
−1 −6 −2
−2 11 10

 ,

A · C =

 1 2 3
0 1 −2
−3 0 4

 ·

 3
−1
7

 =

=

 1 · 3 + 2 · (−1) + 3 · 7
0 · 3 + 1 · (−1) + (−2) · 7
−3 · 3 + 0 · (−1) + 4 · 7

 =

 3− 2 + 21
0− 1− 14
−9 + 0 + 28

 =

 22
−15
19

 .

Çàäà÷à 2. Ñèñòåìû ëèíåéíûõ óðàâíåíèé

1. Ìåòîä Êðàìåðà. Ïóñòü ó ñèñòåìû óðàâíåíèé a11x+ a12y + a13z = b1,
a21x+ a22y + a23z = b2,
a31x+ a32y + a33z = b3

(1)
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îïðåäåëèòåëü îòëè÷åí îò íóëÿ, ò.å.

∆ =

∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣ ̸= 0.

Òîãäà ñèñòåìà (1) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå âû÷èñëÿåòñÿ ïî ôîð-
ìóëàì Êðàìåðà:

x =
∆x

∆
, y =

∆y

∆
, z =

∆z

∆
,

ãäå

∆x =

∣∣∣∣∣∣
b1 a12 a13
b2 a22 a23
b3 a32 a33

∣∣∣∣∣∣ , ∆y =

∣∣∣∣∣∣
a11 b1 a13
a21 b2 a23
a31 b3 a33

∣∣∣∣∣∣ , ∆z =

∣∣∣∣∣∣
a11 a12 b1
a21 a22 b2
a31 a32 b3

∣∣∣∣∣∣ .
Îïðåäåëèòåëü ∆ âû÷èñëÿåòñÿ ïî ñëåäóþùåìó ïðàâèëó

∆ =

∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣ =
= a11a22a33 + a12a23a31 + a13a21a32 − a13a22a31 − a11a23a32 − a12a21a33.

Îïðåäåëèòåëè ∆x, ∆y, ∆z âû÷èñëÿþòñÿ àíàëîãè÷íûì îáðàçîì.

Çàäàíèå 2.1. Ðåøèòü ñèñòåìó óðàâíåíèé ìåòîäîì Êðàìåðà 2x+ 5y + 2z = 1,
x+ 3y + 4z = 6,
3x+ 2y − z = −1.

Ðåøåíèå. Âû÷èñëÿåì îïðåäåëèòåëü

∆ =

∣∣∣∣∣∣
2 5 2
1 3 4
3 2 −1

∣∣∣∣∣∣ =
= 2 · 3 · (−1) + 5 · 4 · 3 + 2 · 1 · 2− 2 · 3 · 3− 2 · 4 · 2− 5 · 1 · (−1) =

= −6 + 60 + 4− 18− 16 + 5 = 29.

Îïðåäåëèòåëü ∆ = 29 ̸= 0, ñëåäîâàòåëüíî, ñèñòåìà èìååò åäèíñòâåííîå ðåøå-
íèå. Àíàëîãè÷íûì îáðàçîì âû÷èñëÿåì îïðåäåëèòåëè ∆x, ∆y, ∆z:

∆x =

∣∣∣∣∣∣
1 5 2
6 3 4
−1 2 −1

∣∣∣∣∣∣ = 29, ∆y =

∣∣∣∣∣∣
2 1 2
1 6 4
3 −1 −1

∣∣∣∣∣∣ = −29, ∆z =

∣∣∣∣∣∣
2 5 1
1 3 6
3 2 −1

∣∣∣∣∣∣ = 58.
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Íàõîäèì ðåøåíèå ñèñòåìû ïî ôîðìóëàì Êðàìåðà:

x =
∆x

∆
=

29

29
= 1, y =

∆y

∆
=

−29

29
= −1, z =

∆z

∆
=

58

29
= 2.

Îòâåò: x = 1, y = −1, z = 2.

2. Ìåòîä Ãàóññà. Äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (1) ìåòîäîì Ãàóñ-
ñà, ñîñòàâëÿþò ðàñøèðåííóþ ìàòðèöó êîýôôèöèåíòîâ a11 a12 a13

a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
b1
b2
b3

 .

Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ðàñøèðåííóþ ìàòðèöó êîýôôè-
öèåíòîâ ñèñòåìû óðàâíåíèé ïðèâîäÿò ê òðåóãîëüíîìó âèäó 1 ∗ ∗

0 1 ∗
0 0 1

∣∣∣∣∣∣
∗
∗
∗

 .

Âìåñòî çíàêà ∗ áóäóò êàêèå-ëèáî ÷èñëà, ïîëó÷èâøèåñÿ â ðåçóëüòàòå ýëåìåí-
òàðíûõ ïðåîáðàçîâàíèé ìàòðèöû.

Äîïóñòèìûå ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ:
1) ìîæíî ïîìåíÿòü ëþáûå äâå ñòðîêè ìåñòàìè;
2) ëþáóþ ñòðîêó ìîæíî óìíîæèòü (èëè ðàçäåëèòü) íà ëþáîå íåðàâíîå

íóëþ ÷èñëî;
3) ê ëþáîé ñòðîêå ìîæíî ïðèáàâèòü (èëè âû÷åñòü) ëþáóþ ñòðîêó, óìíî-

æåííóþ (èëè ðàçäåë¼ííóþ) íà ëþáîå ÷èñëî.
Ïî ïîñëåäíåé ìàòðèöå ñîñòàâëÿþò ñîîòâåòñòâóþùóþ åé ñèñòåìó óðàâ-

íåíèé  x+ ∗ · y+ ∗ · z = ∗,
y+ ∗ · z = ∗,

z = ∗
è ïîñëåäîâàòåëüíî íàõîäÿò íåèçâåñòíûå z, y, x.

Çàäàíèå 2.2. Ðåøèòü ñèñòåìó óðàâíåíèé ìåòîäîì Ãàóññà 2x+ 5y + 2z = 1,
x+ 3y + 4z = 6,
3x+ 2y − z = −1.

Ðåøåíèå. Ñîñòàâëÿåì ðàñøèðåííóþ ìàòðèöó êîýôôèöèåíòîâ 2 5 2
1 3 4
3 2 −1

∣∣∣∣∣∣
1
6
−1

 .
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Ìåíÿåì ìåñòàìè ïåðâóþ è âòîðóþ ñòðîêè. 1 3 4
2 5 2
3 2 −1

∣∣∣∣∣∣
6
1
−1

 .

Êî âòîðîé ñòðîêå ïðèáàâëÿåì ïåðâóþ ñòðîêó, óìíîæåííóþ íà −2. 1 3 4
0 −1 −6
3 2 −1

∣∣∣∣∣∣
6

−11
−1

 .

Ê òðåòüåé ñòðîêå ïðèáàâëÿåì ïåðâóþ ñòðîêó, óìíîæåííóþ íà −3. 1 3 4
0 −1 −6
0 −7 −13

∣∣∣∣∣∣
6

−11
−19

 .

Óìíîæàåì âòîðóþ ñòðîêó íà −1. 1 3 4
0 1 6
0 −7 −13

∣∣∣∣∣∣
6
11
−19

 .

Ê òðåòüåé ñòðîêå ïðèáàâëÿåì âòîðóþ ñòðîêó, óìíîæåííóþ íà 7. 1 3 4
0 1 6
0 0 29

∣∣∣∣∣∣
6
11
58

 .

Äåëèì òðåòüþ ñòðîêó íà 29.  1 3 4
0 1 6
0 0 1

∣∣∣∣∣∣
6
11
2

 .

Ïî ïîñëåäíåé ìàòðèöå ñîñòàâëÿåì ñîîòâåòñòâóþùóþ åé ñèñòåìó óðàâíåíèé x+ 3y+ 4z = 6,
y+ 6z = 11,

z = 2.

Ðåøàÿ ñèñòåìó
”
ñíèçó ââåðõ“ íàõîäèì, ÷òî y = −1, x = 1.

Îòâåò: x = 1, y = −1, z = 2.
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ÊÎÍÒÐÎËÜÍÀß ÐÀÁÎÒÀ �2

Çàäàíèå 3. Äàíû êîîðäèíàòû âåðøèí A, B, C òðåóãîëüíèêà ABC.
Íàéòè ñèñòåìó íåðàâåíñòâ, îïðåäåëÿþùóþ ìíîæåñòâî âíóòðåííèõ òî÷åê òðå-
óãîëüíèêà. Ñäåëàòü ÷åðò¼æ.

3.1. A (4, 1) , B (0, −2) , C (−5, 10) .
3.2. A (−7, 3) , B (5, −2) , C (8, 2) .
3.3. A (5, −1) , B (1, −4) , C (−4, 8) .
3.4. A (−14, 6) , B (−2, 1) , C (1, 5) .
3.5. A (6, 0) , B (2, −3) , C (−3, 9) .
3.6. A (−9, 2) , B (3, −3) , C (6, 1) .
3.7. A (7, −4) , B (3, −7) , C (−2, 5) .
3.8. A (−8, 4) , B (4, −1) , C (7, 3) .
3.9. A (3, −3) , B (−1, −6) , C (−6, 6) .
3.10. A (−6, 5) , B (6, 0) , C (9, 4) .
Çàäàíèå 4. Äàíû êîîðäèíàòû òî÷åê A, B, C. Íàéòè:

à) äëèíó âåêòîðà
−→
AB;

á) ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ
−→
AB è

−→
AC;

â) âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ
−→
AB è

−→
AC;

ã) êîñèíóñ óãëà ìåæäó âåêòîðàìè
−→
AB è

−→
AC;

ä) êàíîíè÷åñêèå óðàâíåíèÿ ïðÿìîé AB;
å) óðàâíåíèå ïëîñêîñòè ABC.
4.1. A (5, 4, 4) , B (−7, 6, 5) , C (3, −4, 3) .
4.2. A (5, 2, 0) , B (2, 5, 0) , C (1, 2, 4) .
4.3. A (−2, 0, −4) , B (−1, 7, 1) , C (4, −8, −4) .
4.4. A (2, −1, 2) , B (1, 2, −1) , C (3, 2, 1) .
4.5. A (−1, 2, −3) , B (4, −1, 0) , C (2, 1, −2) .
4.6. A (1, −1, 1) , B (−2, 0, 3) , C (2, 1, −1) .
4.7. A (1, 2, 0) , B (1, −1, 2) , C (0, 1, −1) .
4.8. A (1, 0, 2) , B (1, 2, −1) , C (2, −2, 1) .
4.9. A (1, 3, 0) , B (4, −1, 2) , C (3, 0, 1) .
4.10. A (0, 3, 2) , B (−1, 3, 6) , C (−2, 4, 2) .

ÎÁÐÀÇÅÖ ÐÅØÅÍÈß ÊÎÍÒÐÎËÜÍÎÉ ÐÀÁÎÒÛ �2

Çàäà÷à 3. Àíàëèòè÷åñêàÿ ãåîìåòðèÿ íà ïëîñêîñòè
Äëÿ òî÷åê A è B ñ êîîðäèíàòàìè A(x1, y1), B(x2, y2) óðàâíåíèå ïðÿìîé,

ïðîõîäÿùåé ÷åðåç òî÷êè A è B, ìîæíî çàïèñàòü â âèäå

x− x1
x2 − x1

=
y − y1
y2 − y1

.

Ïðåîáðàçîâàâ ïîëó÷åííîå óðàâíåíèå, ïðèä¼ì ê òàê íàçûâàåìîìó ëèíåé-
íîìó óðàâíåíèþ

ax+ by = c.
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Ýòîìó óðàâíåíèþ ñîîòâåòñòâóþò äâà ëèíåéíûõ íåðàâåíñòâà

ax+ by < c è ax+ by > c.

Ïîñëåäíèå íåðàâåíñòâà îïðåäåëÿþò äâå ïîëóïëîñêîñòè, íà êîòîðûå óðàâíåíèå
ax+ by = c ðàçáèâàåò âñþ ïëîñêîñòü.

×òîáû óñòàíîâèòü, êàêóþ èç äâóõ ïîëóïëîñêîñòåé îïðåäåëÿåò äàííîå
íåðàâåíñòâî, íàäî âûáðàòü ïðîèçâîëüíóþ òî÷êó N , íå ïðèíàäëåæàùóþ ïðÿ-
ìîé è ïîäñòàâèòü å¼ êîîðäèíàòû â äàííîå ëèíåéíîå íåðàâåíñòâî. Åñëè íåðà-
âåíñòâî óäîâëåòâîðÿåòñÿ, òî îíî îïðåäåëÿåò ïîëóïëîñêîñòü, ñîäåðæàùóþ òî÷-
êó N , åñëè æå íåðàâåíñòâî íå óäîâëåòâîðÿåòñÿ, òî îíî îïðåäåëÿåò ïîëóïëîñ-
êîñòü, íå ñîäåðæàùóþ òî÷êó N .

Çàäàíèå 3. Äàíû êîîðäèíàòû A(2, 1), B(6, 3), C(4, 5) âåðøèí òðå-
óãîëüíèêà ABC. Íàéòè ñèñòåìó íåðàâåíñòâ, îïðåäåëÿþùóþ ìíîæåñòâî âíóò-
ðåííèõ òî÷åê òðåóãîëüíèêà. Ñäåëàòü ÷åðò¼æ.

Ðåøåíèå. Ìíîæåñòâî âíóòðåííèõ òî÷åê òðåóãîëüíèêà ìîæíî ðàññìàò-
ðèâàòü êàê ïåðåñå÷åíèå òð¼õ ïîëóïëîñêîñòåé, èç êîòîðûõ ïåðâàÿ îãðàíè÷åíà
ïðÿìîé AB è ñîäåðæèò òî÷êó C, âòîðàÿ îãðàíè÷åíà ïðÿìîé BC è ñîäåðæèò
òî÷êó A, òðåòüÿ îãðàíè÷åíà ïðÿìîé CA è ñîäåðæèò òî÷êó B.

Íàéä¼ì íåðàâåíñòâî äëÿ ïåðâîé èõ ýòèõ ïîëóïëîñêîñòåé. Ñîñòàâèì
óðàâíåíèå ïðÿìîé AB ïî äâóì òî÷êàì:

x− 2

6− 2
=

y − 1

3− 1
⇒ x− 2y = 0.

Ïîäñòàâëÿÿ â ëåâóþ ÷àñòü óðàâíåíèÿ êîîðäèíàòû òî÷êè C, ïîëó÷àåì 4−2·5 =
= −6 < 0. Ñëåäîâàòåëüíî, íåðàâåíñòâî ïåðâîé ïîëóïëîñêîñòè áóäåò

x− 2y < 0.

Àíàëîãè÷íî, ïîëóïëîñêîñòü, îãðàíè÷åííàÿ ïðÿìîé BC è ñîäåðæàùàÿ
òî÷êó A, îïðåäåëÿåòñÿ íåðàâåíñòâîì

x+ y < 9,

à ïîëóïëîñêîñòü, îãðàíè÷åííàÿ ïðÿìîé CA è ñîäåðæàùàÿ òî÷êó B, � íåðà-
âåíñòâîì

2x− y > 3.

Èòàê, ìíîæåñòâî âíóòðåííèõ òî÷åê òðåóãîëüíèêà ABC îïðåäåëÿåòñÿ
ñèñòåìîé íåðàâåíñòâ  x− 2y < 0,

x+ y < 9,
2x− y > 3.

×åðò¼æ èçîáðàæ¼í íà ðèñ. 1.
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Ðèñ. 1. Ìíîæåñòâî âíóòðåííèõ òî÷åê òðåóãîëüíèêà.

Çàäà÷à 4. Âåêòîðû. Àíàëèòè÷åñêàÿ ãåîìåòðèÿ â ïðîñòðàíñòâå
Äëÿ òî÷åê A è B ñ êîîðäèíàòàìè A(Ax;Ay;Az), B(Bx;By;Bz) êîîðäè-

íàòû âåêòîðà
−→
AB âû÷èñëÿþòñÿ ïî ôîðìóëå

−→
AB = {Bx − Ax;By − Ay;Bz − Az}.

Ðàññìîòðèì âåêòîðû a⃗ è b⃗ ñ êîîðäèíàòàìè

a⃗ = {ax; ay; az} è b⃗ = {bx; by; bz}.

Äëèíà âåêòîðà a⃗ îáîçíà÷àåòñÿ ÷åðåç |⃗a| è âû÷èñëÿåòñÿ ïî ôîðìóëå

|⃗a| =
√
a2x + a2y + a2z.

Ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ a⃗ è b⃗ îáîçíà÷àåòñÿ ÷åðåç (⃗a, b⃗), a⃗ · b⃗
èëè a⃗⃗b è âû÷èñëÿåòñÿ ïî ôîðìóëå

(⃗a, b⃗) = axbx + ayby + azbz.

Âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ a⃗ è b⃗ îáîçíà÷àåòñÿ ÷åðåç [⃗a, b⃗] èëè

a⃗× b⃗ è âû÷èñëÿåòñÿ ïî ôîðìóëå

[⃗a, b⃗] =

∣∣∣∣∣∣
i⃗ j⃗ k⃗
ax ay az
bx by bz

∣∣∣∣∣∣ ,
ãäå i⃗, j⃗, k⃗ � åäèíè÷íûå âåêòîðû, íàïðàâëåííûå ïî îñÿì Ox, Oy, Oz ñîîòâåò-
ñòâåííî.
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Êîñèíóñ óãëà ìåæäó âåêòîðàìè a⃗ è b⃗ îáîçíà÷àåòñÿ cos
(
∠(⃗a, b⃗)

)
è âû-

÷èñëÿåòñÿ ïî ôîðìóëå

cos
(
∠(⃗a, b⃗)

)
=

(⃗a, b⃗)

|⃗a| · |⃗b|
.

Êàíîíè÷åñêèå óðàâíåíèÿ ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êè A è B ñ êî-
îðäèíàòàìè A(Ax;Ay;Az), B(Bx;By;Bz), çàïèñûâàþòñÿ â âèäå

x− Ax

ax
=

y − Ay

ay
=

z − Az

az
,

ãäå âåêòîð a⃗ = {ax; ay; az} =
−→
AB � íàïðàâëÿþùèé âåêòîð ïðÿìîé AB.

Óðàâíåíèå ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êè A, B, C, çàïèñûâàåòñÿ
â âèäå

Ãx+ B̃y + C̃z + D̃ = 0,

ãäå ÷èñëà Ã, B̃, C̃ � êîîðäèíàòû âåêòîðà c⃗ =
[−→
AB,

−→
AC

]
, à ÷èñëî D̃ íà-

õîäèòñÿ ïîäñòàíîâêîé êîîðäèíàò òî÷êè A â óðàâíåíèå ïëîñêîñòè. Âåêòîð

c⃗ =
[−→
AB,

−→
AC

]
íàçûâàåòñÿ íîðìàëüíûì âåêòîðîì ïëîñêîñòè.

Çàäàíèå 4. Äàíû êîîðäèíàòû òî÷åê A(3;−5; 4), B(2;−1; 1),
C(−4; 3; 6). Íàéòè:

1) äëèíó âåêòîðà
−→
AB;

2) ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ
−→
AB è

−→
AC;

3) âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ
−→
AB è

−→
AC;

4) êîñèíóñ óãëà ìåæäó âåêòîðàìè
−→
AB è

−→
AC;

5) êàíîíè÷åñêèå óðàâíåíèÿ ïðÿìîé AB;
6) óðàâíåíèå ïëîñêîñòè ABC.

Ðåøåíèå. 1) Ñíà÷àëà íàõîäèì êîîðäèíàòû âåêòîðà
−→
AB.

−→
AB = {2− 3;−1− (−5); 1− 4} = {−1; 4;−3}.

Òåïåðü íàõîäèì äëèíó âåêòîðà
−→
AB.

|
−→
AB| =

√
(−1)2 + 42 + (−3)2 =

√
1 + 16 + 9 =

√
26.

2) Íàõîäèì êîîðäèíàòû âåêòîðà
−→
AC.

−→
AC = {−4− 3; 3− (−5); 6− 4} = {−7; 8; 2}.

Âû÷èñëÿåì ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ
−→
AB è

−→
AC.(−→

AB,
−→
AC

)
= ({−1; 4;−3}, {−7; 8; 2}) = −1 · (−7) + 4 · 8 + (−3) · 2 = 33.
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3) Âû÷èñëÿåì âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ
−→
AB è

−→
AC.

[−→
AB,

−→
AC

]
=

∣∣∣∣∣∣
i⃗ j⃗ k⃗
−1 4 −3
−7 8 2

∣∣∣∣∣∣ =
= i⃗ · 4 · 2+ j⃗ · (−3) · (−7) + k⃗ · (−1) · 8− k⃗ · 4 · (−7)− j⃗ · (−1) · 2− i⃗ · (−3) · 8 =

= 8⃗i+ 21⃗j − 8k⃗ + 28k⃗ + 2⃗j + 24⃗i = 32⃗i+ 23⃗j + 20k⃗ = {32; 23; 20}.

4) Äëÿ íàõîæäåíèÿ êîñèíóñà óãëà ìåæäó âåêòîðàìè
−→
AB è

−→
AC âû÷èñëèì

äëèíó âåêòîðà
−→
AC.

|
−→
AC| =

√
(−7)2 + 82 + 22 =

√
49 + 64 + 4 =

√
117.

Òåïåðü íàõîäèì òðåáóåìûé êîñèíóñ.

cos
(
∠(−→AB,

−→
AC)

)
=

(−→
AB,

−→
AC

)
|
−→
AB| · |

−→
AC|

=
33√

26 ·
√
117

=

=
33√

2 · 13 ·
√
9 · 13

=
3 · 11√

2 ·
√
13 · 3 ·

√
13

=
11

13
√
2
.

5) Â ïåðâîì ïóíêòå áûë íàéäåí íàïðàâëÿþùèé âåêòîð ïðÿìîé AB. Çà-
ïèñûâàåì êàíîíè÷åñêèå óðàâíåíèÿ ïðÿìîé.

x− 3

−1
=

y + 5

4
=

z − 4

−3
.

6) Â òðåòüåì ïóíêòå áûë íàéäåí íîðìàëüíûé âåêòîð ïëîñêîñòè ABC.
Óðàâíåíèå ïëîñêîñòè çàïèøåòñÿ â âèäå 32x + 23y + 20z + D̃ = 0. Ïëîñêîñòü
ïðîõîäèò ÷åðåç òî÷êó A. Äëÿ íàõîæäåíèÿ ÷èñëà D̃ ïîäñòàâèì êîîðäèíàòû
òî÷êè A â íàéäåííîå óðàâíåíèå ïëîñêîñòè.

32 · 3 + 23 · (−5) + 20 · 4 + D̃ = 0 ⇒ D̃ = −61.

Îêîí÷àòåëüíî ïîëó÷àåì èñêîìîå óðàâíåíèå 32x+ 23y + 20z − 61 = 0.

ÊÎÍÒÐÎËÜÍÀß ÐÀÁÎÒÀ �3

Çàäàíèå 5. Íàéòè ïðåäåëû.

5.1. a) lim
x→∞

x+ 3x2

4− 2x2
á) lim

x→1

x− 1

x2 + 4x− 5

5.2. a) lim
x→∞

1− 6x+ 7x2

3− x2
á) lim

x→1

x2 − 1

2x2 − x− 1
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5.3. a) lim
x→∞

6x4 + 2x2 − 3

1− 2x4
á) lim

x→1

x2 − 6x+ 5

2x2 − x− 1

5.4. a) lim
x→∞

2x3 + 3x2 + 4x

1 + 15x− x3
á) lim

x→2

x2 − 4

x2 − 3x+ 2

5.5. a) lim
x→∞

5x2 + 4x+ 1

3 + x− 2x2
á) lim

x→5

x2 − 25

x2 − 4x− 5

5.6. a) lim
x→∞

7x4 − 3x3 + 2x2

5− 2x4
á) lim

x→4

x2 − 4x

x2 − 3x− 4

5.7. a) lim
x→∞

1 + 2x+ 3x2

5− 6x− 2x2
á) lim

x→−2

x2 + 4x+ 4

x2 + 7x+ 10

5.8. a) lim
x→∞

2x5 + 3x3 + x

1 + x2 − 3x5
á) lim

x→−1

x2 + 3x+ 2

x2 − x− 2

5.9. a) lim
x→∞

x− 3x2 + 2x3

5x3 − 6x2 + 3x+ 2
á) lim

x→−3

x2 + 2x− 3

x2 + 4x+ 3

5.10. a) lim
x→∞

2x4 + 3x2 + 4

6x4 − x3 + x2
á) lim

x→1

x2 − 1

x2 − 4x+ 3

Çàäàíèå 6. Íàéòè ïðîèçâîäíûå çàäàííûõ ôóíêöèé.
6.1. a) y = ex · arccosx 6.2. à) y =

√
x5 · lnx

á) y =
1− cosx

2x + 3
á) y =

x3 − 3

arctg x
â) y = arctg (lnx) â) y = cos3 x · 2arcsinx

ã) y = 2
√
4x+ 3− 3√

x2 + 1
ã) y =

√
1 + x2

1− x

ä) y =
sin 3x

cos2 x
ä) y =

1

tg5 5x
6.3. a) y = log3 x · arcsinx 6.4. à) y =

3
√
x2 · cosx

á) y =
sinx

1 + cosx
á) y =

x+ ex

x− ex

â) y =
√
x3 · lnx+

1

x
â) y =

√
1− x2

x
ã) y = (ecosx + 3)4 ã) y = 3arctg

x

3
+ earcsinx

ä) y = 5x+arctg x ä) y = 3sin
1
x

6.5. a) y = x10 · log2 x 6.6. à) y = 3x · tg x
á) y =

2x

cosx+ 5
á) y =

2− x

x2 +
√
x

â) y =
sin4 x

ctg x
â) y =

(
3 + 2x2

)5
ã) y = ln

(
x+

√
x2 + 1

)
ã) y = 3

√
ctg

1

x
ä) y = e−3x · arcsin 2x ä) y = earctg

√
x
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6.7. a) y =
7
√
x3 · sinx 6.8. à) y = log5 x · arccosx

á) y =
4 + x3

x− ctg x
á) y =

ex

1− x2

â) y = tg2 x+
1

cosx
â) y =

(
x5 + 3x+

1

x

)10

ã) y =
√
2x− x2 +

1

3x3
ã) y = 3 sin 2x · cos2 x

ä) y = e2x · ln (1 + x2) ä) y =
√
ln (x2 + 1)

6.9. a) y = 5
√
x · 3x 6.10. à) y =

(
x3 + 3x4

)
· log3 x

á) y =
x2 + 5x− 6

lnx
á) y =

1 + cosx

1− cosx

â) y =
1

2 sin2 x
+ ln (tg x) â) y = ctg3 x− 1

sinx

ã) y = e
1

cos x ã) y =
ln (x2 + 2x)

3x

ä) y =
2

3

√
x− 1

x+ 1
ä) y = x · 5 1

x

Çàäàíèå 7. Íàéòè ÷àñòíûå ïðîèçâîäíûå
∂z

∂x
è
∂z

∂y
çàäàííîé ôóíêöèè.

7.1. z =
y

x2 − y2
7.6. z = x2 · sin x

y
7.2. z = x · arcsin (xy) 7.7. z = y · e y

x

7.3. z = y2 · ex2+y2 7.8. z = x2 · ex2−y2

7.4. z = exy ·
(
2x+ y2

)
7.9. z =

(
x2 − y2

)
· cosxy

7.5. z = y · ln
(
x2 − y2

)
7.10. z = arctg

y

x

ÎÁÐÀÇÅÖ ÐÅØÅÍÈß ÊÎÍÒÐÎËÜÍÎÉ ÐÀÁÎÒÛ �3

Çàäà÷à 5. Ïðåäåëû
Ïðè âûïîëíåíèè çàäàíèé íà âû÷èñëåíèå ïðåäåëîâ âìåñòî ïåðåìåííîé x

ñòàâèòñÿ ÷èñëî (èëè ñèìâîë), ê êîòîðîìó ñòðåìèòñÿ ïåðåìåííàÿ x. Â çàâèñè-
ìîñòè îò ïîëó÷èâøåéñÿ íåîïðåäåë¼ííîñòè äåëàþò âûâîä î ñïîñîáå å¼ ðàñêðû-
òèÿ. ×àñòî íà êîíå÷íîì ýòàïå âû÷èñëåíèÿ ïðåäåëîâ èñïîëüçóþò ñëåäóþùèå
ôîðìóëû:

lim
x→∞

1

x
= 0, lim

x→0

1

x
= ∞.

Çàäàíèå 5à. Âû÷èñëèòü ïðåäåë

lim
x→∞

4x3 + 7x2 − 5

2x2 − 9x3 + 8x
.
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Ðåøåíèå. Ïðè ïîäñòàíîâêå â ÷èñëèòåëü âìåñòî ïåðåìåííîé x ñèìâîëà
∞, ïîëó÷àåì ∞. Ïðè ïîäñòàíîâêå â çíàìåíàòåëü âìåñòî ïåðåìåííîé x ñèìâî-

ëà∞, òîæå ïîëó÷àåì∞. Ñëåäîâàòåëüíî, èìååì íåîïðåäåë¼ííîñòü âèäà
[∞
∞

]
.

Ñòàðøåé ñòåïåíüþ ÷èñëèòåëÿ è çíàìåíàòåëÿ ÿâëÿåòñÿ x3. Äëÿ âû÷èñëåíèÿ
ïðåäåëà, â ÷èñëèòåëå è â çíàìåíàòåëå âûíîñèì x3 çà ñêîáêó. Äàëåå ñîêðàùà-
åì âûíåñåííûå x3. Óñòðåìëÿÿ ïåðåìåííóþ x ê ∞, ïîëó÷àåì, ÷òî âñå äðîáíûå
ñëàãàåìûå ñòðåìÿòñÿ ê íóëþ, à îñòàâøååñÿ âûðàæåíèå ÿâëÿåòñÿ îòâåòîì.

lim
x→∞

4x3 + 7x2 − 5

2x2 − 9x3 + 8x
=

[∞
∞

]
= lim

x→∞

x3(4 +
7

x
− 5

x3
)

x3(
2

x
− 9 +

8

x2
)
=

= lim
x→∞

4 +
7

x
− 5

x3
2

x
− 9 +

8

x2

=
4 + 0− 0

0− 9 + 0
= −4

9
.

Îòâåò: −4

9
.

Çàäàíèå 5á. Âû÷èñëèòü ïðåäåë

lim
x→−3

2x2 + 3x− 9

9− x2
.

Ðåøåíèå. Ïðè ïîäñòàíîâêå â ÷èñëèòåëü âìåñòî ïåðåìåííîé x ÷èñëà
−3, ïîëó÷àåì 0. Ïðè ïîäñòàíîâêå â çíàìåíàòåëü âìåñòî ïåðåìåííîé x ÷èñ-

ëà −3, òîæå ïîëó÷àåì 0. Ñëåäîâàòåëüíî, èìååì íåîïðåäåë¼ííîñòü âèäà

[
0

0

]
.

Äëÿ âû÷èñëåíèÿ äàííîãî ïðåäåëà ðàñêëàäûâàåì ÷èñëèòåëü è çíàìåíàòåëü íà
ìíîæèòåëè. Çàòåì ñîêðàùàåì íà îäèíàêîâûé ìíîæèòåëü (x + 3) è âìåñòî
ïåðåìåííîé x ïîäñòàâëÿåì ÷èñëî −3.

lim
x→−3

2x2 + 3x− 9

9− x2
=

[
0

0

]
= lim

x→−3

(x+ 3)(2x− 3)

(3− x)(3 + x)
=

= lim
x→−3

2x− 3

3− x
=

2(−3)− 3

3− (−3)
=

−9

6
= −3

2
.

Çàäà÷à 6. Ïðîèçâîäíûå
Ïðè ðåøåíèè äàííîãî íîìåðà ïðèìåíÿþòñÿ ôîðìóëû ïðîèçâîäíûõ îñ-

íîâíûõ ýëåìåíòàðíûõ ôóíêöèé:
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(c)′ = 0 (c � ÷èñëî), x′ = 1, (xn)′ = nxn−1,

(ex)′ = ex, (sinx)′ = cos x, (arcsinx)′ =
1√

1− x2
,

(ax)′ = ax ln a, (cosx)′ = − sinx, (arccosx)′ = − 1√
1− x2

,

(lnx)′ =
1

x
, (tg x)′ =

1

cos2 x
, (arctg x)′ =

1

1 + x2
,

(loga x)
′ =

1

x ln a
, (ctg x)′ = − 1

sin2 x
, (arcctg x)′ = − 1

1 + x2
,

è ôîðìóëû ïðîèçâîäíûõ ñóììû, ðàçíîñòè, ïðîèçâåäåíèÿ è ÷àñòíîãî äâóõ
ôóíêöèé:

(u+ v)′ = u′ + v′, (u− v)′ = u′ − v′, (cu)′ = cu′ (c � ÷èñëî),

(uv)′ = u′v + uv′,
(u
v

)′
=

u′v − uv′

v2

è ïðàâèëî âçÿòèÿ ïðîèçâîäíîé ñëîæíîé ôóíêöèè:
Ïóñòü ôóíêöèÿ u = g(x) èìååò ïðîèçâîäíóþ â íåêîòîðîé òî÷êå x = x0,

à ôóíêöèÿ y = f(u) èìååò ïðîèçâîäíóþ â òî÷êå u0 = g(x0). Òîãäà, ñëîæíàÿ
ôóíêöèÿ f(g(x)) èìååò ïðîèçâîäíóþ â òî÷êå x = x0, êîòîðàÿ âû÷èñëÿåòñÿ ïî
ôîðìóëå [f(g(x0))]

′ = f ′(u0) · g′(x0). Äëÿ êðàòêîñòè èñïîëüçóåòñÿ ñëåäóþùàÿ
çàïèñü ïîñëåäíåé ôîðìóëû:

y′x = y′u · u′x. (2)

Çàäàíèå 6a. Íàéòè ïðîèçâîäíûå ñëåäóþùèõ âûðàæåíèé:

5, ln tg
3

7
, 6x, log3 x.

Ðåøåíèå. Ïðîèçâîäíàÿ ïîñòîÿííîé ôóíêöèè ðàâíà íóëþ, ïîýòîìó

5′ = 0,

(
ln tg

3

7

)′
= 0.

Äëÿ íàõîæäåíèÿ ïðîèçâîäíûõ ôóíêöèé 6x è log3 x âîñïîëüçóåìñÿ òàá-
ëè÷íûìè ôîðìóëàìè äëÿ ïðîèçâîäíûõ ïîêàçàòåëüíîé (ïðè a = 6) è ëîãà-
ðèôìè÷åñêîé (ïðè a = 3) ôóíêöèé, èìååì:

(6x)′ = 6x ln 6, (log3 x)
′ =

1

x ln 3
.

Çàäàíèå 6á. Âû÷èñëèòü ïðîèçâîäíûå ñëåäóþùèõ ôóíêöèé:

x17,
1

x
,

√
x,

3
√
x2,

1
5
√
x7

.
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Ðåøåíèå. Êàæäàÿ èç äàííûõ ôóíêöèé ÿâëÿåòñÿ ñòåïåííîé ôóíêöèåé,
ïîýòîìó âñå ïðîèçâîäíûå íàõîäÿòñÿ ïî ôîðìóëå (xn)′ = nxn−1. Èìååì:(

x17
)′
= 17x17−1 = 17x16;(

1

x

)′
=

(
x−1

)′
= −1 · x−1−1 = −x−2 = − 1

x2
;(√

x
)′
=

(
x

1
2

)′
=

1

2
x

1
2−1 =

1

2
x−

1
2 =

1

2
· 1

x
1
2

=
1

2
√
x
;(

3
√
x2
)′

=
(
x

2
3

)′
=

2

3
x

2
3−1 =

2

3
x−

1
3 =

2

3
· 1

x
1
3

=
2

3 3
√
x
;(

1
5
√
x7

)′
=

(
1

x
7
5

)′
=

(
x−

7
5

)′
= −7

5
x−

7
5−1 = −7

5
x−

12
5 = −7

5
· 1

x
12
5

= − 7

5
5
√
x12

.

Çàäàíèå 6â. Íàéòè ïðîèçâîäíûå ôóíêöèé:

1

x3
− 5 ln x,

2 tg x

3
+

ctg x

4
, (x2 + x) cos x,

x3 + 2x2 + 5x+ 1

x2 + 2x
,

x13 arcctg x

lg x
.

Ðåøåíèå.(
1

x3
− 5 ln x

)′
=

(
1

x3

)′
− (5 ln x)′ =

(
x−3

)′ − 5 (ln x)′ =

= −3x−4 − 5
1

x
= − 3

x4
− 5

x
= −3 + 5x3

x4
.

(
2 tg x

3
+

ctg x

4

)′
=

(
2 tg x

3

)′
+

(
ctg x

4

)′
=

(
2

3
· tg x

)′
+

(
1

4
· ctg x

)′
=

=
2

3
(tg x)′ +

1

4
(ctg x)′ =

2

3
· 1

cos2 x
+

1

4
·
(
− 1

sin2 x

)
=

2

3 cos2 x
− 1

4 sin2 x
.

(
(x2 + x) cos x

)′
= (x2 + x)′ cosx+ (x2 + x)(cos x)′ =

= (2x+ 1) cos x+ (x2 + x)(− sinx).

(
x3 + 2x2 + 5x+ 1

x2 + 2x

)′

=

=
(x3 + 2x2 + 5x+ 1)′(x2 + 2x)− (x3 + 2x2 + 5x+ 1)(x2 + 2x)′

(x2 + 2x)2
=

=
(3x2 + 4x+ 5)(x2 + 2x)− (x3 + 2x2 + 5x+ 1)(2x+ 2x ln 2)

(x2 + 2x)2
.
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Ôóíêöèÿ lg x � ýòî äåñÿòè÷íûé ëîãàðèôì, òî åñòü lg x = log10 x. Ïðè-
ìåíèì ôîðìóëû ïðîèçâîäíûõ ÷àñòíîãî è ïðîèçâåäåíèÿ:(

x13 arcctg x

lg x

)′

=

(
x13 arcctg x

)′ · lg x−
(
x13 arcctg x

)
· (lg x)′

(lg x)2
=

=

((
x13

)′
arcctg x+ x13 (arcctg x)′

)
· lg x−

(
x13 arcctg x

)
· 1

x ln 10
lg2 x

=

=

(
13x12 arcctg x+ x13

(
− 1

1 + x2

))
· lg x− x13 arcctg x

1

x ln 10

lg2 x
=

=
13x12 arcctg x lg x− x13 lg x

1 + x2
− x12 arcctg x

ln 10
lg2 x

.

Çàäàíèå 6ã. Íàéòè ïðîèçâîäíûå ôóíêöèé: ln sin x, ex
2

.

Ðåøåíèå. Íàéä¼ì ïðîèçâîäíóþ ôóíêöèè ln sin x. Îáîçíà÷èì

y = lnu, u = sin x, òîãäà y = ln sinx.

Ïî ôîðìóëå (2) äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé ñëîæíîé ôóíêöèè íàõîäèì:

y′u = (ln u)′u =
1

u
, u′x = (sin x)′x = cos x,

îòêóäà

(ln sin x)′ = y′x = y′u · u′x =
1

u
· cosx =

1

sinx
· cosx = ctg x.

×àñòî áîëåå óäîáíî íåïîñðåäñòâåííî íàõîäèòü ïðîèçâîäíûå ïðîìåæóòî÷íûõ
ôóíêöèé:

(ln sin x)′ =
1

sinx
· (sinx)′ = 1

sinx
· cosx = ctg x.

Íàéä¼ì ïðîèçâîäíóþ ôóíêöèè ex
2

. Îáîçíà÷èì

y = eu, u = x2, òîãäà y = ex
2

.

Ïî ôîðìóëå (2) äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé ñëîæíîé ôóíêöèè íàõîäèì:

y′u = (eu)′u = eu, u′x =
(
x2
)′
x
= 2x,

îòêóäà

y′x =
(
ex

2
)′

= y′u · u′x = eu · 2x = ex
2 · 2x = 2xex

2

.
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Òåïåðü íàéä¼ì òó æå ïðîèçâîäíóþ â êîìïàêòíîì âèäå:

y′(x) =
(
ex

2
)′

= ex
2 · (x2)′ = ex

2 · 2x = 2xex
2

.

Çàäàíèå 6ä. Íàéòè ïðîèçâîäíûå ôóíêöèé:

e−x, (tg
√
x)3, arctg2 e−x, cos log6 5x− log6 cos 5.

Ðåøåíèå. (
e−x

)′
= e−x · (−x)′ = e−x · (−1) = −e−x.(

(tg
√
x)3

)′
= 3(tg

√
x)2(tg

√
x)′ = 3(tg

√
x)2

1

cos2
√
x
(
√
x)′ =

= 3(tg
√
x)2

1

cos2
√
x

1

2
√
x
=

3 tg2
√
x

2
√
x cos2

√
x
.

(
arctg2 e−x

)′
=

((
arctg e−x

)2)′
= 2arctg e−x ·

(
arctg e−x

)′
=

= 2arctg e−x · 1

1 + (e−x)2
·
(
e−x

)′
= 2arctg e−x · 1

1 + e−2x
· e−x · (−x)′ =

= 2arctg e−x · 1

1 + e−2x
· e−x · (−1) = −2e−x arctg e−x

1 + e−2x
.

(cos log6 5x− log6 cos 5)
′ = (cos log6 5x)

′ − (log6 cos 5)
′ = (cos log6 5x)

′ − 0 =

= − sin log6 5x · (log6 5x)′ = − sin log6 5x · 1

(5x) ln 6
· (5x)′ =

= − sin log6 5x · 1

5x ln 6
· 5 = −sin log6 5x

x ln 6
.

Âûðàæåíèå log6 cos 5 ÿâëÿåòñÿ ÷èñëîì, ïîýòîìó (log6 cos 5)
′ = 0.

Çàäà÷à 7. ×àñòíûå ïðîèçâîäíûå
×àñòíûå ïðîèçâîäíûå âû÷èñëÿþòñÿ äëÿ ôóíêöèé îò äâóõ èëè áîëüøåãî

÷èñëà ïåðåìåííûõ. Ôîðìóëû è ïðàâèëà äëÿ íàõîæäåíèÿ ÷àñòíûõ ïðîèçâîä-
íûõ òàêèå æå êàê è â ñëó÷àå ôóíêöèè îäíîé ïåðåìåííîé. Åñëè íàõîäèì ÷àñò-
íóþ ïðîèçâîäíóþ ïî ïåðåìåííîé x, òî ïåðåìåííóþ y ñëåäóåò ðàññìàòðèâàòü
êàê ïîñòîÿííóþ âåëè÷èíó. Åñëè íàõîäèì ÷àñòíóþ ïðîèçâîäíóþ ïî ïåðåìåí-
íîé y, òî ïåðåìåííóþ x ñëåäóåò ðàññìàòðèâàòü êàê ïîñòîÿííóþ âåëè÷èíó.

Îáîçíà÷åíèÿ ÷àñòíûõ ïðîèçâîäíûõ:
∂z

∂x
= z′x � ÷àñòíàÿ ïðîèçâîäíàÿ ïî

ïåðåìåííîé x,
∂z

∂y
= z′y � ÷àñòíàÿ ïðîèçâîäíàÿ ïî ïåðåìåííîé y.
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Çàäàíèå 7. Íàéòè ÷àñòíûå ïðîèçâîäíûå z′x è z′y ñëåäóþùèõ ôóíêöèé

z = x2y3 − 4x3y2 + 5x− 4y + 1, z = (x2 + y2)exy.

Ðåøåíèå. Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå ôóíêöèè

z = x2y3 − 4x3y2 + 5x− 4y + 1.

Ïðè âû÷èñëåíèè ÷àñòíîé ïðîèçâîäíîé ïî ïåðåìåííîé x ïåðåìåííóþ y ñ÷èòà-
åì ïîñòîÿííîé (÷èñëîì, êîíñòàíòîé).

∂z

∂x
= z′x = (x2y3−4x3y2+5x−4y+1)′x = (x2y3)′x−(4x3y2)′x+(5x)′x−(4y)′x+1′x =

= y3(x2)′x − 4y2(x3)′x + 5− 0 + 0 = y3 · 2x− 4y2 · 3x2 + 5 =

= 2xy3 − 12x2y2 + 5.

Ïðè âû÷èñëåíèè ÷àñòíîé ïðîèçâîäíîé ïî ïåðåìåííîé y ïåðåìåííóþ x ñ÷èòà-
åì ïîñòîÿííîé (÷èñëîì, êîíñòàíòîé).

∂z

∂y
= z′y = (x2y3−4x3y2+5x−4y+1)′y = (x2y3)′y−(4x3y2)′y+(5x)′y−(4y)′y+1′y =

= x2(y3)′y − 4x3(y2)′y + 0− 4 + 0 = x2 · 3y2 − 4x3 · 2y − 4 =

= 3x2y2 − 8x3y − 4.

Òåïåðü âû÷èñëÿåì ÷àñòíûå ïðîèçâîäíûå ôóíêöèè z = (x2 + y2)exy.

∂z

∂x
= z′x =

(
(x2 + y2)exy

)′
x
= (x2 + y2)′xe

xy + (x2 + y2)(exy)′x =

=
(
(x2)′x + (y2)′x

)
exy + (x2 + y2)exy(xy)′x = (2x+ 0)exy + (x2 + y2)exyy =

= 2xexy + (x2y + y3)exy = (2x+ x2y + y3)exy.
∂z

∂y
= z′y =

(
(x2 + y2)exy

)′
y
= (x2 + y2)′ye

xy + (x2 + y2)(exy)′y =

=
(
(x2)′y + (y2)′y

)
exy + (x2 + y2)exy(xy)′y = (0 + 2y)exy + (x2 + y2)exyx =

= 2yexy + (x3 + xy2)exy = (2y + x3 + xy2)exy.

ÊÎÍÒÐÎËÜÍÀß ÐÀÁÎÒÀ �4

Çàäàíèå 8. Èññëåäîâàòü ôóíêöèþ ìåòîäàìè äèôôåðåíöèàëüíîãî èñ-
÷èñëåíèÿ è íà îñíîâàíèè ðåçóëüòàòîâ ïîñòðîèòü ãðàôèê.

8.1. à) y =
x2

4
(x2 − 8) á) y =

x3 + 4

x2

8.2. à) y = 3x4 − 4x3 á) y =
2

x2 + 2x
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8.3. à) − 1

16
(x2 − 4)2 á) y =

x2 − 4x+ 1

x− 4

8.4. à)
x3

27
(x− 4) á) y =

4x

(x+ 1)2

8.5. à)
x2

64
(32− x2) á) y =

3x4 + 1

x3

8.6. à) y =
x3

16
(8− 3x) á) y =

4

3 + 2x− x2

8.7. à) y =
1

9
(x2 − 3)2 á) y =

3x− 2

x3

8.8. à) y =
x2

27
(x2 − 18) á) y =

x2 − 3x+ 3

x− 1

8.9. à) y = 3x5 − 5x3 á) y =
8(x− 1)

(x+ 1)2

8.10. à) y =
x4

64
(x− 5) á) y =

x

x2 − 4

ÎÁÐÀÇÅÖ ÐÅØÅÍÈß ÊÎÍÒÐÎËÜÍÎÉ ÐÀÁÎÒÛ �4

Çàäà÷à 8. Ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîåíèå å¼ ãðàôèêà
Ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîåíèå å¼ ãðàôèêà ðåêîìåíäóåòñÿ ïðî-
âîäèòü ïî ñëåäóþùåé ñõåìå.

1. Íàéòè îáëàñòü îïðåäåëåíèÿ ôóíêöèè.
2. Èññëåäîâàòü ôóíêöèþ íà ïåðèîäè÷íîñòü.
3. Èññëåäîâàòü ôóíêöèþ íà ÷¼òíîñòü è íå÷¼òíîñòü.
4. Íàéòè òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ôóíêöèè ñ îñÿìè êîîðäèíàò è

îïðåäåëèòü èíòåðâàëû çíàêîïîñòîÿíñòâà ôóíêöèè.
5. Íàéòè òî÷êè ðàçðûâà ôóíêöèè è óñòàíîâèòü õàðàêòåð ðàçðûâà; èñ-

ñëåäîâàòü ïîâåäåíèå ôóíêöèè íà ãðàíèöå îáëàñòè îïðåäåëåíèÿ; íàéòè àñèìï-
òîòû.

6. Íàéòè ïðîìåæóòêè âîçðàñòàíèÿ è óáûâàíèÿ ôóíêöèè, òî÷êè ýêñòðå-
ìóìà.

7. Èññëåäîâàòü íàïðàâëåíèÿ âûïóêëîñòè ãðàôèêà ôóíêöèè, íàéòè òî÷-
êè ïåðåãèáà.

8. Èñïîëüçóÿ âñå ïîëó÷åííûå ðåçóëüòàòû, ïîñòðîèòü ãðàôèê ôóíêöèè.
Â ïðîöåññå èññëåäîâàíèÿ ôóíêöèè íåîáÿçàòåëüíî ñòðîãî ïðèäåðæèâàòü-

ñÿ ïðèâåä¼ííîé ñõåìû, èíîãäà óäîáíåå èçìåíèòü ïîðÿäîê èññëåäîâàíèÿ.

Çàäàíèå 8à. Ïðîâåñòè ïîëíîå èññëåäîâàíèå è ïîñòðîèòü ãðàôèê ôóíê-
öèè y = x(x+ 1)(x− 1).

Ðåøåíèå.
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Ðàñêðîåì ñêîáêè è çàïèøåì èñõîäíóþ ôóíêöèþ â âèäå

y = x(x+ 1)(x− 1) = x(x2 − 1) = x3 − x.

1. Îáëàñòü îïðåäåëåíèÿ � âñÿ ÷èñëîâàÿ îñü.
2. Ôóíêöèÿ íå ÿâëÿåòñÿ ïåðèîäè÷åñêîé.
3. Ôóíêöèÿ ÿâëÿåòñÿ íå÷¼òíîé.
4. Ôóíêöèÿ èìååò òðè òî÷êè ïåðåñå÷åíèÿ ñ îñüþ Ox: x = 0, x = 1,

x = −1. Ñ îñüþ Oy ôóíêöèÿ ïåðåñåêàåòñÿ òîëüêî ïðè y = 0.
Ôóíêöèÿ ïîëîæèòåëüíà íà èíòåðâàëàõ (−1; 0) è (1;+∞) è îòðèöàòåëü-

íà íà èíòåðâàëàõ (−∞;−1) è (0; 1).
5. Òî÷åê ðàçðûâà íåò.
Ïîâåäåíèå ôóíêöèè íà ãðàíèöå îáëàñòè îïðåäåëåíèÿ:

lim
x→+∞

x(x+ 1)(x− 1) = +∞, lim
x→−∞

x(x+ 1)(x− 1) = −∞.

Íàéä¼ì óãëîâîé êîýôôèöèåíò íàêëîííîé àñèìïòîòû:

k = lim
x→∞

y

x
= lim

x→∞
(x+ 1)(x− 1) = ∞.

Çíà÷èò, íàêëîííûõ, à, ñëåäîâàòåëüíî, è ãîðèçîíòàëüíûõ àñèìïòîò íåò. Âåðòè-
êàëüíûõ àñèìïòîò òîæå íåò, òàê êàê îòñóòñòâóþò òî÷êè ðàçðûâà è ôóíêöèÿ
îïðåäåëåíà íà âñåé ÷èñëîâîé îñè.

6. Íàéä¼ì ïðîèçâîäíóþ: y′ = 3x2 − 1. Ïðèðàâíèâàÿ ïðîèçâîäíóþ íó-
ëþ, íàõîäèì êðèòè÷åñêèå òî÷êè ïåðâîãî ðîäà: 3x2 − 1 = 0, îòêóäà x = 1√

3
,

x = − 1√
3
. Òàêèì îáðàçîì, íà èíòåðâàëàõ

(
−∞;− 1√

3

)
è
(

1√
3
; +∞

)
ôóíêöèÿ

ìîíîòîííî âîçðàñòàåò, à íà èíòåðâàëå
(
− 1√

3
; 1√

3

)
� ìîíîòîííî óáûâàåò.

-
− 1√

3
1√
3

x
Çíàê y′

Ïîâåäåíèå y
+ − +



� JĴ 

�

max min

Ðèñ. 2. Ñõåìà èññëåäîâàíèÿ ïîâåäåíèÿ ôóíêöèè ïî ïåðâîé ïðîèçâîäíîé.

Èç ñõåìû (ðèñ. 2) ñëåäóåò, ÷òî â òî÷êå x = − 1√
3
ôóíêöèÿ èìååò ìàêñè-

ìóì, à â òî÷êå x = 1√
3
� ìèíèìóì.

Íàõîäèì çíà÷åíèÿ ôóíêöèè â ýêñòðåìàëüíûõ òî÷êàõ: åñëè xmax = − 1√
3
,

òî ymax =
2

3
√
3
; åñëè xmin = 1√

3
, òî ymin = − 2

3
√
3
.

7. Íàõîäèì âòîðóþ ïðîèçâîäíóþ: y′′ = 6x. Ïðèðàâíèâàÿ âòîðóþ ïðî-
èçâîäíóþ íóëþ, íàéä¼ì êðèòè÷åñêóþ òî÷êó âòîðîãî ðîäà: 6x = 0, îòêóäà
x = 0.

Ðèñóåì ñõåìó (ðèñ. 3), èç êîòîðîé ñëåäóåò, ÷òî â òî÷êå x = 0 ôóíêöèÿ
èìååò ïåðåãèá. Íà èíòåðâàëå (−∞; 0) ôóíêöèÿ âûïóêëà ââåðõ, à íà èíòåðâàëå
(0;+∞) � âûïóêëà âíèç. Íàõîäèì îðäèíàòó òî÷êè ïåðåãèáà: yïåð = 0.
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-
0 x

Çíàê y′′

Ïîâåäåíèå y
− +∩ ∪
ïåðåãèá

Ðèñ. 3. Ñõåìà èññëåäîâàíèÿ ïîâåäåíèÿ ôóíêöèè ïî âòîðîé ïðîèçâîäíîé.

8. Ãðàôèê ôóíêöèè èçîáðàæ¼í íà ðèñ. 4. Ïðè ïîñòðîåíèè ïîëüçóåìñÿ
ñèììåòðèåé ãðàôèêà îòíîñèòåëüíî íà÷àëà êîîðäèíàò (ò.ê. ôóíêöèÿ ÿâëÿåòñÿ
íå÷¼òíîé).

Ðèñ. 4. Ãðàôèê ôóíêöèè y = x(x+ 1)(x− 1).

Çàäàíèå 8á. Ïðîâåñòè ïîëíîå èññëåäîâàíèå è ïîñòðîèòü ãðàôèê ôóíê-

öèè y =
x3

2(x+ 1)2
.

Ðåøåíèå.
1. Îáëàñòü îïðåäåëåíèÿ � âñÿ ÷èñëîâàÿ îñü, êðîìå òî÷êè x = −1.
2. Ôóíêöèÿ íå ÿâëÿåòñÿ ïåðèîäè÷åñêîé.
3. Ôóíêöèÿ íå ÿâëÿåòñÿ íè ÷¼òíîé, íè íå÷¼òíîé.
4. Ôóíêöèÿ èìååò îäíó òî÷êó ïåðåñå÷åíèÿ ñ îñÿìè êîîðäèíàò � òî÷êó

(0; 0). Ôóíêöèÿ ïîëîæèòåëüíà ïðè x > 0 è îòðèöàòåëüíà ïðè x < 0.
5. Ôóíêöèÿ èìååò ðàçðûâ â òî÷êå x = −1.
Ïîâåäåíèå ôóíêöèè íà ãðàíèöå îáëàñòè îïðåäåëåíèÿ:

lim
x→−∞

x3

2(x+ 1)2
= −∞, lim

x→+∞

x3

2(x+ 1)2
= +∞,

lim
x→−1−

x3

2(x+ 1)2
= −∞, lim

x→−1+

x3

2(x+ 1)2
= −∞.
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Îòñþäà ñëåäóåò, ÷òî â òî÷êå x = −1 ôóíêöèÿ èìååò ðàçðûâ âòîðîãî
ðîäà. Ïðÿìàÿ x = −1 ÿâëÿåòñÿ âåðòèêàëüíîé àñèìïòîòîé.

Íàéä¼ì ïàðàìåòðû íàêëîííîé àñèìïòîòû y = kx+ b:

k = lim
x→∞

y

x
= lim

x→∞

x3

2x(x+ 1)2
=

1

2
,

b = lim
x→∞

(y − kx) = lim
x→∞

(
x3

2(x+ 1)2
− 1

2
x

)
= −1.

Óðàâíåíèå íàêëîííîé àñèìïòîòû: y =
1

2
x− 1.

6. Íàéä¼ì ïðîèçâîäíóþ: y′ =
x2(x+ 3)

2(x+ 1)3
. Ïðèðàâíèâàÿ ïðîèçâîäíóþ íó-

ëþ, íàõîäèì êðèòè÷åñêèå òî÷êè ïåðâîãî ðîäà: x = 0, x = −3. Ïåðâàÿ ïðîèç-
âîäíàÿ ïîëîæèòåëüíà íà èíòåðâàëàõ (−∞; −3) ∪ (−1; 0) ∪ (0; +∞) è îòðè-
öàòåëüíà íà èíòåðâàëå (−3;−1).

Èç ñõåìû (ðèñ. 5) ñëåäóåò, ÷òî â òî÷êå x = −3 ôóíêöèÿ èìååò ìàêñè-
ìóì, à â òî÷êå x = 0 ýêñòðåìóìà íåò. Íàéä¼ì îðäèíàòó òî÷êè ìàêñèìóìà:

ymax = −3
3

8
. Íà èíòåðâàëàõ (−∞;−3), (−1; 0) è (0;+∞) ôóíêöèÿ ìîíîòîííî

âîçðàñòàåò, íà èíòåðâàëå (−3;−1) � ìîíîòîííî óáûâàåò.

-c
-3 -1 0 x

Çíàê y′

Ïîâåäåíèå y
+ − + +



� JĴ 

� 

�max

Ðèñ. 5. Ñõåìà èññëåäîâàíèÿ ïîâåäåíèÿ ôóíêöèè ïî ïåðâîé ïðîèçâîäíîé.

7. Íàõîäèì âòîðóþ ïðîèçâîäíóþ: y′′ =
3x

(x+ 1)4
. Ïðèðàâíèâàÿ âòîðóþ

ïðîèçâîäíóþ íóëþ, íàõîäèì êðèòè÷åñêóþ òî÷êó âòîðîãî ðîäà: x = 0. Âòîðàÿ
ïðîèçâîäíàÿ ïîëîæèòåëüíà íà èíòåðâàëå (0;+∞) è îòðèöàòåëüíà íà èíòåð-
âàëàõ (−∞;−1) è (−1; 0).

Èç ñõåìû (ðèñ. 6) ñëåäóåò, ÷òî â òî÷êå x = 0 ôóíêöèÿ èìååò ïåðåãèá.
Îðäèíàòà òî÷êè ïåðåãèáà yïåð = 0. Íà èíòåðâàëàõ (−∞;−1) è (−1; 0) ôóíê-
öèÿ âûïóêëà ââåðõ, à íà èíòåðâàëå (0;+∞) � âûïóêëà âíèç.

-c
-1 0 x

Çíàê y′′

Ïîâåäåíèå y
− − +∩ ∩ ∪

ïåðåãèá

Ðèñ. 6. Ñõåìà èññëåäîâàíèÿ ïîâåäåíèÿ ôóíêöèè ïî âòîðîé ïðîèçâîäíîé.

8. Ãðàôèê ôóíêöèè èçîáðàæ¼í íà ðèñ. 7.
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Ðèñ. 7. Ãðàôèê ôóíêöèè y =
x3

2(x+ 1)2
.
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